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CHAPTER I 


MOTION-SLIDING, TURNING, AND SCREW PAIRS 

When two bodies shift their relative positions they 
are said to be in motion relatively to each other. Thus, 
a train shifts its position relatively to the earth ; then 
the earth and the train are in relative motion. 

The usual mode of expression in the preceding case 
would be to say that the train was in motion, but a little 
consideration shows that this is not a full statement. 
To a spectator on the earth, the train alters in position 
while the earth does not. Therefore he says the train 
moves. But to a traveller in the train it is the earth 
that moves while the train is still ; so that, to be con- 
sistent, he should say the earth is moving. But actually 
he would still say that the train moved. If we examine 
more closely, we see that the reason of this clearly is 
that in each case the earth is tacitly treated as if it 
were a fixed body, which for all ordinary purposes it may 
be assumed to be. But now when we come to examine 
larger motions, as those of the heavenly bodies, we know 
that the earth is not treated at all as a fixed body, but 
is in motion relative to the sun and to all the other 
bodies. Questions relative to the solar system are some- 
times treated as if the sun were fixed ; but this again 
will not do when we have to consider the motions of tl^e 
so-called fixed stars. 

We see then that there is in nature no such a thing 
as an actual fixed body. And so we cannot speak of 
c 
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die motion of one body only, but only of its motion re- 
lative to some other, the other body being either men- 
tioned or else understood. The body most usually 
understood is the earth, and this explains why the spec- 
tator in a train speaks of himself as moving. But he 
would be perfectly correct if he said that the earth was 
moving past him. For the earth is moving past him 
just as really as he is moving along its surface. 

The sort of relative motion which is possible between 
two bodies depends on the mode in which they are con- 
nected together. In some cases there is no restriction 
at all, i,e. when the bodies are entirely disconnected. 
They can then be moved relatively to each other in any 
conceivable manner. The bodies whose motions we 
shall consider are, however, generally so connected that 
only one kind of relative motion may be possible, either 
by being directly fitted to each other, or by being con- 
nected by intermediate pieces. The first kind of case 
being the simpler we take it in the present chapter, and 
we afterwards proceed to consider other cases in succeed- 
ing ones. 

Sliding Motion. — The simplest kind of relative 
motion between two pieces is when one moves in a 
straight line relative to the other. Such a motion is called 
Sliding, and the pair of pieces is called a Sliding 
Pair. 

I he simplest example of this motion would be the 



motion of 


h^t I ■ section, other than circular, in a 

hole which It exactly fits, as in Fig. 21, where (a) shows 





PREFACE 

The present volume consists in great measure of 
selections from the matter contained in a larger 
treatise ^ on the same subject, of which it may there- 
fore in a certain sense be described as an abridged 
edition. The portions selected have, however, been 
completely rearranged and rewritten in fuller detail 
with much additional illustration, and the whole con- 
sequently forms a virtually new book, which, being 
smaller in compass and more elementary in character, 
may, it is hoped, serve as an introduction to the 
larger work, and meet the wants of junior students 
of engineering and others commencing the study of 
the subject. 

The want of a book of this class having been felt for 
use at the engineer school at Keyham and elsewhere, 
the writer considered with some care the most suitable 
plan of arrangement, the method of treatment, and the 

^ Applied Mechanics j by James H. Cotterill, F.R.S., Pro- 
fessor of Applied Mechanics in the Royal Naval College, Green- 
wich. 
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additional matter required. Subsequently, his time 
and attention being fully occupied with other work, 
the task of preparing the present treatise was entrusted 
to his friend and (late) assistant, Mr. J. H. Slade, 
who undertook to provide both text and examples, 
in accordance with the original plan. The examples, 
over 250 in number, have with few exceptions beeij 
constructed especially for this book, and it is hoped 
will be found to add considerably to its utility. 

Greenwich, November 1890. 
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PRELIMINARY CHAPTER 

MENSURATION AND CURVE CONSTRUCTION 

For the solution of many questions in Applied Mechanics, 
it is necessary that the student should be able to find 
the periphery or area of a plane figure of given dimen- 
sions, or the surface or volume of a solid body. 

Also the construction of certain curves is often neces- 
sary ; and a knowledge of a few simple properties of 
these curves enables us to solve questions with greater 
ease and rapidity than could otherwise be attained. 
Hence we commence with the present chapter. 

Most of the forms we meet with are of simple char- 
acter, or else can be readily resolved into such simple 
ones ; we consider then these simple forms in order. 

The Parallelogram. 

Rule. — The area of a farallelogram is obtamcd by 
multiplying any side by 
the perpe?idicular distance 
between it and the opposite 
side. 

Thus in the figure ,we 
have two parallelograms, 
but the area of each is 1- 

ax b square inches or feet, according as a and b are 
inches or feet. 

Or, if it be more convenient, the area of the right- 
hand figure IS c xd. 

E 



B 
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The Triangle. 

Rule . — The area of a triangle is obtained by multi- 
plying any side by the per- 
pendicular distance of the 
opposite corner from it^ and 
dividing the result by 2. 

The three triangles shown 
have then each the same 
Pig- 2- . ax b 



Or we can, as in the ‘centre triangle, express it as 
cxd 


There are other rules which may be used, generally 
involving the trigonometrical functions of the angles, 
depending on what data are given. But the engineer 
should generally, in such cases, use the given dimensions 
to construct the figure to scale ; and then measure the 
necessary dimensions required for the preceding rule. 

Example. — F ind the area of a triangle, the sides of which 
are 7, 8, and 9 inches respectively. 

If the triangle be constructed to scale, on the 8-inch 
side as base, and the perpendicular height is then 
measured, it will be found to be 6.7 inches. 


. . 8x6.7 

.. Area= ^ ' sq. in., 

= 26.8 sq. in. 

The Trapezium. — This figure has one pair of sides 
parallel, but not the other. 

Rule . — The area of a trapezium 
ts obtained by multiplying half the 
sum of the parallel sides by the per- 
pendicular distance between them. 

Hence area of figure = x 
2 

We can see how this rule is obtained if we divide the 
figures into two triangles by the line BD. 
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We then have 

Area ABCD = ABC + BCD, 
ad , cb 

2 

Any Figfure bounded by Straight Lines. — The 
method just given can evidently be extended, and we 
thus obtain — 

Rule. — To obtain the area of any rectilinear figure. 
Divide the figure into triangles.^ or parallelograms and 
find the area of each separately. Finally 
add all the results together. 

We will apply this rule to the case 
of a trapezoid or quadrilateral ; this is 
a four- sided figure having no parallel 
sides. Quadrilateral, however, includes 
all cases, parallel or not. 

ABCD is the given quadrilateral. 

Divide into triangles as shown. Then 

Area ABCD = ABD -f BCD, 

= BD X + J BD X 
= iBD(>^i + >i2). 



More complex cases are solved in an exactly similar 
manner, the only difficulty being in deciding on the 
manner of dividing the area. For this no rules can be 
given ; practice alone will enable the student to decide 
on the quickest method for any given case. 

We come now to areas enclosed by curved lines, of 



Fig. 5 - 


which the simplest is 
The Circle. 

Rule. — The area of a circle is obtained 
by squaring the diameter., and multiplying 
the result ^ .7854. Or squaring the radius 
and multiplying ^3.1416. 


The number 3.1416, of which .7854 is one-fourth, is 


denoted by tt ; and hence in the figure 
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Area=-</^ or 

4 

[For most practical purposes tt may be taken as V*-] 

In rectilinear figures the periphery or circumference 
can be directly nicasured ; but this cannot be done in 
curved figures, hence we require a rule. 

Rule. — The circumference of a circle is obtained by 
multiplying the diameter by t. 

Hence in figure, 5 

Circumference = 7rflf or 27 rr. 

The Ring. — This may represent the cross-section of 
a hollow shaft, or column. 



From the preceding we obtain 

Area of ring = x (rr - ( i ), 

= 'jr(ri-7'o) (ri+ro) ( 2 ), 

= mean circumference x thickness. 

If a table of squares be available, use (i), otherwise 
use (2). 

It is immaterial whether the hole be concentric with 
the outside or not. The equations are the same. But the 
B result in words would not be true unless by 
A\ “ thickness ” /nean thickness be understood. 

/ Sector of a Circle. — ABCD is the 

f ^ sector. The angle BAD is its angle. 

^ ^ ^ Rule. — The area of a sector is obtained 

Tig. 7. ijitiliipiyifig area of the whole circle 
by the ratio of the angle of the sector to four right 
angles. 
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Segment of a circle. — BCD (Fig. 7) is the seg- 
ment. Its area is best found by subtracting the triangle 
ABD from the sector ABCD. 

The Ellipse. — This is the figure produced when a 
circular cylinder is cut across in any direction not per- 
pendicular to its axis. It is not of great importance to 
us, so we shall not examine its properties. There are 
several methods of constructing an ellipse, of which we 
will give one, which is simple, and assists the student to 
Remember the value of the area. 


The 


To construct an ellipse with given axes. 

AB and CD are the given axes, O the centre, 
lengths of the semi-axes 
are a and b respectively, 
a being the major or 
greater. 

On AB, with centre O, 
describe a circle. Divide 
AB into a number of parts, 
and draw ordinates of the 
circle as shown. Reduce 
each ordinate in the' pro- 
portion of b to a. Then 
through the tops of the reduced ordinates draw a curve, 
which is the required ellipse. 

The method of reduction is shown for the ordinate 



cd. The inner circle with radius b is described, d is 
joined to O cutting the inner circle in and efv^ drawn 
parallel to AB, cutting cd in /, then f is one of the 
points. 

Yov cf'.cd’.’.b ’.a (similar triangles). 

Only one quarter need be drawn in this manner, 
the others are quite symmetrical. 

Now each ordinate of the circle is diminished in the 


ratio bfa^ hence evidently so is the whole area. 
.'. Area of ellipse = tto ^ ^ ^ ~ 
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Hence one rule will suffice both for ellipse and circle as 
follows. 

Rule. — The area of an ellipse is Trj 4 times that of the 
circumscribing rectangle. The circle is then a particular 
case, where b = a, and the rectangle becomes a square. 

The Parabola. — This curve is the most important 
we have to deal with, its construction enabling us to 
solve graphically many problems. 

To construct a parabola of given height on a given 
base. First case. 



Let AB be the given base ; and D the apex be directly 
over C, the middle point of AB. The parabola will then 
be symmetrical, CD being the given height. 

Complete the rectangle AEFB. 

Divide ’DE into any number of equal parts (in the 
figure we take five), and EA into the same number. 

Number the divisions i', 2', etc., from D, and i, 2, 
etc., from E as shown. 

Join D to I, 2, 3, and 4. 

Through i' draw a vertical cutting Di in I ; through 
2' a vertical cutting D2 in II ; and so on, obtaining the 
points I, II, III, IV. Then the curve is drawn through 
A, the above four points, and D. 

Similarly for the other side. 

DC is called the axis, D the apex; and the nature 
of the curve is such that the distance of any point in it 
from DE varies as the square of its distance from DC. 
It will be seen that the construction fulfils this condition. 
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For example, IV is twice as far from DC as II is, but is 
4, i:e. 2‘^, times as far from DE. 

The parabola may also be required to have its greatest 
height at some point not directly over C. 


£ 4 5 ' 2 T D 



A CM B 

Fig. 10. 


AB is again the base, and D the given highest point, 
at a height h say over M. 

Join CD, and complete the parallelogram AF. 

The construction now proceeds exactly as in the pre- 
ceding case, the ordinates being drawn parallel to CD. 

The two sides are now unsymmetrical, CD is not the 
axis, nor is D the apex. CD is, however, an axis. 

The curve has an important property, which we shall 
require to use hereafter, viz. The tangent at any point 
bisects the abscissa of that point. 

Thus take for example IV, in either figure, then the 
tangent at IV passes through 2', i.e. bisects D4'. 



A 12345678QB 
987654 B 2 1 

Fig. II. 


Another method of constructing the curve, showing 
yet another property, is illustrated in Fig. 1 1. 
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This method is of use in cases where the actual height 
in inches is not fixed. AB is divided into ten parts, and 
they are numbered from each end as shown. Then at 
each point set up an ordinate representing the product 
of the two numbers at the point ; either vertically, as in 
the figure, or all parallel in any direction. 

The curve then passes through the tops of the 
ordinates. 

The property which leads to this method of con- 
struction is, in words — 

The ordinate is proportional to the rectangle con- 
tained by the segments into which it divides the base. 

For the area we have — 

Rule. — The area of a segment of a parabola is f 
of that of the circumscribing parallelogram ; i.e. of 
the product of base and perpendicular height. 

The circumscribing parallelogram means the parallel- 
ogram AEFB in Figs. 9 or 10. 

The H 37 perbola. — This curve together with the 
two preceding constitute the conic sections, which are- 
treated in Analytical Geometry. For our purposes we 
select only those properties which are directly useful ; 
and we define the curve by those properties, and not as 
it is defined in geometry. 

h or our purposes then we define the curve thus : 

The hyperbola is the curve traced by a point which 
moves so that the product of its distance from two 
rectangular axes is constant. 

This IS strictly a special case, and is the rectangular 
hyperbola. It is, however, the only one we concern 
ourselves with. 


Construction of the hyperbola. 

Let OX, OY be the axes, and A one known position 
of the moving point. Through A draw lines AN and 
AM, parallel to OX and OY respectively. Produce AN 
as far as necessary. (The curve has no limits.) 

Mark off along MX distances Mi, 12, etc., equal or 
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not, so far as the curve is required to extend, and <iraw 
the ordinates 11,22, etc. Join now the top points i, 2, 
etc., to O, cutting MA in i', 2', etc. 



Through i' draw iT parallel to OX, cutting ii in 
I ; through 2', 2' 11 cutting 22 in II ; and so on for III, 
IV, V, etc. 

Then I, II, etc., are points on the required curve, 
and we draw it through them. 

By Euclid we easily prove that the rectangles, 01, 
on, etc., are equal to OA. 

Area. — The particular area required is that bounded 
by the curve, two ordinates, and OX ; such as ABCD in 

Fig. 13- 


For this we have 


OC 


Area ABCD = AD x OD x log« ~ 


or equally BC x OC x log, 


OC 

OD’ 



The log. is the Napierian or natural ^ ^ 

log., or from its present property the 
hyperbolic log., and is 2.3026 times the ordinary 
tabular log. The number 2.3026 being known as the 
7 nodi(lus. 

Any Curve. 

To find the area between the irregular curve CD, the 
ordinates AC and BD, and the base AB ; we proceed as 
follows : — 
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Divide AB into an even number of small parts, and 


draw ordinates. 



Let length of each small part. 

Add together separately 

1st. The two extreme ordinates =Asay, 
2d. The remaining odd ordinates = B say, 
3d. The even ordinates = C say, 

then 

Area ABCD = ( A + 2B + 4C) ^ , 

or in words — 


The sum of the extremes^ four times the eve7i^ and 
twice the re 7 naining odd; all multiplied by one-third of 
the common interval. 


For example in Fig. 14 the lengths are given in 
inches, the interval being Then 


Extremes 1.1 + 1.225 = 2.325. 

Remaining odd 1. 125 + 1.075 + . 975 + 1.225 = 4.4. 
Evens I -075 + + -95 + i.i + 1.325 = 5.6. 

• a.,.- (^-325 + 2x4.4 + 4x.S.6)i 
3 


' sq. ins. = 2.8 sq. ins. 


Peripheries .— are not of importance ; and can- 



CHAP. MENSURATION & CURVE CONSTRUCTION ii 


not in most cases be accurately found, hence we omit 
them except for the circle, which is given on page 4. 

We come next to solid figures. These we treat briefly. 

Square-edged Plate. 

Rule. — The volume of a piece of plate of any shape is 
equal to the product of the area of its face and its thickness. 

Volumes are required chiefly for the determination of 
weights. To determine this we must know the weights 
of unit volumes of the particular materials, which will 
for the principal ones be found in a table in chap. xxi. 

The Sphere. 

Rule. — The volume of a sphere of radius r is 

Rule. — The surface of a sphere of radius r is \Tzr‘^. 

The Cylinder. 

Fig- 15 shows two views of a cylinder. Side view 
and end view or cross-section. This is a right circular 
cylinder, the two ends being perpendicular to the axis. 



Fig. 15. Fig. 16. 


Fig. 16 shows a circular cylinder, the two ends not 
being perpendicular to the axis but parallel to each 
other. The two cross-sections are the same. Then for 
each case we have — 

Rule. — The volume of a cylinder is obtained by 
multiplying the area of its cross - section by its length 
measured along the axis. 

Thus in each case 

Volume = 

Rule. — The surface of a cylmder is obtained by 
multiplying the periphery of its cross-section by its length 
along the axis. 

In each case then — 

Surface = 27 rM. 
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If the cylinder be hollow and thin, and cut through along 
ab^ then it can be flattened into a plate ; the area of 
which is evidently as above. 

The Parallelopipedon. — This is a solid, whose 
cross-section is not circular, but 
is the same at all points of its 
length ; as for example a wrought 
or cast-iron beam (Fig. 17). 

The rules for the cylinder apply exactly. 

Lastly, though of minor importance, we will take — 

The Cone. 

Rule. — The 2^01^7^16 of a co 7 ie is ^ that of a cylmder 
on the saine base^ and of the sa 77 ie height. 

Volume 

The curved surface can be found by supposing the cone 
hollow, cutting it down a line as aby and flattening it out 
as shown in Fig. 19, forming a section of a large circle 
of radius /. 



Fig. 17. 



Fig. iS. 
Then we ha\"e 



Area — area of the whole circle x 


r 


70 27rr 
= tt/- X — , 
2t/ 

— irlry 


whole circumference’ 


or in words — 




^HAP. MENSURATION & CURVE CONSTRUCTION 13 


The curved surface is obtained by multiplying half 
the slant side by the pa iphery of the 
base. 

If the base be not circular, but 
any regular rectilinear figure, the 
solid is a regular pyramid, and 
the rule as to volume applies, sub- 
stituting parallelopipedon for cylin- 
der, i.e. 

Volume = ^ area of base x height. 

Each side is a triangle and its area can be calculated 
separately, and hence the surface obtained. 



Examples. 

1. Find the weight of a boiler plate, to ft. 6 in. by 4 ft. 9 

in., weighing 35 lbs. per sq. ft. Ans. 15 cwts. 65|- lbs. 

2. A triangular piece of plate, sides 3 ft. 6 in,, 4 ft., and 

4 ft, 6 in. respectively, weighs i cwt. Determine the weight 
per sq. ft. Ans. 17 lbs. 

3. The cross-section of a canal is a trapezoid. Width at top 
42 ft., at bottom 28 ft., depth 10 ft. Find its area. 

Ans. 350 sq. ft. 

4. The sides of a field are AB 150, BC 42, CD 130, DE 72, 
and EA 50, all in yds. Also BE is 157^-, and BD 156 yds. 
There are no re-entrant angles. Find its area. Ans. 2.4 acres. 

5. A boiler contains 530 tubes, 2f in. internal diameter. 

Find area for draught through them. Ans. 21.87 sq. ft. 

6. Each tube in the preceding is 7 ft. long between tube 

plates, and 3 in. external diameter. Find the total heating 
surface. Ans. 2915 sq. ft. 

7. The tube plates in (6) are f in. thick, and each tube 
projects in. outside each plate. The tubes are of wrought-iron, 
weight of a cubic inch lb. Find the weight of one tube. 

Ans. 27 lbs. 

8. A boiler is 10 ft. diameter, 12 ft. long ; the water surface 
is at f of the height. Find the volume of the steam space. 

Ans. 185 c. ft. 




14 


APPLIED MECHANICS prelim, chap, 


9. Find how many sq. yds. of non-conducting covering 

material will be required to cover the cylindrical portion, and 
one end, of the preceding boiler. Am. 506. 

10. The circular shell plates being i in. thick, and the end 

plates ; material mild steel, weighing the same as wrought - 
iron. Find the total weight of the shell, not taking laps or 
holes for furnaces into account. Am. 8.65 tons. 

11. Find the weight of a cast-iron hexagonal column, 12 ft. 

high, 8 in. outside across the corners, circular hole 5 in. 
diameter. Weight, J lb. to i c. in. Am. 788 lbs. 

12. Construct a parabola on an 8-in. base, 3 in. high. ist 
symmetrical ; 2d, with greatest height at 5 in. from one end! 


13. Find the area of the preceding curves ; by calculation, 

and also by Simpson’s rule. Am. 16 sq. in! 

14. An elliptical door is 18 in. by 16 in. ; material cast- 
iron j mean thickness f in. Find its weight. Am. 42^ lbs. 

15. A hollow steel propeller shaft is 10 ft. long over all • 
flange at each end 23 in. diameter, 4 in. thick; external 
diameter of plain part 14 in., diameter of hole Q in. Find its 

Am. 3593 lbs. 

16. The total depth of a cast-iron beam is 12 ins. The ton 

flange IS 6 by f", the bottom 9" by 1", and the web is f thick. 
Find Its weight per foot length. 55 ^ lbs. 
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THE PRINCIPLE OF WORK 
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a side view, and {b\ {c\ {d) are alternative sections. The 
bar in the cases shown is incapable of any other motion 
than sliding — which would not be the case were its 
section circular — and we have therefore a sliding pair. 

A good practical example is found in the crosshead and 
guides of a direct acting engine. The crosshead may 
slide between two flat surfaces, as in Fig. 22, which shows 
a side view, the two guide surfaces being shaded ; or the 
shoe may be so shaped, as in Fig. 23, as to fit into one 
guide only. The figure shows an end view. In both 
cases only the one motion — sliding — is possible. 

Here we should notice that, although there appear in 
Fig, 22 to be two guides, this is only apparent. For if 




we examine more closely, we find that each of the guides 
is rigidly attached to the one frame of the engine^ and 
so they are not two, but are only portions of one body, 
that body consisting of the whole of the framework and 
everything rigidly connected to it. 

The second body in the relative motion is also more 
extended than appears at first sight. For it is not only 
the crosshead, but consists also of the piston rod and of 
the piston ; the three forming one body, which slides 
relatively to the other body, consisting of the cylinder, 
guides, framework, etc., which are rigidly connected 
together. 
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So far the sliding motion has been the only possible 
relative motion, but bodies may move with a sliding 
motion even although other motions are not impossible. 
For example, a weight falling freely moves in a straight 
line — i.e. slides — relatively to the earth, although there 
is nothing to prevent sideways motion, because neither 
is there anything to cause it. More important still. A 
carriage or sledge of any description slides relatively to 
the earth, being kept to its proper direction by the pull 
of the traces or in a railway by the wheels. In all these 
cases there is perfect freedom of motion away from the 
earth if sufficient force be applied, but such force not 
being applied, the weight of the bodies acts as if a guide 
were fitted to the tops of the carriages, retaining them in 
contact with the ground. 

It may be objected that, in the case of a carriage, the 
motion is not sliding but rolling, but this is not correct. ' 
The motion of the wheels is a rolling one, but these are 
not a rigid part of the carriage, but are attached to it 
simply to lessen the friction, and could, if the road were 
smooth, be dispensed with, as is the case in sledges. 
The motion of the carriage itself is unaffected by such 
fittings, being identical with that of a sleigh, which is 
evidently sliding. 

Velocity. — We have in sliding a certain definite 
direction of moving, determined as we have seen ; but 
we have also to consider in addition the rate at which 
the bodies move relatively to each other, or the velocity 
of one relative to the other — velocity being used to 
denote rate of moving. The term Speed is also used to 
denote the same thing. 

In sliding, all parts of the moving body (assuming 
for convenience one body as fixed, and the observer, in 
all which follows, being supposed to stand on that fixed 
body) move in the same direction at the same speed, 
and the velocity of the body is measured by that of any 
point in It, e.g. in a carriage moving along a straight 
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road the shafts go exactly as far as the body, and one 
side as far as the other. 

[This is only true on a straight road, which is the case of slid- 
ing ; if the road be curved it no longer holds, as we shall see 
farther on.] 

The velocity of a body depends on the space passed 
over, in a given time, by any point fixed in the body ; 
and its measurement depends on whether the point passes 
over equal spaces in equal times — a case of uniform 
velocity — or passes over unequal spaces, when the 
velocity is said to be accelerated, if the successive 
spaces passed over increase ; or retarded, if they dimin- 
ish. Accelerated velocity often includes both cases, the 
acceleration being said in the latter to be negative. 

To measure the velocity of a body moving uniformly, 
we note, at a given time, the position of a specified point 
in the body ; and then, at the end of a convenient time, 
note again the position of the same point. Suppose this 
has been done, and the distance between the two posi- 
tions measured and found to be feet, the time taken 
being t seconds ; then the distance moved in one second 
is sjt feet, or j// feet per second is the velocity. 

In the preceding paragraph it was not necessary to 
specify any particular instant at which to measure the 
velocity, but in dealing with non-uniform velocity w^e 
cannot speak simply of the velocity of the body, but 
only of its velocity at some particular instant. Such a 
velocity we cannot measure in the manner described, 
but we must in some way estimate the distance the body 
would pass over in one secotid^ if it moved uniformly 
duruig the second^ at the rate at which it is inoving at 
the particular instant considered; if this distance be v 
feet, then we say the velocity at the insta?tt is v feet per 
second. 

The manner in which to make the estimate can only 
be determined with further knowledge than we possess 
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at present, but by anticipating somewhat, the method 
can be illustrated. 

For example — a body in one second falls i6 feet, 
required its velocity at the end of the second. 

In this case, the laws of Dynamics tell us that the 
velocity is a gradually increasing one, increasing at a 
uniform rate from zero to its final value, say v feet per 
second, which we will for the future abbreviate thus^ 
v fs. 

Now in such a, case the effect, on the whole, is the 
same as if the body had moved during the whole time, 
with just half the final velocity. 

Therefore, the body if moving at z//2 f.s. for one second 
would cover i6 feet, 

/. -=l6, 2^ = 32, 

and the final velocity is 32 f.s. 

Mean Velocity. — In the preceding example we see 
that — If for the given time the body had moved uni- 
formly with a certain velocity^ it would have covered 
the same space which it actually did cover. The certain 
velocity in the particular case above is v\2 f s., but such a 
velocity can be found for all cases of motion, and is 
called the Mean Velocity, its definition being given in 
the italics. 

Evidently, to determine the mean velocity during a 
given interval, we have only to measure the space 
traversed in feet, and dividing by the time in seconds, 
we get the mean velocity as above described in f.s. 

Thus in the example given we simply say — Since 16 
feet are traversed in one second the mean velocity is 
16 f.s., caring nothing what may be the changes of 
velocity during the second. 

We have now met for the first time with two concep- 
tions of very great importance, viz. — varying quantities 
and their mean values. And we shall find that consider- 
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able aid is rendered to the correct comprehension of 
them by means of graphic representation. 

Q-raphio Representation of Magnitudes. — 
When we have two magnitudes bearing certain relations 
to each other, we can represent these relations by means 
of a plane curve ; values of one magnitude being marked 
off along an axis, and ordinates set up at the points so 
obtained, to represent the corresponding values of the 
other. A curve drawn through the tops of the ordinates 
exhibits to the eye the relationship between the magni- 
tudes, and is often of great use in the solution of 
problems. 

In the example previously considered the two magni- 
tudes are Time and Velocity. 

Y 


Fig. 24. 

Take then two axes OX and OY. 

Along OX we will set off time. Now it is quite im- 
material at what point of OX we begin. Suppose then 
we let O, or time zero, represent i sec. before the body 
was let go. 

Mark off then Oa to represent on some scale ^ sec., 
Oa is in the figure inch, the scale being i inch to 1 
second. 

At a the velocity is zero, so a is a point on the curve, 
the ordinate being o. 

Now set off ac= 1 second, ac will be i inch long. 

Set up at c, ce to represent 32 f.s. It is in the figure 
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I inch, so the velocity scale is i inch to 32 f.s. e is then 
a second point on the velocity curve. 

We said that the velocity varies uniformly. This we 
express graphically by drawing the velocity curve as a 
straight line from e to a. For then the height of the 
curve from OX varies uniformly. 

We can now by means of this curve determine the 
velocity at any instant during the second of motion, or 
we can determine the mean velocity. 

To determine thb mean velocity or the mean value of 
any magnitude, when we have in the manner shown 
represented it by a curve, we have only to determine the 
mean height of the curve. In the present case the 
mean height is plainly bd^ where b is midway between a 
and and 

M ean velocity = hd, 

and being L inch, and the scale 32 f.s. to 1 inch, 

Mean velocity = 16 f.s. 

We must be careful to notice that b represents mid- 
time of falling, not mid-height ; so 16 f.s. is the velocity 
at the end of a half second. 

Units of Velocity. — We have so far reckoned 
velocity in feet per second, because the foot and second 
are the most usual units of space and time. But any 
units whatever of space and of time may be used, depend- 
ing on which are most convenient in any particular 
case. 

It occurs rarely that a smaller unit than feet per second 
is necessary, but if so inches per second or feet per 
minute may be used. The latter of these is much used 
for reckoning piston speeds. In the motions of trains 
and ships it is customary to use larger units, and generally 
miles per hour is the unit selected. 

For trains, and bodies on land generally, the mile is 
the ordinary mile of 5280 feet. Hence, if we wish to 
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interchange the units in expressing a velocity we use the 
following relation : — 

I mile per hour = 5280 ft. per hour, 

= ft. per minute, 

= 88 ft. per minute ; 

which is generally the other unit. If we require the 
velocity in f.s., then 

I mile per hour = 1.46 f.s. 

In the case of ships there are two distinct miles used, viz. — 

The ordinary mile as above, or 
The nautical mile of 6080 ft. 

Thus when the speed of a ship is given in miles per 
hour, it should be always stated which kind of mile is 
meant, since the difference is considerable. Working as 
before we have 

I nautical mile per hour=^f|^= 101^ ft. per min. ; 
usually loi is taken as sufficiently approximate. 

The expression ‘‘nautical mile per hour” is never 
used in practice, but is abbreviated to knot. So that 
in the preceding we should write 

1 knot = = etc. 

Though not strictly correct, it is much more com- 
mon to find “ knot ” used as if it represented “ nautical 
mile,” speeds being given as 14, 15, etc. “knots per 
hour.” 

One effect of the difference in length of the nautical 
and land mile is to create a false impression regarding 
speeds of ships. Thus if a ship have a speed of 20 
knots, then 

, ^ 20x6080 

20 knots = — miles per hour, 

= 23 miles per hour, 

which appears a much higher speed. 

Turning. — We consider next another simple kind of 
relative motion, viz. That in which two bodies are so 
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connected that one can only move by turning round a 
centre fixed in the other and vice versa. The motion we 
call Turning, and the two bodies form a Turning 
Pair. 

The simplest example of a turning pair is a round 
rod fitting in a hole (Fig. 25). The rod has collars 



Fig- 25. 


which prevent endwise motion, and thus turning is the 
only relative motion possible. As practical examples we 
may take a propeller or crank shaft (Fig. 26) in its 



bearing, an eccentric and strap (Fig, 27), or a wheel on 
its axle. 


It appears in the case of a propeller shaft endwise 
motion is possible. But this is prevented by the thrust 
bearing at another part of the shaft. In crank shafts 
the journals, or parts of the shaft in the bearings, are 
sometimes turned smaller than the rest of the shaft, as 
Fig. 28, but it is best in marine engines to leave this 
also to the thrust block, such journals being nearly 
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always a source of trouble. In turning, as in sliding, 
we often meet cases in which the motion is not strictly 
defined by the connection of the 
pieces. For example, a heavy shaft 
with the caps off the bearings would 
still revolve in them, being kept in 
place by its weight, and they form 
a turning pair (compare page 20). 

The only conditions the bodies must 
satisfy are that a circular projection on one must fit a 
hole in the other ; and motion other than turning must 
in some, it matters not what, way be prevented. 

In estimating the motion of a sliding piece we were 
at liberty to select any point on the piece, the motion of 
all points being identical. But this is no longer the case 
in a turning pair. For example, let C be a point in the 

moving body, the paper representing the fixed 

Q one ; O is the centre of motion, z>. the centre 

^ of the pin on the moving body and the hole 

^\l in the fixed one, or vice versa, 

0 Then during the motion C moves say to 

Fig- 29. c' in the circular arc CC'. Now the motion 
of C is not sliding, since CC' is not a straight line. 
But, taking for simplicity the case of uniform motion, 
we can take the curve as made up of a large number 
of small straight pieces, along each of which C slides 
in turn at a constant velocity, continually changing the 
direction of the velocity but not its magnitude. Such 
motion, although not sliding, can yet be measured in the 
same units as sliding ; and we say the Linear Velocity 
of C is given by dividing the length of the arc CC' by 
the time occupied in describing it. 

C then moves at say v f.s., the instantaneous direc- 
tion of its motion at any point of the arc being along the 
small piece of arc at that point, i.e. along the tangent. 

But now this velocity of the point C does not give us 
the velocity of the body. Because, for example, the 



Fig. 28. 
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point O does not move at all ; then a point B, nearer to 
O than C is, moves slower than C ; while one D outside 
moves faster. 

We require then some different method, and we pro- 
ceed thus : — 

Instead of considering the motion of the point C, let 
us draw the line OC of indefinite length and consider 
how that moves. The line starts at 
OC, and as C moves to C' it turns 
"to OC', turning through the angle 
COC'. 

Now it does not matter what line 
in the body we take, we shall find 
that they have all turned through the 
same angle. 

Take first another line OD through 
the centre, then OD turns to OD', while OC turns to OC'. 
Thus C'OD' is only COD in a new position, 

/. <C'OD'=<COD, 
add to each <COD', and we have 
<C'OC=<D'OD. 



Fig. 30. 


Next, take any line whatever, CD represents such a line 
— C and D being any points in OC, OD. 

Then the triangle COD is COD in a new position ; 
and evidently during the motion each side must turn 
through the same angle. 

We see now then that we can completely define the 
motion of a turning piece by giving the angle turned 
through by any line in it. 


Angular Velocity. — When a point moves it traces 
oat a line, and its velocity is measured by the lenirth of 
line traced out in a unit of time. 

'When a Vine swings round a point, as OC (Fig ^o'i 
It traces out an angle, and so we define its velocity by 
the angle which it traces out in a unit of time. The 
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angle traced out per unit time gives us then the antrular 
velocity of the line, and therefore also of the body on 
which it^is drawn. 

The relative velocity of a turning pair is then an 
angular velocity, and is, if uniform, measured by the 
angle turned through per second. The measurement of 
a non-uniform velocity has been fully explained in the 
case of linear velocity, and need not be repeated (pages 
21 and 22). 

Units of Angular Velocity. — Angle is measured 
either in English measurement by Degrees, of which 90 
form a right angle ; in French measurement by Grades, 
the right angle being divided into 100 parts; in prac- 
tical work by revolutions or whole turns. 

[In this case the student must remember that the angle does 
not simply refer to the space between the old and new positions 
of the swinging line, but to the whole space which has been swept 
out by the swinging line since it commenced swinging. Thus in 
Fig. 30 OC might go on revolving for a number of turns and 
finally arrive at OC', the angle traced out would then be C'OC 
plus the whole of the turns.] 

Or, which is best of all for all purposes, by circular 
measure, which we will now explain. Referring to Fig. 
30, let OC be the swinging line ; take C, any point in it, 
then C moves in a circle as OC swings ; let OC swing to 
OC', tracing out the angle C'OC. Then we measure 
C'OC by the ratio which the arc CC' bears to the radius 
OC, 

Circular measure of C'OC = 


This measure is independent of the position of C. 
For evidently 

arc DD' _ arc CC' 

27r X OD~ 27 r x OC 

Each denominator representing the whole circumference of 
Its own circle ; 


. arcDD'_arcCC' 
OD“““OC 


arc 

radius 


generally, 
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and whether we take D or C, or any other point, we 
get the same numerical value of the circular measure. 

It must be clearly understood, however, that in this 
method of measuring angles we only differ from the other 
methods in the size of the unit angle. Angles can only 
be measured in terms of angles, but the unit chosen 
in this case has certain advantages in simplifying 
formulae which makes it superior to the others. Its one 
disadvantage, if it be one, is that it is large, so that 
fractions have to be' used. 

We must now see what this unit angle is. 

Unit of Circular Measure. — Being the unit, its. 
value is i, 

_ arc 
"radius^ 


SO that the unit subtends at the circumference an arc 
equal in length to the radius. 

This properly defines it, and enables us to compare 
it with our other units. For example — or i degree 

subtends an arc, whose length is there being 

i8o degrees in the half circumference. 

Unit of degree ^ unit of circular _ tt x rad. 

measure ’ measure ~ » 

whence 


Unit of cirrular measure — degrees, 

TT 

= S7-3°- 

The name Radian has been given to this unit. 

Relation between Angular and Linear Velo- 
ctty.-By expressing angular velocity in circular meas- 

between the angular 

pS in h 

radfuror ^ ‘he point at a 

radms OC = r say; let V = linear velocity of C; A 
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= angular velocity of body in circular units. If now / 
be the number of units of time taken in moving through 
COC', 

CC'=\ 7 , 


and 


But 


<COC'=A/. 


< COC'= circular units, 

r ' 

_V/ 

— > 
r 


or 



A = 


V 
— , 
r 


V=An 


Thus we have a simple relation between the two 
velocities. 

One important use of the preceding is to determine 
the rubbing velocity of a shaft in its bearing, r is then 
the radius of the bearing, and if r be in feet and A in 
radians per second, V gives in feet per second the velocity 
with which the metal of the shaft rubs over that of the 
bearing. 

Radius of Reference. — The above also shows us 
that although the linear velocity of any point C is not 
sufficient to determine the turning velocity, yet when 
combined with a statement of the radius at which C is, 
it is sufficient. The velocities of turning pairs are often 
stated in this way by giving the linear velocities of points 
at a certain radius, the radius selected being called the 
Radius of Reference. Evidently we can in this way 
compare the velocities of turning pairs, or even of a 
turning and a sliding pair. 

Degrees or grades are never practically used to 
measure angular velocity, but revolutions per minute is 
a common unit of measurement, so we must compare 
this method with the circular unit measurement. 
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We have then- 


circumference 


I revolutions . 

= 2'7r units of circular measure ; 
I revolution per minute = 2ir circular units per minute, 

circular units per second ; 
oo 


n revolutions per minute = circular units per second, 

or, if A be the circular measure of the same velocity 
reckoned per second, 

. Q.-n-n 
A= 

6 o 

Revolutions per second is not a measure of common 
occurrence. 

Screw Motion. — The two kinds of motion we have 
just investigated can be represented on a plane ; because, 
although the bodies dealt with have been solid, yet 
parallel plane sections of them each moved in its own 
plane, and any one plane section could be taken to fully 
represent the motion of the whole solid. 

The third simple case of motion, viz. Screw Motion, 
which we are about to consider, consists of motions 
in perpendicular planes, for while a section perpendicular 
to the screw axis revolves in its own plane, it also 
advances along the axis. 

The simplest case is that of a common bolt and nut 

shown in Fig. 3 1 . When 

S we turn the bolt head 
in the direction of the 
arrow {b\ there ensues, 
beside the turning mo- 
tion, a forward motion, 
i.e, motion to the right, 

in {a\ 

We may state here that we shall find it convenient r 
- to use terms which define the direction of a turning 
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velocity, by comparing it with the motion of the hands 
of a clock. The arrow in Fig. 31 shows clockwise 
turning, or right-handed turning, and turning as here 

shown called anti-clockwise or left-handed. 

Screw motion then is compounded of turning and 
sliding. We know how to measure each of those 
separately, and we want now to consider what relation 
holds between the two. For this purpose we must con- 
sider how a screw thread is formed. 

To cut a screw, a plain cylinder is put on the lathe, 
as in Fig. 32, which shows a plan and section, C being 



Fig. 32. 


the cylinder. This cylinder turns uniformly. A tool B 
is meanwhile pressed against it, and the saddle moved 
along the bed of the lathe, carrying with it the tool, also 
at a uniform speed. 

The effect is that the tool cuts a spiral groove as 
shown in {a). 

The operation is continued over and over again, a 
deeper cut being taken each time, till we obtain the 
shape shown in the lower figure {b\ a final smoothing 
cut being given by a chaser. Let now 

A = Angular velocity of C, 

V = Velocity of tool, 

/ — Pitch of thread, i.e. the distance between consecutive 
threads. 


D 
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Then while the cylinder turns once, the tool moves p, 
V X time of one revolution, 


or 

X-iL 

A”27r’ 

In cutting the thread vve forcibly move the tool at 
the speed V. But if now, having cut the thread, we 
hold the point of the todl in the groove, leaving it free 
to move along the lathe bed, and then rotate the 
cylinder at the speed A, it follows that the tool will 
be moved along at the speed V. And evidently this 
will still hold, if instead of the solitary point of the tool, 
we insert in several threads of the screw the corre- 
sponding threads of a nut. Each piece of the thread 
moves as the tool point would, and hence the whole nut 
will move at the speed V given above. 

We have in the preceding assumed the cylinder 
rotated, and the nut to move along its axis. Evidently 
if the nut were held and the cylinder rotated it would 
move at the speed V through the nut, V being simply 
the relative velocity and therefore the same whichever is 
fixed. V is here called the Speed of Advance. Also 
the cylinder may be left free to rotate, and then if the 
nut be moved at the speed V, not being allowed to 
rotate, the cylinder must rotate at the speed A. 

[The Iasi motion is not always possible, on account of friction. 
This, however, we need not consider at present.] 

Double, etc. Threads. — In Fig. 32 the pitch p is 
comparatively small, so that the edges of the grooves 
nearly meet when the one spiral is cut, without cutting 
to any great depth. This screw has then a single 
thread or spiral. 

If, however, we require V to be large compared to A, 
or if the screw be one rotated by the endwise motion of 
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the nut, then p will be large, and since we cannot cut 
the groove very deep owing to the weakening effect on 
the screw, the cylinder when one 
spiral or thread had been cut would 
appear as in the upper figure of 
Fig. 33 - 

The screw would not, however, 
be used in this state, but the tool 
would be shifted to midway between 
the grooves, and a second groove 
cut, thus obtaining the shape shown 
in the lower figure. The screw ap- 
pears at first sight like Fig. 32, so far as the edges are 
concerned, but on looking at the angle of the threads 
the difference is plain. 

We have now practically two screws, each of pitch 
2^, and two threads must be cut in the nut. The nut 
moves as it would do on each alone, but there is twice 
as much* bearing surface and hence less wear. 

The screw thus cut is said to have a double thread, 
and we may extend the process to three or more separate 
threads. 

The velocity ratio is, as before, 

V_ pitch 
’•A” 27r ’ 

the pitch being that of either spiral, i.e. in Fig. 33, 
2/ not p. 

An important example is that of a screw propeller. 

Screw Propeller. — This consists of a very short 
piece of a screw, working, not in a solid nut, but in the 
water, which acts similarly to a nut, though with some 
important differences not needful here to consider. 

If the propeller worked in an actual solid nut at an 
angular velocity A, then it, and consequently the ship to 
which it is attached, would advance at a speed V given by 
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But the water being yielding, it is as if the nut slipped 
back, and the actual speed is less than V by a certain 
amount, called the slip. This effect belongs to Hydraulics, 
so now we only mention it, but shall not take it into 
account. 

If now the engines be revolving at N revolutions per 
minute, and .p be the pitch, in feet, of the propeller, we 
have, neglecting slip, 

27r 6o 27r 


a result which we can also obtain directly, since at each 
revolution the ship advances / feet. 

The pitch being coarse, the propeller will, when the 
ship is under sail and the engines 
not working, be revolved by its 
passage through the water if it be 
not held fast. 

Another practical application 
of the screw is the Lifting Jack. 

This is simply a screw, the 
nut A of which rests on the 
ground, and the screw B can be 
revolved by a handle passing 
through the head C, which is 
solid with B. When the handle 
is turned, B screws out and lifts 
a weight W placed on the top of 
the piece D, which moves longi- 
tudinally with B but does not turn 
with it, this being effected by cutting a circular groove 
in the end of B which fits in D, and screwing the end 
of a small set screw into the groove. The pitch being 
small compared to the circumference of the circle 
described by the end of the handle, the longitudinal 
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motion is slow, which, as we shall see hereafter, implies 
that the screw can exert a heavy thrust. 

As an example of the reversed action, we may take 
the common Archimedean Drill. 

A screw of very long pitch is cut on the spindle of 
the drill, and the nut being moved alternately backward 
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and forward, the drill rotates . alternately in opposite 
directions. 


Examples. 

1. A train is running at 20 miles per hour. P’ind its velocity 

in f.s. A ns. 29^. 

2. If in (i) the train be stopped in 10 seconds, its velocity 

being decreased uniformly by the brake, at liow many yards 
from the stopping point were the brakes applied? A ns. 48 

3. The stroke of an engine is 2 ft. 3 ins., and it runs at 130 
revolutions per minute. Find the mean speed of piston, and the 
angular velocity of the crank shaft (supposed uniform). 

Ans. 585 ft. per min. ; 13.6 per sec. 

4. The piston speed of an engine is 850 feet per minute. 
Supposing the velocity curve (p. 24) during the time of one 
stroke be a semicircle, find the maximum speed of piston ; and 
also the speed when | of the time of a stroke from the com- 
mencement have elapsed. Ans. 1082 and 1067 ft. per minute. 

5. The stroke of an engine is 4 ft., revolutions 96 per minute, 
diameter of crank shaft 14 ins. Determine the speed of 
rubbing of the main bearings, and compare it with the mean 
value of the rubbing velocity of the crosshead guide. 

Afzs. 5.87 f.s. ; ratio, 11:24. 

6. Cast-iron should be cut at from 12 to 16 feet per minute. 
The travel of a planing machine is 3 ft., and it makes the return 
stroke at twice the speed of the cutting one. How many strokes 
per minute should it make when planing cast-iron ? 

Ans. 2| to 3^. 
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7. Brass should be cut at 25, and wrought-iron at 22 feet per 
minute. Find the revolutions a lathe should turn at : ist, when 
turning a brass plug 2 inches diameter ; 2d, when turning a J- 
in. wrought-iron pin. 

Jns. 48 per min. nearly ; 168 per min. nearly. 

8. A thread is being cut on a i-inch brass screw. Find the 
proper angular velocity of the work, and also the velocity at 
which the tool should travel to cut the thread. If the saddle be 
moved by a screw of J-inch pitch, how many revolutions should 
it revolve at ? ' 

A ns, 10 ; .2 ins. per sec. very nearly ; 23^! per minute. 

9. The pitch of screw ifi a screw jack is ins., and it is 

turned by a handle 19 ins. long. Compare the speed of the end 
of the handle to that of lifting. A7is. 273 : i. 

10. A ship moves at 17 knots. Find her speed in f.s. and 

in miles per Wr. Ans. 28.7 ; 19 very nearly. 

11. If in (10) the propeller pitch be 16 ft. Find how many 
revolutions the engines run at, neglecting slip. Ans. 107.3. 

12. In (ii) the thrust rings on the shaft are 2 ins. wide, 
14I ins. external diameter. Find the maximum and mean 
rubbing velocities over the surface. A/ts. 6.91 and 6.44 £s. 



CHAPTER II 

EFFORTS AND RESISTANCES — FRICTION 

The relative motion of a pair is, in nearly all cases, 
resisted by some force, which we hence call the Resist- 
ance. And in order to produce the motion a force must 
be applied, which we call the Effort. 

For example, consider the sliding pair consisting of 
the piston and cylinder of a steam engine. 

Then the relative motion is resisted, the resistance 
being supplied by the connecting-rod end which bears 
against the end of the piston rod. The relative motion 
then will not take place until a sufficient effort has been 
applied to the piston by the steam. 

We therefore now inquire into the sources from 
whence we derive our Efforts and Resistances in nature, 
and also into the way in which we are going to measure 
these magnitudes. 

A source of effort or energy must be capable of 
exerting a force and of following it up. Of such sources 
the principal is — 

Elasticity of Fluids. — By fluids we must not be 
understood as meaning liquids, the term fluid includ- 
ing liquids, gases, and vapours. It is of the latter two 
we speak, and they may be spoken of as elastic fluids, in 
distinction to liquids. 

The elasticity of a fluid is the name by which we 
denote the power it possesses of exerting pressure on 
the sides of the vessel in which it is contained. If this 
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Fig. 36. 


pressure be greater than that on the outside, then the 
sides, if elastic, will expand ; or, more usually, the fluid 
is contained inside a vessel, as a cylinder, in which fits 
a piston, free to move, as Fig. 36. 

If now the elasticity of the gas be greater than the 
outside pressure, the difference of the two 
supplies an effort, which will move the piston 
out against a resistance, the effort exerting 
energy, and work being done on or against 
the resistance." 

If we have simply a cylinder containing 
a definite quantity of fluid, then this process 
will come to an end by gradual decrease of 
the elasticity till it becomes only just sufficient 
to balance the outside pressure. But if now 
we apply heat to the fluid, then its elasticity 
will be kept up, and it will continue to exert an effort and 
drive the piston forward to an extent limited only by the 
length of the cylinder and the supply of heat. Here then 
we see such elasticity is one of our chief sources of effort, 
being the means by which the energy called Heat is 
utilised. For a study of the actual processes the student 
must consult treatises on heat engines. 

The elasticity of solid bodies can also furnish us with 
efforts. For example, a spring wound up furnishes the 
effort which drives a watch. 

Gravitation is our other great source of effort. 
Thus water falling on high ground gravitates downward, 
and may be used to give an effort ; either by its weight 
being collected in an elevated reservoir, and allowed to 
descend on to the buckets of a water wheel ; or by its 
motion in a stream driving the vanes of a wheel dipping 
in it ; or where a great fall is available it may drive a 
turbine. 

The original source of the effort is, in these cases, 
traceable to the heat of the sun, which originally raised 
the water in the form of vapour, and this is why water 
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is nearly always the medium whence gravitation efforts 
are derived. If the effort be derived from the action 
on a solid body we must first have lifted that body up, 
the weights of a clock or a pile driver. A similar 
remark also applies in the case of the elasticity effort 
when derived from a solid body, e.^-. the watch spring 
must first have been wound up. 

Again, the sun heat produces air currents, which 
exert efforts on the sails of windmills. 

Lastly, we have the muscular efforts of living beings. 

In all cases the effect is — We have a force exerted 
driving a piece of some kind before it, producing relative 
motion between that piece and some other which forms 
a pair with it. The motion may be sliding, as in the 
piston and cylinder, or turning, as in the water wheel 
and its bearings. 

Next, what are the chief resistances we meet with ? 

The first answer to this is that the sources of effort 
are also sources of resistance, for taking them in 
order — 

Elasticity of a fluid or of a solid body furnishes the 
resistance when the work to be done is the alteration of 
volume of the fluid, or of shape of the solid body ; e.£‘. 
the compression of air in a cylinder, the elasticity of the 
air resisting the sliding of the piston in the cylinder ; or 
the elasticity of a safety-valve spring resisting the up- 
ward movement of the valve relative to its seating. 

Gravitation again is perhaps the chief source of resist- 
ance, since in nearly all work the lifting of weights forms 
a large part, and in the raising of a weight gravitation 
directly resists the motion. It also is a great indirect 
source of resistance by causing friction. 

The forces then whose sources we have considered 
may be equally well efforts causing, or tending to cause, 
relative motion ; or resistances, tending to stop it. And 
hence they are classed as Reversible Resistances. 

One kind of resistance, viz. that due to inertia, we 
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mention for completeness, but for the present leave out of 
account. 

But there is now an important class of resistance 
which differs essentially from the preceding, viz. Fric- 
tion or Frictional Resistances. 

Let us consider the motion of a sliding pair, consist- 
ing of a heavy body A on a horizontal table C, the 
body sliding in a guiding groove. 

First, let a spring B bear against A and against a stop 
on the table. 

If now we move A towards the stop the elasticity of 
B supplies the resistance to the relative motion of A and 
C. But when we have thus com- 
pressed B its elasticity can supply 
an effort causing relative motion of 
A and C. Elasticity then is reversi- 
ble, and can supply either the effort 
causing or the resistance resisting the relative motion 
of the pair of bodies on each of which it acts. But now 
let there be no spring B, but suppose, which we have 
neglected in the preceding, that the table is rough. 
Then we know that if we move A towards the stop, the 
friction between A and C will supply a resistance to the 
motion. But if now, having moved A, we let it go, 
the friction will never move it back. And, moreover, if 
we now try to move A back the friction will offer just as 
much resistance to the return motion as it did to the 
first. 

The friction then between two pieces of a sliding 
pair never tends to produce relative motion of the pair, 
but always to prevent it. The same holds true for all 
kinds of pairs, and hence we term friction an Irrever- 
sible Resistance. 

lyteasurement of Force. — We have next to con- 
sider how to measure our efforts and resistances, i.e, 
forces, generally. 

Force, like all other magnitudes, can only be meas- 
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ured in terms of a magnitude of the same kind, so that, 
among our known forces we must pick out one in terms 
of which to measure all the rest. 

The force which we select for this purpose is one due 
to gravitation, and the system of measurement is accord- 
ingly called the Gravitation System — the unit force being 
called the Gravitation Unit. 

Gravitation Unit. — This unit force is the force 
exerted by gravity on^ or the weight of^ a certain lump of 
platinum kept in the Exchequer Office in London, and 
defined as one pound. 

Our unit force then is the weight of one pound, and 
we measure forces in terms of tliis unit, or in ordinary 
language, in pounds. Thus, for example, if we hang up 
to a peg a piece ten times as heavy, we should say the 
pull on the peg is 10 pounds. 

Now, there is a theoretical drawback to the use of 
the gravitation unit, which is, that the force exerted by 
gravity on the lump of metal is not a constant one at 
different parts of the earth’s surface, being at the poles 
times as much as at the equator. We thus have a 
variable unit, and we shoilld, for definiteness, insert the 
particular position on the earth’s surface at which the 
force is to be measured. If this be done we have a quite 
definite unit. 

For scientific purposes this may be done, but usually 
for such purposes another unit is used, depending on the ^ 
known laws governing matter and motion. For the pur- 
poses of the engineer, however, it is quite unnecessary 
to consider such refinements, since that absolute accuracy 
which must in scientific matters be attained, is not only 
not necessary, but cannot possibly be obtained in results 
which depend for their accuracy on that of the instru- 
ments by which they are obtained. 

Suppose, for instance, a column 4 inches in diameter 
to be sufficient to support certain material at the equator, 
what difference should there be at the pole ? 
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The area should be increased in the ratio or the 
diameter in the square root of this ratio, 

Correct diameter at equator = 4 x 

= 4.012. 


Now it is not at ail unlikely that such a column 
though intended to be 4 inches in diameter, would be 
quite 4.012 inches, this being quite within ordinary limits 
of accuracy, and, even if not, there would have been an 
ample margin of strength allowed in the original design 
to admit of such a small increase of load without pre- 
judicial effect. 

For absolute accuracy of expression also we should 
not speak of a force of 10 or 20 pounds, but of 10 or 20 
pounds’ weight, since the unit is not the lump of platinum 
but its weight. No harm, however, will ensue, and time 
is saved by the abbreviation, so long as the student 
clearly comprehends that the unit is the force or weight, 
and not the lump of metal. 

We will now see then how to measure the various 
forces in order. 

Elasticity of a Fluid is measured by allowing it 
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to push out a piston of known area, com- 
pressing a spring before it. 

We then measure the compression of 
the spring, and knowing by experiment the 
weight which will compress it to the same 
extent, we know the amount of the effort 
or pressure on the piston. 

For example — let the piston be 2 scp ins. 


in area, and let the spring be found compressed to the 


same extent as would be done by a force of 60 lbs. 
Then 


60 lbs. = total force on piston. 


The force on any other part of the surface is propor- 
tional to the area, and we most easily find it by first 
finding the pressure on each square inch. The elasticity 




CHAP. II EFFORTS & RESISTANCES— FRICTION 45 


is then measured by the pounds pressure on a square 
inch. 

In the present example 

Pressure on I sq. in. = V = 30 Ihs. 

and we say the fluid is at 30 lbs. per sq. in. pressure. 

Then the pressure on any number, say n sq. in. of 
the surface, is 30 n lbs. 


Example. — Steam is admitted to a cylinder 20 ins. diameter 
at a pressure of 30 lbs. by gauge ; what is the effort on the 
pieton? The pressure is “30 lbs. by gauge”; here “per sq. 
in.” is omitted, which is common in actual practice; also we 
must ask — Does “30 lbs. by gauge” mean that the actual 
pressure of the steam on a .surface in contact with it is 30 lbs. on 
the sq. in. ? The answer is that it does not. For a boiler 
pressure gauge is so marked as to show, not the pressure, but the 
difference between the steam pressure inside and the air pressure 
outside. This is common to most pressure gauges. For another 
case we have so-called vacuum gauges, which are attached to 
spaces in which the pre.ssure is less than that of the atmosphere ; 
these show the amount by which the inside pressure falls short of 
the outside. 

The actual pressure on the inside surface is called the Absolute 
Pressure. We have then 


Absolute pressure per sq. in. = 30 + atmospheric pressure. 


The latter varies, and must for any given case be measured 
by the barometer at the particular time considered. It does not, 
however, vary much from 14.7 lbs. per sq. in., which value can 
generally be taken as quite accurate enough, 


and 


Absolute pressure = 44. 7 lbs. per sq. in. 

Effort = area in sq. in. X44.7, 

= - X 400x44.7, 

4 

= 14,043 lbs. 


When we have large forces as here to deal with, we 
often use a larger unit, viz. the Ton of 2240 lbs. 

Thus in above 


Effort=WAr=fl-027 tons. 
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Q-ravitation Efforts, etc. — These are, of course, 
the easiest of measurement, although we took Elasticity 
of Fluids first, as we had before given it the first place. 

To determine the resistance gravity offers to the lift- 
ing of a body, we can either actually weigh it in a weigh- 
ing machine, or if this be not convenient or possible, e.g. 
when we have to estimate the weight of a body from the 
drawing of it before it is made, we calculate its volume ; 
and then knowing the weight of a known volume of the 
material of which it is composed, we can easily deduce 
its weight. Thus the resistance offered to the lifting of 
a boiler plate 12 ft. by 6 ft. by i inch is found thus — 

Volume = 12 X 6 X yV c. ft. , 

= 144 X 72 X I c. in. 

Now I c. in. weighs lbs., 

« f 

Weight = -144 X 72 X 
= 2880 lbs. 

[The work is facilitated by leaving all the arithmetic to the 
last, unless the intermediate results be required. For example, 
the volume above is 10368 c. ins., but since we do not require 
it we shorten the work by not calculating it out.] 

Laws of Resistance — Spiral Spring. — The re- 
sistance offered by a spiral spring to extension or com- 
pression can, for any given spring, be determined for any 
given alteration of length by determining, by actual 
experiment, the weight which will cause the particular 
alteration. Similarly during the compression of a given 
volume of fluid behind a piston, the resistance at any 
instant can be determined by a pressure gauge. It is 
found, however, that the resistances so found are, in the 
first example, connected by a certain law with the altera- 
tions in length of the spring, and in the second connected 
by a similar law with the change of volume. 

Thus knowing one value of the resistance we can deter- 
mine any others we require. Take first the spiral spring. 
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The figure shows a spring in three positions, 
centre it is in its natural state, length 
/, while in the other two it is repre- 
sented as compressed and extended 
respectively through a distance at. 

The law then is — 

If be small compared to /, then 
the force P required, either to com- 


In the 




Fig. 39- 

press or extend the spring, varies directly as :r. We 
may say 

P=Po^, 


where Pq is the- force which would double the length or 
compress it to zero, if the law held good, but this it does 
not do when ;r becomes large. 

We can conveniently represent the law graphically 
thus — 

Take OK — I and produce it. 


B 2 1 


[The line is broken since we want to use a fairly large scale. ] 
Take points i, 2, T, 2', etc., and at each point set 
•up an ordinate representing, 
on a selected scale, the force 

- - ■ - fW — ^ required to compress or ex- 

tend the spring to the said 
^ ' point. 

We thus get a curve DAE 
through the tops of the ordinates, and the law says that 
so long as we do not go too far from A the curve is a 
straight line. What its shape is farther away we do 
not discuss. To prove that this agrees with the law, we 
have by similar triangles 


?5^2l^ ^lY^ ^GE 
AB~2A ‘ * K\’~' ' KC 


i.e. the force varies as the extension or compression in 
each case. 

Elastic Fliiid. — The magnitude of the effort exerted, 
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or the resistance offered by a certain mass of elastic 
fluid during expansion or compression, varies according 
to the circumstances, and the law can only be determined 
by aid of the principles of Thermodynamics, and then 
only for certain simple cases. There is, however, one 
law which by reason of its simplicity is most used, and 
which applies very nearly to many actual cases. 

The law just mentioned is known as Boyle’s Law, 
and is as follows : The pressure per sq. in. exerted by a 
given quantity of a fluid on the sides of the containing 
vessel varies inversely as the volume of the vessel. 

By quaittity we mean weight, not volume, because 
any quantity of an elastic fluid, however small, will, if 
allowed, expand, and fill any volume however large. 

Thus if we have in a cylinder fluid at 90 lbs. pres- 
sure, then by moving the piston till the volume is 
halved, the pressure will be doubled and vice versa. 

This law also is well suited for graphic represen- 
tation. 

The original pressure and volume being given, we 
proceed as follows : — 

Choose a scale for volumes, i.e. i inch to represent 
say n cubic feet ; and a scale for pres- 
^ V sures, i.e. i inch to say in lbs. per 

\ square inch. 

Set off OA on the volume scale 
2 to represent V^, the original volume 
in cubic feet, then OA = V^jn ins. 

■< --^2 — And also Ai to represent Pp the 

0 A B X original pressure, then Ai = VJm ins. 

pjg Let now the piston move until the 

volume is cubic feet, and the 
pressure Pg lbs. per square inch. Set off 


and so on for a number of other volumes. 

We shall thus obtain a number of points similar to 
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I and 2, and we then draw a curve through these points 
as shown. 

The curve so drawn represents the relation between 
the pressure and volume of the given quantity of fluid. 

Now the law is 

PjVj = p 2 V 2 =any P x the corresponding V, 
i.e. 

Ai X 0A=B2 X OB = any ordinate x the corresponding abscissa. 

Looking back to the Preliminary Chapter, we see 
that this is a known curve, viz, the Hyperbola. 

Hence, then, we need only know one point, say i, 
on the curve, and we can then construct it by the 
method given (page 8), and thus determine graphi- 
cally the pressure at any given point of the expansion 
or compression. 

The law then gives us, at any point, the pressure 
per square inch, and we calculate the effort as already 
explained. 

In an actual steam engine cylinder, we cannot find 
the law of effort, yet we can by means of an instrument 
called an Indicator make the pressure register itself, 
and actually draw a curve of the nature of the one we 
have just been considering. We shall return to this 
important question in the next chapter. 

Friction. — We will now see in what way to cal- 
culate the values of resistances due to friction. 

We shall treat for the present only the sliding pair, 
leaving the turning pair until we have inquired into the 
peculiar character of the efforts and resistances in that 
kind of pair. Also, we leave the case in which one of 
the bodies is a fluid — e,g, a ship sliding relative to the 
water — to the section* on Hydraulics. 

Whenever we move one element of a pair relative to 
the other, the surfaces being pressed together, a certain 
resistance is offered to the motion ; which resistance we 
know varies with the .state of the surfaces, and also with 
£ 
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the force with which they are pressed together. This 
resistance is called Friction. 

The foregoing facts are matters of common know- 
ledge. For example, let us take a sledge loaded with 
a certain load ; then if the road be fairly smooth, the 
sledge can be drawn along; and the greater the load 
the greater the force required to draw it. If the road, 
however, exceed a certain amount of roughness the 
sledge would not move at all ; while, on the other hand, 
if we smooth the road, "less and less effort is required, 
till, when we come to a smooth surface such as ice, the 
effort becomes very small indeed. 

Now we do not in this country use sledges, but the 
example is taken because the surfaces rub on each 
other, and the sliding friction is evident. The friction 
in the case of a wheeled carriage is of a more compli- 
cated nature if we examine it thoroughly ; but just as 
the motion is, on the whole, sliding ; so, on the whole, 
will the friction follow much the same law as sliding 
friction. 

The surfaces we shall principally have to deal with 
are not like that of a road, but are of metal, and made 
as smooth as circumstances will admit of. 

What we wish to know now then is. What is the law, 
if any, which connects together the resistance offered 
and the pressure between the surfaces ? And how does 
it vary for different surfaces ? 

Experiment only can furnish the answer required, and 
accordingly experiment has been 
used with the following results : — 
Let CD represent a small sledge, 
which can be loaded as required, 
this sledge slides on a path on 
a horizontal bed. Attached to 
CD is a cord passing over a pulley 
I'lg- 42 - at B, and having on its end a box 

E, which can be loaded. Suppose now the sledge be 
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loaded with weights which, together with its own weight, 
come to W lbs. Then to keep the. sledge moving uniformly 
alo7ig its path a certain load, P lbs. say, is required in the 
box E. The effort causing sliding is the tension of the 
cord, which, omitting certain small corrections with which 
we need not concern ourselves, is P lbs. Our results will 
refer to the conected value, i.e. the load in the box 
would not be exactly P lbs. but a little more, so that 
P lbs. is the pull of the cord on CD. 

The ratio of P to W is called the CoefiB-cient of 
Friction, and we shall see on what the value of it 
depends. Calling the coefficient /"we have 

P=/W. 

First, keeping the surfaces in contact the same, how 
does P vary, when we alter W by altering the load in 
the sledge ? 

Result. — P varies directly as W, so that so far f is 
constant. 

Next. — Is the force P altered by altering the area of 
the bearing surfaces, still keeping the same materials 
and load ? 

Result. — P does not alter. 

The coejfLcie7tt then is hidependent of the area of 
contact. 

Next. — Does the speed of sliding affect 

Result.— The sledge being set in motion at various 
speeds, P was the same for all. Therefore, the coejfident 
is independent of the speed. 

Next. — Does P alter when we alter the condition of 
the bearing surfaces as regards smoothness or lubri- 
cation ? 

To this of course we should expect an affirmative 
answer, and this answer the experiments gave. 

Thus — The value of the coefficient depe7ids 07t the 
nature of the surfaces. 

There is only one thing left to vary, viz. the material 
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of the surfaces ; and here we must notice that it is diffi- 
cult to say that two surfaces of different materials 
are in exactly the same condition, since condition 
cannot be measured, but only judged. It is evidently 
difficult tp compare the smoothness, for example, of 
metals generally with that of wood ; or even that 
of wrought-iron, with that of cast-iron, the grain being 
different. 

Allowing for this, we find from experiment that the 
material also affects the value of P, which differs for dif- 
ferent materials, even although each is finished in the 
best manner. 

We combine all the foregoing results together in 

The Ordinary Laws of Friction, viz. — The 
amount of friction between the elements of a slid- 
ing pair is equal to the total pressure between the 
surfaces multiplied by the coefficient. This coefficient 
being — 

Dependent on the material and condition of the 
rubbing surfaces, but independent of the extent of the 
surfaces in contact ^nd of the sliding velocity. 

The experiments proving the above laws were carried 
out by Morin in 1831-33 in the manner we have roughly 
sketched, and they proved the truth of the laws withht 
the limits of pressure a?id velocity which he used^ viz. 
from o to 10 f.s., and from to 128 lbs. per square 
inch. 

In much modern machinery these limits are far 
exceeded, and the methods of lubrication are so perfect, 
that the friction is in many cases that of a fluid between 
the surfaces of two solid bodies, but for the effect of 
these circumstances we must refer to more advanced 
treatises. 

The experiments involved the measurement of P and 
W, and hence gave the values of f Some of the more 
important of these values are to be found in the ap- 
pended table. 
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Nature of Surfaces. 

Condition of Surfaces. 

Coefficient of Friction. 

Wood on wood 

Metal or wood on \ 
Metal or wood j 
Do. do. 

Do. do. . . 

/ Perfectly dry and \ 
\ clean / 

Slightly oily 

Well lubricated 
f Lubricant con- \ 
\ stantly renewed / 

•25 to *5 

•15 

•07 to *08 
•05 


The coefficient of friction of a carriage, looked at as 
foiming an element of a sliding pair, is generally called 
the Draughty and its value is usually expressed in lbs. 
per ton weight. It varies of course considerably with 
the state of the roads, so only mean values will be given. 
These may be taken at 

55 lbs. on a macadamised road 
20 lbs. on a stone tramway 
8 lbs. on a railroad (very slow speeds). 

In the case of a train, however, the air offers a great 
resistance which increases very rapidly with the speed, 
so that at 60 miles per hour the resistance is believed to 
exceed 50 lbs. per ton. The laws of this resistance are 
outside our limits. ■ 

Friction of Rest — Limiting Friction. — The 
friction we have dealt with is that existing between 
moving bodies, or the friction of motion. When, how- 
ever, we consider the process of starting a body, a 
different law of frictional resistance exists. There is 
then, at any instant, as we gradually apply the effort, an 
amount of friction called into play just sufficient to 
balance the effort. As the effort increases so does the 
friction, until it reaches a certain limiting value, beyond 
which it cannot go ; any further increase of effort then 
causes motion. This limiting value is called the Friction 
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of Rest or Limiting Friction, and its value follows the 
same laws as the Friction of Motion, with, however, a 
slightly greater coefficient in most cases. Its value is 
not of importance to us ; more especially because any 
slight jar, during the starting, causes the body to start 
directly the effort is greater than the value found for the 
friction of motion, so it would never be safe to reckon 
on the friction of rest to prevent motion. 


Examples, 

1. The diameter of the piston of an indicator is | in., the 

steam pressure under it is 30 lbs. absolute ; the atmosphere 
presses on the top, and it is kept down by a spring which re- 
quires a force of 32 lbs. to compress it i inch. Find how much 
the spring is compressed. A ns. .147". 

2. The piston of a steam cylinder is 90 ins. diameter, the 

piston rod diameter is 8^ ins., and there is no tail rod; the 
cylinder is horizontal. Find the effective effort of the steam — 
1st, when the pressure at the back of the piston is 16 lbs. al)so- 
lute, and that in front 3^ lbs. absolute ; 2d, when these are 
reversed. Ans. 79746 and 78654 lbs. 

3. The steam pressure in a boiler is 120 lbs. by gauge. One 
safely valve is 3^ ins. diameter, and the spring keeping it in 
place is compressed 3|^ ins. from its original length. Find the 
increase of pressure necessary to lift the valve in. , which is the 
ordinary lift allowed. Also if a stop be fitted which prevents 
the valve rising more than one fourth of its diameter. Find 
what pressure would force it up against the stop. 

Ans. 4|- and 150 lbs. per sq. in. 

4. The diameter of a piston is 54 ins., stroke 3 ft. The 
piston approaches within i in. of the end of the cylinder when 
at the end of its stroke, and the steam is cut off at half stroke. 
The boiler pressure is 130 lbs. by gauge, and there is a drop of 
10 per cent on the absolute pressure between the boiler and the 
cylinder. Find the pressure in the cylinder at each yV ^f the 
stroke, assuming the simple hyperbolic law of expansion. 

Ans. 130.5 to half stroke, 109.7, 94-6, 83.2, 76.5, 67. lbs. per 
sq. in. 

5. The spring ring in the preceding is 6 ins. wide, and the 
pressure between it and the cylinder is 3 lbs. per square inch. 
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Find the frictional resistance to motion, the surfaces being well 
lubricated. Ans. 214 lbs. 

6. Draw by graphic construction a curve of effort for (4), and 
show how to represent on it the effect of (5) in reducing the 
effective effort. 

A ns. The friction is equivalent to a loss of .1 lbs. per sq. 
in. on the piston, therefore the curve is lowered by 229 
lbs. 

7. A horse walking at 2 miles per hour can exert a pull of 
166 lbs., and at 4 miles per hour a pull of 83 lbs. Find the total 
load he can move at those speeds on a road. 

Ans. 3 tons and ij ton. 



CHAPTER III 

WORK AND ENERGY 

The efifect produced by the movement of a pair is the 
overcoming of a resistance through a certain distance, 
and it is for the production of this effect that the pair is, 
in the great majority of cases, required. This effect is 
spoken of as doing Work, and we say wo7'k is do7ie 
against the resistance. 

The general meaning of the word Work is of course 
well understood ; but it is not in this general sense we 
use it in Mechanics, but strictly in the limited sense 
defined above. 

Let us consider a simple case of sliding, viz. the raising 
of a weight, then the weight slides relatively to the earth 
against the resistance of gravity. Work then is done 
against gravity. 

Now let us consider how the motion is caused ; 
some effort is required, and we may take this to 
be the muscular effort of a man. The man then 
exerts an effort through the distance the weight is 
raised. In ordinary language we say “the man is 
doing work,” but in Mechanics we say he is exert- 
ing energy, v/hich causes work to be done against the 
resistance. 

The action of lifting the weight or generally of moving 
a sliding pair against a resistance has then two descrip- 
tions ; according, we may say, to the point of view from 
which we regard it. Looked at from the effort side it is 
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called exerting energy^ from the resistance side, doing 
work. 

In order that energy be exerted, or work done, we 
must have the combination of force and motion. For 
example, no work is done when the man stands simply 
holding the weight, although it may be his duty to do 
so, and he would in ordinary language undoubtedly be 
working since he would suffer fatigue ; but there is no 
motion, and hence, according to our definition, no work 
done, or energy exerted. Again, in the sliding of a weight 
along a perfectly smooth horizontal table, if such a thing 
could be, no work would be done, because there would 
be no resistance, although there iS motion. 

In all cases of doing work, we shall find there are at 
least three bodies to be considered. 

One supplies the effort causing the motion, and thus 
exerting energy — e.g. the man lifting the weight. 

One is moved, by the effort, against the resistance — 
e.g. the weight itself. 

The third resists the motion, being the source of re- 
sistance — e.g. the earth, which is the source of the gravita- 
tion resistance. 

In the case we have considered, the first and third 
are natural sources of effort and resistance, but we shall 
see as we advance that this is not necessary ; but what 
is necessary is, that the first be connected in some way 
to a natural source of effort, and the third to one of 
resistance. 

We have defined doing work^ or working., but we 
cannot give any particular definition of the term Work 
by itself, but of Energy this is not the case. 

A source of effort in nature can exert energy, and we 
say it possesses energy ; now what it does possess is the 
power of causing work to be done, so that by using the 
term energy we make it mean power of causing work to be 
done; and this therefore is the definition of energy. The 
source then exerts energy when it puts forth this power. 
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Conservation of Energy. — There is now a law of 
nature which tells us that energy can never be destroyed 
or lost ; it can be transformed, can be transferred from 
one body to another ; but no matter what transforma- 
tions are undergone, when the total effects of the exertion 
of a given amount of energy are summed up, the result 
will be exactly equal to the amount originally expended 
from the source. This law is called the* Conservation of 
Energy, and it will be our task to apply it and trace its 
action in cases commencing with the simplest and going- 
on to others of a more complex nature, and we must first 
consider how to measure amounts of energy exerted or 
of work done. 

Unit of Work. — Both the quantities just mentioned 
being, as we have seen, only different views of the same 
actions, and each consisting of the same components, 
viz. force and distance — will accordingly be measured 
by the same unit, which we may therefore call the Unit 
of Energy or of Work. 

The simplest kind of work we are acquainted with is 
the lifting of a weight, and we are thus led to select from 
this our unit. The unit weight being r Ib. and unit force 
I ft., the work done in lifting i lb. through i ft. is taken 
as tlie Unit of Work, and is called i foot-pound or 

I ft.-lb. 

We may, of course, if we please, take other units, say 
I ton lifted through i inch ; which we call i inch-ton, 
and so on. But in all cases the idea involved is that of 
lifting. 

We have defined the unit as the work done in lifting, 
but we might equally well define it as the energy exerted 
to cause the lift of i lb. through i //., and thus it is the 
unit also of energy. 

. The idea of distance is the same in each way of look- 
ing at the action ; but the difference is, that the i lb. is 
in the one case resistance, and in the other effort ; but 
these are in this case exactly equal, each being the i lb. 
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We have so far used the idea of lifting. But now we 
know that it will take exactly the same amount of energy 
to push a piece through i ft. in any direction against a 
direct resistance of i lb. as to lift it against the pull of 
the earth of i lb., in fact the last statement is included 
in the preceding one. We can then, if we please, dis- 
sociate the unit from the idea of lifting, and define it 
simply as the^work done^ or energy exerted in overcorn- 
ing a resistance of i lb. through i ft. 

It is quite immaterial which way we state the defini- 
tion. But we must clearly realise that the direction of 
motion is of no consequence, so long as the resistance is 
directly opposed to the motion. The importance of this 
last qualification we see in the next chapter. 

We can then now measure the energy exerted or 
work done in moving a sliding piece through a given 
distance against any given resistance. For let 


R = resistance in lbs.- 
distance moved in ft. 


Then 


Work done = R x s ft. lbs. 


Or equally 

R = effort in lbs. , 

and 


Energy exerted = R x fit. lbs. 

(2). 

Whence we 

see that in this case 



Energy exerted = work done 

(3)- 


We have here our first example of the — 

Principle of Work — Balanced Forces. — The 
equation (3) we have derived from the equality of effort 
and resistance. These we have taken to be equal, 
which we can also express by saying that the forces 
acting on the piece balance, each being R lbs., and thus 
we call this a case of Balanced Forces. 

The balance is in this case plain, effort and resist- 
ance being directly opposite and equal in amount. But 
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it will not in all cases be so evident, and we may have 
a balance without such equality of effort and resistance in 
lbs. as we have here (see turning pair, page 64). To 
all such cases, however, the principle of work, in its 
simplest of all forms as just given, will apply. And we 
are not to look upon this statement as derived from 
other principles, but as in itself a first principle, which 
we can in any instance verify, but which must not be 
taken to require proof. 

The principle of wbrk is only a statement, for this 
case, of the conservation of energy, and we will now see 
how that doctrine reduces to its present simple form. 

The case to which we say it applies is that of 
Balanced Forces. Now, if the forces are balanced, 
there is no excess left to produce changes in the body 
moved. The body moved is the agent by which the 
energy causes the doing of the work, and we can also 
then group all these cases under the heading of — No 
change produced in the agent used. Using this defini- 
tion, there is no effect produced by the energy exerted 
except the doing of work. Hence by conservation of 
energy 

Energy exerted = sum of all effects produced, 

= work done only. 

For example : — A railway truck weighs 2 tons, resist- 
ance 20 lbs. per ton. Find the energy exerted in 
keeping it moving at a constant speed through 50 yds. 

This is a case of balanced forces, and we have 

Energy exerted — effort x distance, 

= 40 lbs. X 1 50 ft. , 

= 6000 ft. lbs. 

Had the question been set us to vioi'e the truck 50 
yds. instead of ‘‘ keeping it moving at a constant speed,” 
we should not have a case of balanced forces, because 
the process would involve starting and stopping, during 
which processes, as we shall see hereafter, the forces 
would not be balanced. 
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But the larger statement of “ no effect on the agent ” 
would hold good, because the state of the truck would 
have been on the whole unaltered, and the principle of 
work in its simplest form applies. There is, on the 
whole, a balance, but not at each instant. This we shall 
not now inquire into, but only note it to show that the 
simple statement of the principle applies to such cases, 
i.e. motion from rest to rest again. 

In the two cases of sliding we have so far considered, 
one body has, in each case, been the earth ; but this is 
not at all necessary. For in any case whatever 

Energy exerted, or work _ Resistance to relative motion x 
done, ~ distance moved relatively. 

For example : — To plane a piece of material we may 
use a machine, in which the piece is fastened to a moving 
bed, the tool being still (Fig. 43) ; or one in which 
the tool moves, the work being still (Fig. 44). 



If now R be the resistance offered by the metal to 
the point of the tool, and / be the length of the work, in 
lbs. and ft. respectively. Then evidently, in each case, 

Work done in one cut = R x I ft. -lbs., 

quite irrespective of which moves. But there is this 
difference, that the energy is exerted in opposite manners 
in the two cases. In the first case the effort moves the 
work against the resistance of the tool. In the second 
the effort moves the tool against the resistance of the 
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work. Both require the same amount of energy, but it 
must be applied to a different part of the machine. 

[“The work” above means the piece of material, that being 
the usual workshop term.] 

In addition to the examples we have already con- 
sidered, the principal examples of sliding pairs, in which 
energy and work require calculation, are engine pistons 
and pump plungers. 

With regard to the first, all we need notice is ’that it 
is immaterial whether the cylinder be still or whether it 
oscillate, the calculation of energy is unaltered. 

In pumps the work to be done is the lifting of water, 
and we can simplify the calculation in such cases by the 
following methods : — 

Lifting of a Number of Weights. — Let W^, 
W 2 , etc., be the weights, and let them be initially at 
heights Y^, Y 2 , etc., above a given datum level. 

Let now Wj be lifted a distance W 2 a distance 

Their new heights are then Yj-f/i, Yo+jg) 
which we will call Y'^, Y'g, etc. Then 

Work done = Wijri + Wo j2+ • • .» 

-Wi(Y'i-Yi) + W2(Y'o-Y2)+. . 

= {WiY'i-fW2Y'2+. . .}_{WiYi-fW2Y2+. . .}. 

Now let 

Y= height of C. G. originally, 

Y'=: height of C. G. finally. 

Then 

;^^WiY'i + W2Y_;2+ . . . 

“Wi + Wa+r.L ■’ 
^_WiYi+W2Y2+ . . . 

^ “ 'W1+W2+ . ’ 

Workdone=(Wi. 4 -W 2 +. . .)(Y'-Y), 

= total weight x lift of C. G. 

In the case now of a shaft full of water, we need not 
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consider the separate lifts of the pump, but only the 
total lift of the C. G. of the whole body of fluid ; or 
equally, in calculating the energy which the water stored 
in an elevated reservoir could exert by descending. 

Motion in a Curve — Turning-. — It is not necessary 
that the relative motion of two pieces be rectilinear 
sliding for the preceding calculations to apply, so long as 
the resistance is directly opposed to the motion. For 
consider such a motion as a piece along a curve AB, 
the paper representing the other 
piece. Then, by dividing the curve 
up into a large number of small h 
portions as <2^, of length x, we have 
a number of rectilinear slidings each giving 

Work done=Rjr, 
and finally, for the whole, 

Work done = Rxsiim of x^s, 

= R X curved length AB, 

but the italics above must be carefully attended to. 

We will now consider the turning pair balanced. 

The turning pair consists of a shaft, turning in a 
bearing, and having arms to which efforts and resist- 
ances can be applied. 

We must first determine the necessary conditions for 
balance. If there be only one arm, as in Fig. 46, and 
the effort and resistance be applied to it 
exactly opposite to each other, then evi- 
dently P = R, i.e. 

Effort = resistance. 

But if, as is generally the case, the re- 
sistance be not applied to the same arm, 
or if to the same arm not directly opposite, 
we must have some different condition. In Fig. 47 
P and R are applied to arms of different lengths. 



Fig. 46. 
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Now we can determine the condition of balance, 
either from Statics or by the principle of work. We 
will select the latter method. 

Let the crank move to the new position as shown, 
.P 










Fig- 47- 


Fig. 48. 


B to B', C to C' (Fig. 48), the centre lines only being 
shown, then 


Energy exerted = P x arc BB', 

Work done = R X arc CC', 

P X arc BB' = R x arc CC' 

BB' = OB X angle BOB' (circular measure), 

CC' = OC X angle COC'. 


whence 
But 
and 
Also 

Angle BOB' = angle COC'. 

Whence, from (i), 

PxOB = RxOC. 

This then is the condition of balance, or in words 
Moment of effort = moment of resistance. 


(I). 


But this is the principle we know in Statics as the Prin- 
ciple of the Lever, and we have thus proved this principle 
by means of the Principle of Work. Or we may say, if 
we please, that we have verified the Principle of Work. 

We have in Fig. 47 drawn both P and R at right 
angles to the cranks on which they act. This was for 
simplicity, but we shall now see that there is no necessity 
for this to be the case. 

For example, let the turning body, outside the bearing, 
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be of any irregular sha|)e (Fig. 49), turning about O the 
centre of the bearing. 

Further, let P and R be applied at A and B, but not 
at right" angles to OA and 
OB ; , keeping, however, 
always at the same angles 
to OA and OB during the 
motion. 

Draw OM and ON per- 
pendicular respectively to 
the directions of P and R. 

Then because, during 
the motion, P will always 
act alo^the line AM in the moving body ; P may just 
as weh* applied to M as to A. 

Bor example;' let it be applied by a rod LA, then LA always 
lies along MA, and we may as well fasten the part MA of the 
rod to the body. The remaining part then pushes at IVl. 

Similarly R’s effect is exactly the same as if it were 
applied at N instead of B. 

Moments. — The condition of balance then will be 

PxOM = RxON, 

i.e. 

Moment of effort = moment of resistance. 

It appears then that we do not need to know either 
the effort or resistance in pounds, but only their moments ; 
a force of i lb. acting on an arm of 2 ft,, for example*’* 
being identical in its effect on the motion of a turning 
pair, with a force of 2 lbs. at an arm of i ft., or 4 lbs. 
at 6 inches, and so on. ' ^ 

Since a moment consists of force multiplied by dis- 
tance, it must be measured in terms of the product of 
feet and lbs., or of inches and tons, etc. But work is 
measured in foot-lbs. or inch-tons ; and so, in order not 
to confuse the essentially different magnitudes of moment 
and work, we will express moment, not as ft. -lbs., etc., 
F 
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etc., but as lbs. -feet, tons-inches, etc., inverting the 
order. 

Moment, we may say, bears the same relation to a 
turning pair that a pull or push does to a sliding pair, 
since by moment only can the motion of a turning pair 
be caused or be resisted. Now, in the case we have 
taken of a shaft with an arm to which P the effort is 
applied, the' effect of P is not simply to produce the 
turning motion, but also to produce a pressure between 
the shaft and its bearing ; let us see, then, what is neces- 
sary simply to produce turning and nothing else. 

The answer to this is that we must have two arms 
equal and opposite, to each of which we apply an effort 
P, Fig, 50. Then there will be no 
effect produced between the shaft and 
bearing but pure turning. 

We act naturally in this way in many 
cases. For example, to turn a person 
round, we should take hold say of one 
arm in each hand, and then push with 
one hand and pull with the other ; but 
if we only took hold of one side and 
pulled say, we should not only turn, but also pull him 
towards us. Or in using a rimer to enlarge a circular 
hole, if we wish to make the hole true we use a double 



Fig. 51- 


handle, Fig. 51 (^), because if we used a single one, 
Fig. 51 {d\ we should have to take hold of the rimer 
with the other hand to hold it upright. If not it would 
topple over when we pushed the end of the handle, if not 
entered far in the hole ; and although if it were entered 
some distance in the hole it would not topple over, the 



Fig, 50. 
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effect would still appear in the untruthfulness of the 
hole. 

Turning then can be caused by a pair of forces 
as Fig. 50. Such a pair we call a couple, and their only 
effect is a turning moment. A single effort produces 
a turning moment and also a pressure on the bearing, 
but the latter we do not at present care about, because 
it has not directly any effect on the turning. It has 
an indirect effect by producing friction, which we shall 
discuss later. 

The calculation of energy and work then leads us 
to the problem — To find the work done in moving a 
turning pair through a given angle against a given re- 
sisting moment. 

Turning back to page 64 we have (Fig. 48), 


But 

and hence 


Energy exerted = P x arc BB', 

= P X AB X angle BAB'. 

P X AB = moment of effort, 

BAB' = angle turned through, 


’Energy exerted = moment of effort x angle turned through, 
or equally 

Work done = resisting ihoment x angle turned through. 

Comparing with the sliding pair (page 59) we see 
that moment takes the place of force, and angle that 
of distance. 

Wasted Work. — In the motion of a sliding or 
turning pair it is usually the case that the resistance 
which balances the effort is not one but two forces, viz. 
the useful resistance, and the friction of the pair, . 

For example, take the piston of a steam engine in a 
horizontal cylinder. Then if the weight be W, the forces 
balancing the effort of the steam on the piston are two, 
viz. the resistance of the piston rod and the friction of 
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the piston in the cylinder. This friction depends on two 
things, first on W ; the piston resting on the solid piece 



Fig. 52. 


A, this in turn bearing on the spring ring, and this again 
on the cylinder bottom ; due to W we shall have friction 
of amount /W. Also we have the ring pressed out 
against the cylinder by the springs, and if their total 
pressure be S, we have additional friction /S due 
to this cause. In each f is the coefficient of friction 
between the ring and cylinder. If then 

P = effort of steam, 

Q = re.sistance offered by piston rod, or useful resistance. 

We have 

P=R = Q+/W+/S> 

R representing total resistance. If 
s — stroke, 

Wot k done per stroke = R.v = Qo* +/"( W 4- BIj". 

Now these two terms, Qj and /(W + S)j, are essenti- 
ally different in their nature. Movement of the piston rod 
is what we wanted to produce, and is then the useful 
effect. But the second term we do not want at all, it is 
inseparable from working, yet we try always to decrease 
it as much as possible ; and this we do because it pro- 
duces no useful effect. 'We know what it does do, viz. 
heat up the bearing surfaces, but this is an effect we would 
rather if possible be without. The Principle of Energy 
forbids us to say that energy or work is lost ; but since 
the energy exerted in overcoming the friction is changed 
into a form, viz. Heat, in which we cannot utilise it, we 
say that amount is wasted, and we call it Work Wasted. 
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We get then now a second form of the Principle of 
Work for Balanced Forces, viz. — 

Energy exerted = useful work done + work wasted, 
or we generally omit useful and say simply 

Energy exerted = work done + work wasted. 

The calculation of work wasted during the motion of 
a sliding pair we have seen, therefore if 

S = total pressure between the pieces, 
y S = frictional resistance, 

and 

Wasted work=y’S x space nioved relatively. 

Axle Friction. — For the turning pair we have not 
yet seen how the friction is reckoned, this we will now 
consider. 

We have seen that Moment is the form taken by re- 
sistance to turning motion, and we 
express then the frictional resistance 
as a Moment. 

The friction of axles, as turning 
friction is generally called, can be 
connected with sliding friction, and 
the ordinary law is taken as the same, 
very heavy pressures and velocities 
not being here considered, and, as before, the lubrication 
being supposed imperfect. 

Let 

S = the resultant pressure forcing the turning piece into its bearing. 

Then the rubbing friction .produces a resisting move- 
ment M given by 

M =/'S . r, r = radius of bearing. 

The coefficient f we take to follow the same laws as 
/for sliding, but it has not the same value, being de- 
termined from independent experiments on axles. An 
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average value under ordinary conditions for metal bear- 
ings is from jY to yV* 

We can now at once determine the work wasted in 
turning through any angle ; generally we reckon per revol- 
ution. Thus 

Work wasted per revolution = friction moment x angle turned, 

=y^Sr X 27r — Trf'Sdj 

where 

d — diameter of bearing. 

Graphic Representation. — Graphic construction 
enables us to represent very simply quantities of energy 
or work. Let 

P = eTTort in lbs. 
j = space moved in feet. 

On a scale of x inches to i foot make AB to represent 
s ft. AB is then sx inches, x may be a whole number 
c D 


y 

K 

1 > 


f" 


A B 

Fig. 54- 

or a fraction. On a scale of y inches to i lb. make AC 
to represent P lbs. AC is then Vy inches. 

Complete the rectangle AD. Then 

Area of AD = AC x AB, 

= Vy X sx sq. ins. , 

= Vs X xy sq. ins. 

Thus the area AD represents Pj ft. -lbs. on a scale of 
xy sq. ins. to i ft. -lb. AD then represents the energy 
exerted by P, on a scale compounded of the scales of 
length and force originally chosen. For example ; — 
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Let P be 2000 lbs. pressure on a piston, s the 
stroke being 3 ft. 

Then the scales would be say : 

J in. to I ft. Thus AB = | x 3 = ij in. 

and 

in. to I lb. Thus AC = 2000 x i 

These are the dimensions of Fig. 54. The com- 
pound scale is then 

sq. in. to i ft. -lb. 

Then 

Area AD=i| sq. in., 

= 6000 ft. -lbs. 

which is the energy exerted. 

In this method the path of s ft. may be either straight 
or curved. If it be straight AB is an actual representa- 
tion of it, but if curved then AB represents it straightened 
out. 

We can in this manner represent the work done in a 
turning pair. For let 

R = resistance, 
r= radius at which R acts. 

Then for one revolution, we make AB to represent 
27 rr ft., and AC to represent R lbs. 

But now the work done is also given by the moment 
Rr overcome through 27 r, and we shall see that exactly 


C D 


) 


J 

* ^ 

' 8 " 

1 


A B 

Fig- 55. 


the same diagram will also represent the energy or work 
when reckoned in this way. For let 
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R = 8olbs., ;'=3 ft. 

Then draw AB on a scale of i in. to 47r ft. or 1/477 
in. to I ft. to represent 27 rr, Le. Gtt ft. 

.*. AB= I J in. 

and AC on a scale of in. to i lb., to represent R, 

.-. AC = A\ = i in. 

Then 

Work done = area AD = | x| = | sq. in. 

And the scale is 


I I • . r n 

- X — sq. in. to I ft. -lb. 

47r 100 ^ 

. *. Work done= f*x 477 x 100=48077 ft. -lbs. 

Next Method. — Resisting moment = Rr= 240 Ibs.- 
ft., and AC above will represent this on a scale of in. 
to 240 lbs. -ft., i.e. in. to i lb. -ft. Also 

Angle turned = 277 , 

and AB will represent this on a scale of in. to 277, 
i.e. sjiTT in. to unit angle. And then 

Work done = Rr x 277, 

= AC x AB = area AD, 

as before. 

And for the scale we have in. x 3/477 in. to i Ib.- 
ft. X unit angle, i.e. 1/40077 sq. in. to i ft.-lb. of work, 
which is exactly the scale on which we measured AD 
before ; which of course should be, as the result must be 
the same. 

The same diagram then which we use for a sliding 
pair represents work done in a turning pair ; only we use 
a scale of moment and a scale of angle, instead of a scale 
of force and a scale of distance. The compounded 
scale gives in each case the scale of energy, or of work 
done. 

There is no gain in such simple cases as we have 
just taken in graphic representation, but the method is 



cn^. Ill 


WORK AND ENERGY 


73 


best understood in simple cases, and the gain will be 
seen when we come to more complicated ones. 

Power — Horse Power. — The definitions of Energy^ 
and of Work done contain no reference to the speed at 
which the operations considered have to be carried on ; 
thus to lift one lb. through one ft, requires the same 
amount of energy to be exerted whether it be done in 
one second, or one minute, or one hour. 

[The speed of a certain operation has an effect generally on 
the energy required, because it affects the values of the useless 
resistances, i.e. those which waste energy ; but this does not 
affect what is stated above where we take the resistance as given.] 

Jkit to compare the value of different working agents, 
we must consider the energy they can respectively exert 
in a givcfi time. This quality of an engine, or other 
energy exerting agent, we call its Power. The Power 
of an engine, for example, then means the energy it can 
exert in a given time. 

To measure power we require some Unit Power, 
and this we take as the capacity for exerting 33,000 
ft. -lbs. in one minute. The unit is called a Horse 
Power, and is due to Watt ; being introduced by him, 
so that purchasers of engines should be able to compare 
their values with those of horses. The unit is much 
above the power of any horse in continuous w'ork ; but 
the extra margin was allowed to prevent any possibility 
of a mistake in the other direction. 

The Horse Power then of any agent is equal to the 
number of ft. -lbs. of energy it can exert in a minute 
divided by 33,000. 

If, for example, a steam engine work with constant 
steam pressure p lb. per sq. in., piston area A sq. ins., 
stroke s ft., revolutions per minute N. The calculation 
of the Horse Power proceeds thus — 


Effort —px K— pK lbs. 

Distance moved in one revolution = is ft. 
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Energy exerted in one revolution =/A x 2 s ft. -lbs. 

,, „ minute =/A x 2^ x N ft. -lbs. 

TT ^A X 2J X N 

. Horse power . 


33,000 

and similarly for any other agent. 


Examples. 

1. A man weighing 150 lbs. carries loads of 144 lbs. to a 
height of 30 ft. Find the work done in each journey. If the 
man exerted the same amount of energy in lifting the weights 
by means of a winch, which wasted one-third of the energy 
applied, how much more useful work could he do ? 

^ns. 8820 ft. -lbs.; .3 times. 

2. Iron pigs six inches square lying originally on the ground, 

are built into a stack 6 ft. by 5 ft. by 4 ft. high. Find the work 
done. Ans. 90720 ft. -lbs. 

3. A bicyclist and machine weigh 180 lbs. Find the H. P. 

he exerts when riding at 20 miles per hour, on a track the resist- 
ance of which is i per cent of the weight. Ans, .096. 

4. A colliery engine raises loads weighing 21 cwt. from a 
depth of 1200 ft. in 45 seconds. Find the H. P. required. 

Ans. 1 14. 

5. Compute the nett H. P. required to pump out a basin with 

vertical sides in 48 hours, the area of the water surface being 
50,000 sq. yds., and depth of water 20 ft., the water being de- 
livered at a height of 26 ft. above the bottom of the basin. (35 
c. ft. of sea water weigh i ton.) Ans. 97. 

6. A boiler 12 ft. diameter, 10 ft. long, full of water, is to be 

pumped out, the water being delivered at the sea level. The 
ship’s draught is 21 ft., and the bottom of the boiler is 4 ft. 
above the keel. Find how long two men each capable of exert- 
ing 2500 ft. -lbs. per minute w^ould take, using a hand pump in 
which of the energy is wasted. Ans. 3 hrs. 28 min. 

7. A pumping engine 9 ins. diameter, 6 ins. stroke, making 
80 revolutions per minute, is fitted in the above ship. Assuming 
a constant steam pressure (effective) of 40 lbs. per sq. in. ; find 
how long the engine would take in pumping out the boiler, as- 
suming that engine and pump together waste one half the energy. 

Ans. 8 minutes. 
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8. The resistance of a ship at 15 knots is 70,000 lbs. Of the 
energy exerted by the s^eaiii 15 per cent is wasted before reaching 
the crank shaft, and 50 per cent altogether. Find the H. P. of 
the engines. There are two propellers, and the revolutions are 
80 per minute. Find the moment exerted on each shaft. 

A ns. 6430, 960 tons-ins. 

9. Each engine in the preceding has three cylinders, the work 
being equally divided between them. The stroke is 3 ft. 6 ins., 
and the diameters are 70 ins., 48 ins., and 32 ins. Find the 
effective steam pressure in each cylinder. 

Ans. 7.73, 16.44, 36 lbs. per sq. in. 

10. An anchor weighs 5J tons, and the cable i ton per 8 
fathoms. The ship is anchored in 9 fathoms, and the deck is 
10 ft. above the water line. The cable hangs in the quadrant 
of a circle, touching the ground where the anchor lies. Find the 
work done, — ist, while hauling in the slack ; 2d, while lifting 
the anchor. Neglect the buoyancy of the water. Distance 
of the C. G. of the arc of a quadrant from either bounding 

radius =- times the radius. Ans. 33.58, ft, -tons. 

11. A water-power engine of lO H. P. is supplied from a tank 
12 ft. by 8 ft. by 6 ft., at a height of 120 ft. Supposing the tank 
be full but no supply, find how long the engine could run. 

Ans. 13 minutes. 

12. A locomotive weighing 30 tons draws a train weighing 
65 tons at 50 miles per hour, resistance 33 lbs. per ton. Find 
tlie H. P. required. If the train became detached, the engine 
still exerting the same power, what speed would it attain, assum- 
ing the resistance to vary as the speed squared. 

Ans. 418, 73.5 miles per hour, 

13. In question 8, assume the resistance to vary as the cube 

of the speed, and find the H. P. required to propel the ship at 
18 knots, Ans. 13,300. 

14. A crank shaft, diameter 12^ ins., weighs i? tons, and is 
also pressed against the bearings by 36 tons horizontal. Find 
the H. P. lost in friction at 90 revolutions. Coefficient .06. 

A?zs. 45.6. 



CHAPTER IV 

OBLIQUE AND VARIABLE FORCES — INDICATOR 
DIAGRAMS 


Fig. 56 . 


In the preceding chapter the efforts and resistances con- 
sidered have been constant, and in the line of motion. 
We now proceed to consider more general cases. 

Oblique Action. — In the motion of a sliding pair 
as A and B (Fig. 56 ), the resistance 
may not be directly against the motion, 
but inclined, as R at an angle 0. 

To find the effect of this we resolve 
R, by the laws of Statics, into two com- 
ponents, R cos 0 and R sin 0, then the 
effect of R is the same as the effect of two separate 
forces, as in Fig. 57 . 

In considering these forces separately, we see first 
that the magnitude of R sin 0 can, in the 
absence of friction, have no effect on the 
effort required to move A along B. We 
can never of course practically get rid of 
the effect of R sin Oj but we can, by suc- 
cessive improvements in smoothness of 




Rsin 6 

Rcos 6 


Fig. 57- 


surface and in lubrication, continually diminish it ; and 
the only obstacle to complete elimination of its effect is 
imperfection of surface and of lubrication. We can thus 
conceive that, in itself, it is incapable of offering any 
resistance at all to the motion, but can only do so by 
the friction it can excite. 
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Neglecting friction then 

Effort = R cos 0, 

and for a movement 

Energy exerted = R cos 0 xs^ 

= Resolved resistance x distance moved. 

We can express this in a slightly different manner, 
which will be found useful. 

For let ab be the movement (Fig. 58 ). From b let 
fall be perpendicular to R’s direction, then 

Energy exerted or work done = R cos ^ xV = R x ^ cos 

= R X ac, 

— Resistance x resglved 
distance, 

because the motion ab consists of a motion ac 
directly against R, and a motion cb at 
right angles to R. 

Thus we can either resolve the re- 
sistance in the direction of the motion, 
or the motion in the direction of the Fig- 58. 

resistance. 

We can now apply this to the case in which motion 
takes place in any curve, against a resistance constant 
in direction. Such a resistance would be, for example, 
the pull of the earth on a weight. 

Let a weight, W lbs., be lifted along the path shown 
from A to B. 

The constant resistance is W lbs. 
vertically. 

Draw now BC vertical and AC 
horizontal. 

Then, whatever be the shape of AB, 
the total motion is composed simply of 
AC and CB, and from the preceding we say 

Energy exerted or work done = W x BG» 
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We have not strictly followed the preceding because 
ab there was a straight line ; but we can do that by 
dividing AB into a large number of small parts as ab^ 
each of which is straight if we take them small enough. 

Then for ab 


Energy or work = W x hc^ 

Total energy or work = W x sum of all the small heights, 

= WxBC. 

We are now able to examine in another way the case 
of turning, which we considered in the last chapter, viz. 
when the resistance or effort is not at right angles to 
the radius. 

The figure (Fig. 49) on page 65 is here reproduced 
(Fig. 60). 

Now resolve P along, and at right angles to, the radius 
OA. Then the part along 
OA is always at right 
angles to the motion, this 
being at the instant along 
the tangent to the circle in 
which A moves. There- 
fore, as we have seen, it 
can exert no energy, and 
therefore the Effort is 
simply P sin 0 AM at right 
angles to OA. 

Turning moment = P sin OAM x OA, 

w^hich is of course identical with P x OM, the result 
obtained on page 65. 

The part P cos OAM will, of course, practically affect 
the motion, because it will pull the shaft against its 
bearing, and thus create friction. So actually it becomes 
a source of, not effort, but resistance. Whether there be 
friction or no then, the Effort will be only P cos OAM. 

Similarly we can treat the resistance R, and obtain 
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as the resistance against which work is done^ the force 
R cos OBN. 

Variable Forces. — In all practical cases, the forces 
are not constant, but they vary. We require then to 
calculate the Work done against a varying resistance, or 
Phiergy exerted by a varying effort. 

Let now AB represent the path of one piece of a 
sliding pair against a direct resistance. 


c 





-- 

- 
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- 
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A a b c d e f g h i j 1 

r t 
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Fig. 6i. 

Divide AB into a number of parts as shown, 
aby . . ., /B, and let the resistance given be constant 
during each small movement ; its values being during 
hay R2 during aby etc,, to R^^ during /B. Then 

Work done = Ri x Aa + R2 x 4 - . . , + Rn x /B. 

Now we will apply the graphic method of the pre- 
ceding chapter. 

To do this set up ordinates on hay aby etc., to repre- 
sent Rj, R2 etc. 

We thus obtain a number of rectangles C«, etc., to 
/D, each representing the work done during the move- 
ment represented by its base. Therefore 

Total work done = sum of areas of rectangles (i). 

The tops of the rectangles constitute a stepped curve 
CD, and this curve has the property that — at any ^oint 
of the movement its ordinate represents the value of the 
resistance. This we know by the manner in which we 
constructed it. Hence then we call CD the Curve of 
Hesistance. 

In the above the variations of R occur at definite 
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intervals. But the magnitude of the intervals does not 
affect the truth of the result (i). And hence it follows 
that the variations may follow each other as quickly as 
we please. 

We shall still have 

Work done = area between CD, the base AB, and the 

end ordinates. (2). 

[We have here written thfe result (i) in different words, but it 
is a statement of the same fact.] 

But when the variations follow one another with 
great rapidity, the steps of 
D the curve CD become inde- 
finitely short, and the curve 
becomes continuous as Fig. 
62, still keeping the pro- 
f perty stated in the italics 
above. 

We have now then come to a case of continuously 
varying resistance, and we still have as before, 

Work done = area of curve of resistance between end ordinates 
and base. 

The case of varying moment is treated quite similarly, 
the base now representing angle turned through, and 
the ordinate representing the moment corresponding to 
the given angular position. 

Mean Resistance. — We can, by the graphic 
method, determine the mean resistance during any given 
motion. 

In chap, ii., page 22, the general sense of mean 
value was explained ; and from it we see that by Mean 
Resistance or Mean Effort we understand that resistance 
or effort which, acting uniformly through the same dis-« 
tance, would produce the same effect, i.e. absorb the 
same amount of work, or exert the same amount of 
energy as is actually produced by the varying resistance 
or effort. 
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If then, in Fig. 62, we draw a rectangle whose 
area = area of curve, the height of this rectangle gives 
the mean resistance, or by calculation 

R»iea» X space moved = work actually done, 

^ _ work done 

space moved* 

We use whichever of the two .methods, graphic or cal- 
culation, is simpler. 

We will illustrate the methods by investigating sortie 
cases of varying force. 

The Elastic Spring. — In Fig. 63, AB the broken 
hne, represents the length I of an 
elastic spring. It is compressed 
to the length A'B by an effort 
applied to the end A. To find 
the work done in compressing it, 
set up A'C equal to R, the fi 7 tal 
value of the resistance, and join Fig. 63. 

AC. 

Then from page 47 the resistance at any point of the 
motion is represented by the ordinate of AC ; so that 
AC is the curve of resistance. Hence 

Work done = area A A'C, 

_Rx AA' 

~ 2 ’ 

= \ final resistance x compression. 

An exactly similar value holds for extension. 

The height of a rectangle equal to A A'C is evidently 
A'C/2, i.e. R/2, 

— is the mean resistance. 

It is important to notice that the work done in com- 
pressing the spring is independent of the nature of the 
effort by which the alteration of length is effected. 

G 
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For again from chap. ii. 

A A' 

R = (page 47), 

^ AA' AA' 

Work done = Po • —r- ^ » 

/ 2 

=£5.aa'2. 

2 / 

Now Pq depends only on the size and material of the 
spring (see page 47), and not at all on the force acting 
on it. Hence our statement is proved. It matters not, 
then, whether the Effort be such as to exactly balance the 
Resistance at every point or no. If on the whole it just 
compress the spring to A' and have no other effect^ then 

Energy exerted = work done. 

_Rx AA' 

, 

and 

Mean effort = mean resistance, 

each being R/2 (compare page 60). The Resistance 
here dealt with is reversible, and the spring can give out 
again by expanding an amount of energy equal to the 
work done on it. 

[The expression “ work done on it is the common way of ex- 
pressing the work done against the resistance, we say the work 
is done on the body moved.] 

The spring is now a source whence effort can be 
derived, but not exactly a natural source, since we can 
only derive what we have originally put in. It is a 
simple example of an Accumulator, which is the name 
given in Mechanics to an apparatus in which energy* is 
stored up, and from whence it may be drawn at will, 

[The amount of energy we can obtain is not strictly equal to 
the work done, because there is an internal friction of the particles 
of metal, which wastes some of the energy or work, turning it 
into heat. Thus, whenever a spring is forcibly extended or com- 
pressed it is heated. This effect is, however, of small magnitude.] 
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Lifting of a Bope or Chain. — Fig. 64 represents 
a rope being drawn up and coiled on a 
barrel. ^ 

The resistance to motion is, at any 
instant, equal to the weight of rope then 
hanging — that already coiled having no 
effect. ^ 

The point of the chain which we will 
use to define the motion is the hanging 
end, because that keeps to a rectilinear path ^ 
during the whole motion. 

Let A represent the original position of the end, and 
AB the length = I feet. 

Let w = weight in lbs. of i ft. length. Then 
Initial resistance = w/ lbs. 

Now, when A is raised to A', 

Resistance = weight of BA' = w.BA' lbs. 

Set off now, on a scale selected, 

AC = wl lbs. , A'Q' = w . BA' lbs. 

Then we have 

A'C' ^ AC^AC 
A'B“^~ I “AB’ 

Thus, wherever we take A', C' lies on the line BC, 

/. BC is the curve of resistance, 

and 

Work done during lift from A to A' = area ACC' A', 

■ = (AC + A'C') 

A V 

= (w/+ 7 C/.A'B) 

For the whole lift A'B = o and AA' = AB, 



Fig. 64. 


/. Work done = — . 

2 
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This result could also have been obtained directly by 
use of the method of page 62. Thus 

Total weight lifted = 7e//. 

Lift of C.G. is from the centre of AB to O, i.e. Ij 2 ft. 

Work done — wIy.-— . 

2 2 

We can also treat the question in still another way. 
For the chain barrel" and its bearing form a turning 
pair. 

Let, then, r — radius of barrel, and neglect the thick- 
ness of the rope. 

Then when the end is at A' 


Resisting moment = w . A'B x r. 

Therefore the moment varies as A'B, just as the re- 
sistance did ; and the curve of moment is a straight line. 

Let us then keep the same graphic figure and see 
what are the scales of it for this case. 

AB now represents the total angle turned through. 
But to coil / ft. on the barrel we must turn it through 

an angle 

AB represents ^ of angle, 

whereas it formerly represented / feet. But AC now 
represents wl xr Ibs.-ft., whereas it only before repre- 
sented wl lbs. So that 


Work done = 


AB X AC 


- X %vlr 
r 


2 


wP- 

2 


ft. -lbs. 


as before. 

Elastic Fluid. — A vessel contains a certain quan- 
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tity of elastic fluid at a pressure Pg lbs. per sq. ft., its 
volume being Vg c. ft. Find the work done in com- 
pressing it to a volume and corresponding pressure 

; or vice versd^ find the energy exerted by the gas in 
expanding from P^ and to Pg and Vg. 

The work done depends on the curve of resistance, 
and this, as explained in chap, ii., page 49, we will take 
to be a hyperbola. For balanced forces this will also 
be the curve of effort. 

In Fig. 65, I and 2 then represent the initial and 
final states of the fluid, taking expan- 
sion as the process to be considered k| 

(compare Fig. 41, page 48). 

We will suppose the fluid confined 
in a cylinder under a piston — this 
being always the case in practice. 

[This simplifies the work, but is not neces- 
sary to the truth of the result obtained.] 

Now I A represents P^ lbs. per sq. ft. on a scale of 
say X ins. to i lb. per sq. ft. The effort or resistance, 
however, is not P^ lbs. but P^ x A lbs. where 

A = area of piston in sq. ins. 

But if the curve of P is , a hyperbola, so also will the 
curve of P X A be, because A is a constant. But instead 
of X ins. representing i lb. per sq. ft. they will now re- 
present I lb. per sq. ft. x A sq. ft. or A lbs. 

Therefore 12 is the curve of resistance on the above 
scale. 

Again, distances from O ■ represent in the original 
state of the figure, i.e. Fig. 41, page 48, volumes in c. 
ft., i.e. OA represents c. ft. on a scale of say y 
ins. to I c. ft., so that OA is ins. long. 

But OA will equally represent V^/A ft., i.e. the distance 
of the piston from the end of the cylinder, if we take for 
our scale 
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Vjjy ins. to Vi/A ft., 


or 

ins. to i/A ft., 

and then OB, on the same scale, repre- 
sents V^/A ft., for OB = V^j^ ins. But 
V2/A ft. is the distance of the piston 
from the end of the cylinder, when 
^ the volume is Vg (Fig. 66). 

^ It follows, then, that AB represents 
the path of the piston, 


Fig. 66. 


. Energy exerted during expansion 
‘ ■ or work done during compression 


= iAB2, 

= OAx Ai 


(P- 9)» 


= X PiA X logcT ft. 'lbs. 
A 


or equally 
or generally 


(;■ being the ratio of ex- 
pansion or compression), 
= PiVi log,r. 


= P^Vij logc- r, 


— I^V log(, r, 


P and V referring to any point whatever during the 
expansion. 

Indicator Diagrams. — Steam expanding in a 
cylinder does not follow the simple law just considered, 
nor can we determine the law of Effort, so that we 
are obliged to actually measure the effort at every point 
of the stroke. We have seen (page 44) how the 
pressure of an elastic fluid can be measured by allow- 
ing it to press on a small piston, thus compressing a 
spring. 

Let now (Fig. 67) the end of the cylinder be in com- 
munication with such a small piston A, working in a 
cylinder and bearing against aspring confined between 
it and the cover of this cover being however perforated, 
so that the atmosphere has free access to the upper part. 
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To the piston a small rod is attached, passing through 
the cover, and having on its 
end a pencil. 

If now we cause to pass 
along, in contact with the pencil 
point, a piece of paper, the 
inotio7i of the paper behtg an 
exact copy^ ofi a reduced scale^ 
of the ntoHon of the piston; 
then the pencil point will trace 
on this paper a curve which 
gives the pressure of the steam at all points of the stroke. 

For example, AB (Fig. 68) represents the piston 

stroke, ab the movement 
of the paper, EFG the 
curve traced by the pencil. 

Then to find the pres- 
sure when the piston is at 
■'q C, take c in ab as C is in 
Fig. 68. ab, and measure the 

ordinate P from ab^ the line of no pressure, and the 
same for any other point of the stroke. 

ab then represents the movement of the piston, and 
EF is the curve of effort, i.e. of P x A, equally as of P, 
as in the preceding investigation. Whence the area of 
the curve gives the energy exerted. 

We will now examine further into the question. 

First, the paper is not moved straight along parallel 
to the piston, but is coiled on a barrel, which barrel is 
driven by a cord connected with the piston, so that the 
periphery of the barrel travels at a velocity bearing a 
constant ratio to that of the piston. Then at every 
instant the piece of paper which is being marked is 
travelling past the pencil with a motion bearing a con- 
stant ratio to that of the piston at the same instant. 
Evidently it does not matter where the remainder of the 
paper is. 
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Now, how do we determine the line of no pressure or 
the pressure axis ? This is done by closing the connec- 
tion between the small cylinder and the steam cylinder, 
and admitting the atmosphere below as well as above 
the piston. The piston then has atmospheric pressure 
below it, the amount of which we determine by the 
barometer. The paper barrel or drum is now rotated, 
and the pencil traces a straight line in?t. Now 7 nn 
represents say 14.7 lbs. per sq. in. This pressure 
corresponds to a givei\ amount of extension or compres- 
sion of the spring, this being known for each lb. pressure, 
being from ^ up to or less still, according 

to the magnitude of the pressures to be measured. We 
calculate then the amount the spring would be extended 
by the 14.7 lbs. pressure; and then setting off ab that 
amount below vm^ ab is the line which would be drawn 
if tliere were no pressure at all in the cylinder, z,e, ab is 
the zero line, mzt is called the atmospheric line. 

The steam exerts energy during the forward stroke, 
but the piston must then return and drive out the steam 
behind it into the condensers, or atmosphere, if there be 
no condenser ; and there is always a steam pressure, 
called the back pressure, resisting this return. Thus 
the pencil will, during a whole stroke, i.e. forward and 
back, trace a closed curve as EFGH, the paper still 
moving with the steam piston. During the forward 
stroke then the steam exerts energy represented by 
'EFbUf while during the back stroke it absorb^ a part 
GbaM. Thus on the whole the effective energy exerted 
is represented by the area of the figure EFGH. 

The figure EFGH is called an Indicator Diagram, 
the instrument used being called an Indicator. The 
actual indicator differs from the simple form we have 
here described, the pencil not being directly attached to 
the rod, but to a multiplying gear, so as to increase the 
height of the diagram for a given travel of the indicator 
piston. Also the steam is admitted alternately on each 
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side of the main piston, and a connection is made from 
the indicator to each end of the cylinder, a three-vray 
cock being fitted, so that each end may be in turn con- 
nected to the indicator. A diagram is drawn from each 
end on the same sheet of paper, and we thus obtain a 
card as shown in Fig. 69. 

We do not directly determine the area of the diagram, 
and then, knowing the scales of length and of height, 
directly determine the energy ; but we proceed by using 
the diagram to give us the Mean Effective Pressure. 
Strictly this would entail finding the area, but practically 
we proceed thus : Divide 
mn the length (Fig. 68) into 
ten equal parts, leaving half 
a part at each end (Fig. 69). 

(This is done because the 
shape at the ends is liable 
to distortion.) We thus ob- 
tain the ordinates. 

Measure these ordinates 
on the scale proper for the 
particular indicator spring,' add them up and divide 
by 10. 

The result is called the Mean Effective Pressure, be- 
cause it allows for the Iqss of energy during the back 
stroke. Call it/^^. This is a pressure per sq. inch. 

Effort X JO'ca of piston in sq. ins., 

—pjn, X A say, 

Energy exerted during whole stroke _ x A x j ft. -lbs. 
on the one side of the piston ~ (a == stroke in feet). 

Then for the other side let be the mean effective 
pressure, and we get on that side 



Energy exerted during whole stroke x A x .r ft. -lbs. 


Total energy exerted by steam _ 
during a double stroke ~ 


{pm ft. -lbs. 


In practice and are added together, and their 
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mean is called the mean effective pressure of the 

card as a whole. 

This mean effective pressure is to be supposed 
exerted through the whole double stroke. Whence 

Total energy in double stroke = x 2s ft.-lbs,, 

P ft. -lbs. j 

as before. 

Notice that, if P be per sq. ft., A must be in sq. ft. 

if / be per sq. in., A ,, ,, sq. ins. 

Comparing now with chap, iii., page 74, we have 

- - X A X 2i- X N 

Horse power = • 

^ 33,000 

[It is often now the practice to measure the area directly by 
means of an instrument called a I’lanimeter, but it is doubtful 
whether this gives any increase in accuracy, because there i&j 
often a difficulty in determining exactly the length of the 
diagram, which is of course necessary so as by division by it to 
obtain the mean breadth or mean effective pressure.] 


Examples. 

1. In question 3, page 74, if the throw of the pedals be 5 ins., 

and the driving wheel 54 ins. diameter. Find the mean pressure 
the rider exerts, assuming that he presses vertically during the 
downward half revolution of each crank. Ahs. 15.27 lbs. 

2. Assuming the resistance to a cutting tool to vary as the 

depth of cut. Compare the work done in planing a flat 2 ins. 
wide on an iron cylinder 4 ins. diameter, 12 ins. long, with that 
done in planing it down to the middle, and also with the work 
done in reducing its diameter to 3^ ins. A ns. 1.82 : 32 : 15. 

3. A spring-loaded safety-valve is 3^ ins. diameter, loaded to 
135 lbs. per sq. inch. The original length of the spring was 24 
ins., and it is compressed to 20 ins. when fully loaded. Find the 
work done in lifting the valve through i inch. 


A ns. 122 ft. -lbs. 
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4. A cylinder 6^ ft. long, 2 sq. ft. sectional area, contains i 
lb. of air at atmospheric pressure. Find the work done in com- 
pressing it to four atmospheres according to the hyperbolic law. 

A ns. 44,240 ft. -lbs. 

5. In question 10, page 75» draw a curve showing the resist- 
ance at any point of the lift of the anchor — ist, neglecting 
buoyancy ; 2d, taking account of the buoyancy of the water. 
S.G. of the iron 7.5. Calculate in each case the work done 
during each half of the lift. 

A/is. 216,194!; 192.45; 180. 12 ft. -tons. 

6. If the engine of question 4, page 74, drive a pair of drums 
so that the rope unwinds from one while winding on the other. 
Draw a curve of resistance for one lift, assuming equal lengths 
of rope to wind and unwind in the same time. Weight of rope 
8 lbs. per yard. Find the work done in each third of the lift. 

A ns. 674,420, 166 ft. -tons. 

7. The drums in the preceding are conical, varying from 20 
ft. diameter to 30 ft., so that the winding and unwinding are not 
actually equal. Draw a curve of resisting moment due to the 
rope and coals lifted, and also a curve of the moment exerted by 
the descending rope ; and by combining these obtain a curve 
showing the moment exerted at any point by the driving engine. 
Hence calculate the work done during each quarter lift. For 
simplicity take only the complete turns made. 

Ans, There are 15 complete turns, so take 15 equal distances 
on the base line, on a scale of angle each representing 
27r. The ordinates are then in order — 

(2 1 c wt. -f f X 3757r lbs. ) 20 ft. , 

(21 cwt. + |x 3557r lbs.) 20 ft. for 1st turn. 

(21 cwt. -f f X 3557r lbs.) 20f ft., 

(21 cwt. -f f X 3347 TT lbs.) 2of ft. for 2d turn, 
etc. etc. 

thus giving a stepped curve, assuming the rope wound 
in parallel circles of diameter 20 ft., 2o| ft. etc., the 
moment changing suddenly at the commencement of 
each turn. Actually,' the rope being wound continu- 
ously, the curve would be continuous, but the investi- 
gation is outside our present limits. The results are 
practically unaffected. A similar curve is obtained 
for the other rope, omitting the 21 cwt. 

Results — 

1st quarter, 618 ; 2d, 412 ; 

3d, 206 ; 4th, o ft. -tons. 
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8. A steam engine is supplied with steam of 45 lbs. absolute, 
and discharges into the atmosphere, the back pressure being 
17 lbs. absolute, and steam admitted during the whole stroke. 
Estimate the gain of work per cent : ist, by fitting a condenser 
so that the back pressure is reduced to 3 lbs. ; 2d, by further 
cutting off the steam at half stroke, so as to use only half the 
quantity per stroke, assuming expansion according to the hyper- 
bolic law. j 4 ns. 50 ; 70. 

• 9. The ordinates of an indicator diagram are — 

Front end 1.5, 1.48, 1,45, 1. 1, .9, .75, .64, .6, .5, .3 ins. 

Back „ 1.6, 1.5, 1.3, i.i, .85, .7, .66, .6, .45, .2 „ 

The indicator spring is compressed i inch by 16 lbs. Diameter 
of cylinder 45 ins., stroke 3 ft. 9 ins., revolution 65. Calculate 
the I.H.P. If the piston rod be 5 ins. diameter, and there be 
no tail rod, find what correction should be made in the pre- 
ceding result. A 7 ts. 341.7; 2.13. 

10. The curve of stability of a vessel is a segment of a circle 
of radius twice the ordinate of maximum statical stability, which 
is 2500 tons-feet ; estimate the total dynamical stability of the 
vessel, the angle of vanishing stal^ility being 85°. 

Ans. When a ship is forcibly heeled over, the water offers a 
resisting moment, commencing at zero, increasing to 
a maximum, and then decreasing again to zero, as the 
ship is heeled through an increasing angle ; any 
heel will capsize her altogether. The curve of 
stability is a curve whose base shows angles of heel 
and ordinates corresponding resisting moments, so it 
is the curve of resistance to rotation ; the resisting 
moment at any angle is called the Statical Stability, 
and the work done in heeling the ship to that angle 
the Dynamical Stability ; the angle at which the 
statical stability vanishes is called the angle of vanish- 
ing stability. Hence the required dynamical stability 
is the total area of the curve of stability, viz. 2630 
ft. -tons. 

11. Calculate the H.P. of a turbine working for 10 hours a 

day, supplied from a reservoir at an elevation of 50 feet, con- 
taining 100,000 cubic feet, which is emptied at the end of 10 
hours’ work. The reservoir is continuously supplied by a stream 
which is capable of just filling it during the period of 14 hours 
rest. Assume .3 of the energy wasted. A /is. 20.5. 



CHAPTER V 

SIMPLE MACHINES 

In order to do work we must' have some source of 
energy, and in some instances the source can supply 
energy of exactly the nature required. For example, 
to draw a waggon we require say, a pull of loo lbs. on 
the traces, this being the resistance offered by the road ; 
then a horse is capable of exerting such a pull, and will 
move the waggon. In such a case 

Energy exerted - work done, 

[In the actual case above it. is all work wasted.] 
and also 

Effort = resistance. 

But often the energy which the source can exert is of 
a different character to the work to be done. For 
example, to lift i ton through i foot, 

Work done = I ft. -ton. 

Now a man is capable of exerting i ft. -ton of energy 
if he have time, but he cannot exert it in the form of an 
effort of I ton, but of say only i cwt. And then to do 
the above work an effort of i cwt. must be exerted 
through 20 ft. For the man therefore to lift i ton he must 
apply his effort to some part of an intermediate agent — 
say to the end of the rope of a set of pulleys — which 
agent is capable of changing the form of the energy to 
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that of the work, then the ton weight must be attached 
to some other point of the agent — in the case above to 
the other end of the rope — and the agent must be such 
as to magnify the effort 20 times, and also to reduce the 
velocity 20 times. Then will 

I cwt. exerted through 20 ft. lift i ton through i ft. 

We say then that the man has to use a machine, and 
in most cases of doing work we have to use a machine, 
hence the necessity of theiask which we now commence, 
t.e. an examination of the working of various machines. 

The steam engine, for example, is a machine, trans- 
mitting the energy of the steam to the point at which we 
require work to be done, e.g. in a colliery winding engine, 
to the rope which lifts the cage or coals up the shaft, 
and in the transmission altering the character or nature 
from 

Steam pressure x distance moved l)y piston 
to 

Weight of coals x distance through which they are lifted. 

This of course implies that there is no waste of 
energy in transmission, which is never the case in 
practice ; actually some will be wasted and the re- 
mainder transmitted. 

The effect which the man seeks in using a set of 
pulleys is the magnifying of his effort, an effect which is 
expressed by saying the machine gives or has a Mechani- 
cal Advantage ; the magnitude of the mechanical advan- 
tage being measured by the number of times the effort 
is increased, i.e. by the ratio of resistance to effort. 

In old treatises on machinery these latter are called 
generally weight and power, but we have already given 
a definite meaning to power, and the resistance is not in 
all cases a weight, so we will keep to the terms resist- 
ance, effort. 

Now although the mechanical advantage is what is 
sought, yet there is another' effect which invariably 
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accompanies this, i,e. the alteration of velocity. We 
may not desire this but we cannot avoid it, and thus the 
consideration of the changes of velocity, or generally of 
the motion of the machine, becomes a part of our subject. 
In some cases, e.g. a watch, motion only is the requirement. 

We shall commence now to examine certain machines, 
both as regards motion and as regards the forces to 
which the parts are subjected, due to the perfonnance 
of work. We begin as usual with the simplest ; and 
shall also in each case omit in the first place the influence 
of friction and take the case of Balanced Forces. 



The Inclined Plane. — If we have a weight, say a 
waggon of weight W at A, which we wish to move to C, 
we might effect this by moving it hori- 
zontally to B and then lifting it direct 
to C. 

To do this, however, we require 
an effort to be exerted through CB 
equal to the weight W, and such an 
effort may not be available. ^ 

We then proceed by making an 
inclined plane from A to C, and we shall now see that 
an effort much less than W will be suffleient to effect 
the movement. 

Let now the horse pull, exerting an effort in the 
direction AC. Let 

P = effort of horse. 


Because the forces are balanced, or because we sup- 
pose the only effect produced to be the movement of 
the waggon (compare page 6o). 

Energy exerted = work done. 


Energy exerted = P x AC, 

work done = W x CB (pafre 77), 
P.AC=:W.CB, , 


P='W-^=WsinCAB. 


But 
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The mechanical advantage then is*. 


- = cosec CAB < 


This we also call the Force Ratio. 

Now to examine the motion. Let 

V = speed of waggon along the plane. 

[V may be uniform all along AC, or simply the velocity at D.] 

Then V is the velocity of the effort. 

^ Now V is compounded a hori- 
zontal velocity V cos CAB and a verti- 
' cal velocity V sin CAB. 

The velocity of motion then against 

5 the resistance, or the velocity at which 

Fig. 71- the waggon is rising, is V sin CAB.’ ' 

Velocity against resistance _V sin CAB 
Velocity of effort V * 

= sin CAB. 

This is called the Velocity Ratio, and we get the 
1 elation, 

I ' 

Velocity ratio = ^ r-. 

horce ratio 

An equation which is equally true for all cases of 
balanced foices, and is in fact only another mode of 
expressing the Principle of Work. For — 

Energy exerted = work done 
P X movement of P = R x movement of R, 


whence it directly follows. 

The work done will be the same, whether we start 
from fest and end up at rest, or start with a velocity 
which is kept uniform during the whole motion. The 
only condition necessary is that we leave off at C with 
the same velocity with which we commenced at A. 
The effort, however, would, for all cases except uniform 
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motion, vary, and instead of P we should have in 

the equations. 

[The student must keep the preceding statement carefully in 
mind, as it applies to all cases of the present chapter, and we 
shall therefore not specifically state it for each case. ] 

The results obtained have been derived by use of 
the Principle of Work. We will now verify them by the 
use of other principles which will be found explained in 
all treatises on Statics. 

The waggon W at ^ being in uniform motion, the 
actions 07i it of bodies uuhich te7id to mcrease its 7}iotio7i 
7nust be exactly bala7iced by the actio7is of those bodies 
which te7td to retard the 77iotio7i. 

The statement here made dififers somewhat in word- 
ing from that commonly made, which is that the forces 
!7iust be m equilibriu77i. Now it is absolutely essential 
that the student recognise fully from the beginning that 
forces can only result from the actions of other bodies 
on that of which we consider the motion, and we have 
therefore stated the principle as above. 

We proceed then to question ourselves as follows : — 

(1) What is the body acted on, and whose motion is 
to be considered 1 

Answer — The waggon. 

( 2 ) What other bodies act on it 

The answer to this in the first instance is always the 
same, viz. all bodies which touch it. So we put the 
question in the form — What other bodies touch it ? 

Answer — The traces which pull it, and the plane. 

But we must alw^ays include in addition a body 
which acts on it without touching it, viz. the Earth. 

[We do not know how the Earth acts, but we do know it does 
by gravitation give rise to effort and resistance. Other bodies, 
as magnets, also can exert actions without touching, but such 
actions as these are outside our present scope. ] 

The full answer to ( 2 ) is then — 

H 
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The traces, plane, and whole earth. The actions of 
these bodies are, in order. 


P, R, and W. 


Of these actions or forces R has no effect on the 
motion, being at right angles to it 
(compare page 76), 

.*. P’s effect = W’s effect. 

Rut P’s effect is due to the whole 
of P, while W’s is only due to the 
IV part of W acting in the line of 

Fig. 72. motion, z.c. W cos EDA, 

P = WcosEDA = Wsin CAB, 
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which verifies the result before obtained. 

Here, in all probability, the student will think that a 
great deal of time has been spent in arriving at a result 
which could have been obtained in one, or at the most 
two lines by ‘‘ resolving along AC.” 

But it is just by failing to put the questions we have 
considered that very many errors are made in the 
treatment of this subject. No doubt in the present 
simple case a correct result would be arrived at ; but, 
in the most complicated questions possible, the student 
will, by putting these questions in order, necessarily 
arrive at a correct result, allowing of course for over- 
sights or errors of calculation. 

It is instructive to examine two different ways in 
which we might have answered question (i). 

I st. We might answer — The waggon and traces. This 
is equally a body whose motion we can consider. 

Then the answer to (2) becomes — The collar, plane, 
and earth ; or, to ( i ), The waggon and all the harness ; 
then to (2), The horse, plane, and earth. 

It is perfectly immaterial which of the three methods 
of answering the questions we adopt, but we must take 
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one of the sets given complete. It would for instance 
not be correct to say in answer to (i) The waggon ; and 
then to ( 2 ) The horse, because the horse does not touch 
the waggon, although he is of course in each case the 
natural source of the effort. 

The student must clearly understand that it is only 
by thorough examination of the details of a question that 
we can arrive at a full understanding of it. And 
although such examination may in the present simple 
example appear even trivial, there are many cases in 
which neglect of such detailed examination leads to the 
most serious errors. We shall not be able from want of 
space to give this detailed process in every case, and 
shall use the ordinary expression “ resolving the forces.” 
But in every case the process will have been mentally 
gone through, which is the chief point ; although, at 
any rate during the first study of the subject, the student 
will find it advantageous to actually write the process 
in full for each question. 

There is one quantity which we have not found the 
value of because we could obtain our chief result without 
it, viz. the value of R, This- is sometimes required, and 
to obtain “ resolve in. the direction of R” (see preceding). 
Then 

R = W cos CAB. 


Case II. — Next let the effort be horizontal instead 



Fig- 73- 


of along the plane. This is not a practical case in an 
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ordinary inclined plane, but we shall use it for a partic- 
ular case in the next chapter. 

We have then P, W, and R — the effort, resistance, 
and reaction of the plane. Then 

Energy exerted = Work done, 

PxAB=WxBC (page 77), 

. * . r orce ratio = = cot CAB, 

and the inverse is the velocity ratio, for — 

Velocity of P in its own line of action = V cos CAB, 

„ W „ „ =V sin CAB, 

XT 1 • V sin CAB ^ ^ * t. 

Velocity ratio - 7, , - =tanCAB, 

V cos CAB 


. force ratio* 

To obtain R we resolve vertically, which gives 

RcosCAB=W, 

R = W secCAB, 

so that R is in this case greater than in Case I., the 
reason being that P helps to pull the slider or carriage 
against the plane. 

The Wheel and Axle. — In this machine we utilise 
the turning pair to magnify an effort, which effect we 
produced in the inclined plane by the use of a sliding 
pair. 

The motion has been already fully investigated in the 

jyyyj preceding chapters, so we 

III need little further descrip- 

('@1 Fi.. „ A i. 

y wheel, B the axle, these 

V forming one solid piece, the 

^ LH fixed frame, containing the 

P w bearings, forming the other. 

^ The effort P acts on the 

end of a rope, coiled round, and fastened to a point in 
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the wheel. The resistance W acts on a rope similarly 
connected to the axle. 

If be the radii of the wheel and axle respectively, 
the condition for balanced forces is (page 65), 

Pr2=Wr2, 

_ W i\ 

. . Force ratio= - = — . 

P r. 

For the velocity ratio take one revolution, then 


Lift of W = length of rope coiled on axle, 

= 27rr2. 

Fall of P = length of rope uncoiled from wheel, 

= 27 r/ 1. 

. 27r;2 rs i 

Velocity ratio = - . 

27rri Ti Torce ratio 

If the axis be horizontal we have the common wind- 
lass (Fig. 75), if vertical the capstan (Fig. 76). In the 



1 IV 

Fig. 75- 



first the effort is applied to a handle, which takes the 
place of the wheel, but comparing with chap, iii., 
page 64, we see that the shape of the piece does not 
affect the motion. 

In the capstan the effort or efforts is applied to bars 
radiating from the head, as shown in the plan ; the rope 
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lifting the weight passes away horizontally, and its 
direction is changed to vertical or any other required 
by passing it over guiding pulleys. 

These two cases supply fresh examples of the appli- 
cation of a single force and of a couple. The windlass 
requires stout bearings, but the capstan being moved by 
forces applied in pairs at the ends of opposite bars, i.e, 
by couples, can do without any bearing at all at the top 
(compare page 66)c 

The Screw. — To use this, the third simple pair, as 
a machine, we apply a moment to effect the turning 
motion, either to the screw or nut, the other piece being 
prevented from turning ; and we apply the resistance to 
resist the sliding motion of one piece, the other being 
prevented from sliding, ix, the effort causes the relative 
turning and the resistance resists the relative sliding. 

The double nature of screw motion makes this case 
a little more complicated than the preceding ones. In 
the inclined plane we generally regard the plane as a 
fixed body, since it is connected to the earth in nearly 
all practical cases. Also in the wheel and axle the 
bearings are considered as fixed ; in the case of the 
windlass generally to the earth, and in the case of the 
capstan to the earth or to a ship ; in either case they are 
fixed relatively to the observer. 

But in the screw motion not only may either be 
actually fixed relatively to the observer, but one may be 
fixed against turning yet free to slide, while the other is 
fixed against sliding while free to turn, or vice ve7'sd; 
the turning and sliding here mentioned being relative to 
the observer. 

None of these considerations, however, will affect the 
relative motion, and hence we can at once apply the 
Principle of Work to give us the relation between the 
effort and resistance, and then examine some practical 
cases showing the different ways in which the pair is 
used. 
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Let then 

M = turning moment, 

and for definiteness we will take the nut to be fixed 
relatively to ourselves, the observers. 

R = resistance to sliding. 

Then, taking a period of one revolution, 

Energy exerted = M x zir, 

Work done = R x/, 

where / = pitch of screw, and therefore is the amount of 
sliding against R (page 34), 

Mx 27 r = Rx/. 

This then is the general equation, and is quite inde- 
pendent of which piece is fixed, depending, as it does, 
entirely on relative motion. 

We can now if we please suppose M to be applied 
by an effort P, acting at a radius r. Then 

M = Pr, 

Px 27 r/'=Rx/, 

We may then say 

-r, L 27 rr 

r orcc ratio = rr = — — , 
p 

and 

Velocity ratio — 34). 

_ I 
force ratio’ 

The value of the force ratio shows that these 
machines are suitable where the effort requires to be 
much magnified, for example, in a screw jack (page 

36). 

Let a man apply an effort of 40 lbs. to the end of a 
handle 2 ft. long, then to find the resistance he can 
overcome we have 

T, 27 r X 2 ifiOTT 

R = 40 X — = 

P P 


{p in ft. since r is). 
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Now^ will be say | in., z.e. ft. 

. R = 24 X idOTT lbs., 

= 12,000 lbs. about. 

[Of course friction will greatly modify this in an actual case, 
see next chapter.] 

We considered the screw jack in chap, ii., page 
36 ; looking back we see it is a case where the nut is 
fixed — since, though not actually fastened to the ground, 
its weight keeps it practically so — while the screw both 
turns and advances, R is W the weight lifted, and M is 
applied to the screw. 

Screw Press. — The screw press is another example 



of the same type. The moment is applied to the handle 
A, which is fixed to B the screw, while the article to be 
pressed lies between the piece C which slides in the 
frame D, and the bottom of D. 

R is then the pressure applied to the article pressed. 

In both the screw jack and the press there is a part 
which will repay a little examination. It is practically 
identical in each, so we will take the case we have jus.t 
considered, viz. the press. 

The source of resistance is some body between C and 
D, and this body offers its resistance to C, which it 
touches, not to B, the screw. We have then strictly no 
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right yet to say that R is the pressure applied to, or the 
resistance offered by, the body pressed. 

But, considering the motion of the sliding pair CD, 
we have 

Effort = resistance. 

But the effort on C is exerted by the end of B, and 
is therefore exactly equal and opposite to the resistance 
which C offers to the end of B, 

. • . If R = resistance to advance of B, 

R = effort acting on C, 

and therefore also 

R = iesistance offered by the body pressed to the sliding of C. 

But the resistance which the body offers to C is equal 
and opposite to the pressure which C exerts on the body ; 
and hence then the value of this pressure is R, as we 
have stated it to be. 

The effect then of C is nothing so far as ratio of 
pressure to moment is concerned ; C being fitted, not 
for any reason connected^ with energy or work, but 
simply to prevent the end of B rubbing, by its turning 
motion, the body to be pressed. Although, therefore, we 
have in reality a machine containing three pairs, viz. a 
screw pair BD, a turning pair BC, and a sliding pair 
CD — yet we may practically treat it as if it were a 
simple screw pair only, 

*We have just been using, for the first time, a very 
important principle ; which, while practically self evident, 
is yet liable, if not thoroughly comprehended, to cause 
confusion. The principle we refer to is that ordinarily 
stated in the form 

Action a?td Reaction are equal and opposite. 

We have used the principle twice in proving that R, 
the resistance to the screw motion, is also the pressure 
on the body pressed. We will take the one case which 
we have italicised above for further consideration. 
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Stress — Force. — Now what we really know about C 
and the body pressed is that there is a mutual action be- 
tween them where they touch. This is only one action, but 
it has two aspects, according, we may say, to our point of 
view ; we can say C exerts a pressure on the body — or, 
the body exerts a pressure on C. Each of the preceding 
statements is true, and moreover neither can exist alone, 
so that they are not two, but one as we have said. 

The action being one has one name, which applies 
to it as a whole, and we say a Stress exists between 
the surfaces of C and the body. But since there are 
two ways of looking at the action, we have also a name 
for each of its aspects, viz. Force. So we say C exerts 
a force on the body, and the body exerts a force on C. 

The true and full statement of the action between C 
and the body then is that a stress of magnitude R lbs. 
exists between them, and since no way of looking at 
the action can alter its value, it follows that the force 
exerted by C on the body, and that exerted by the body 
on C, are each R lbs. 

» The two forces just mentioned are those which are 
sometimes called Action and Reaction. The reason for 
giving the name Action to the first more than the 
second being that C is generally the moving or acting 
body, while the pressed body lies still. But so long 
as we deal with relative motion, and treat the two bodies 
as on an equal footing as regards motion, we need not 
distinguish between the two. 

[There is no difficulty in making C the passive body if we like ; 
we have only to fix it, in a vice say, and then we should screw 
the pressed body up against it. We should certainly in no way 
affect the mutual action between them by doing this.] 

It is not only between bodies which actually touch 
that a stress can exist. For we shall find that every 
case in which one body exerts a force on another is a 
case of stress between the two. Take gravity for in- 
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stance. We say the earth exerts a pull on a falling 
weight, but what we really know is that they have a 
mutual tendency to approach each other, i.e. there is a 
mutual action, a stress, between them. The stress we 
can describe either as the earth pulling the weight, or 
the weight pulling the earth ; and it is impossible to say 
that one of these is more or less correct than the other. 

Similarly for a magnet and a piece of iron, or any 
instance whatever of what we call forces. 

We can now define strictly a term which we have 
hitherto used without defining, viz. Force. We have 
not as yet attempted this, because the meaning is quite 
sufficiently understood for all the work we have done, 
and the introduction of too many definitions at the com- 
mencement of a subject is as likely to confuse as to clear 
our ideas. 

We say then 

Force is one part of the miittial actioji or stress be- 
twee7i two bodies^ either hi contact or not. 

The reasons for this statement have just been 
given. 

[It is not necessary for us to consider the cause of force, 
or how the earth can exert force on a body if does not touch. 
There is no doubt that force is present, and it is quite time 
enough to inquire the cause when we have fully investigated all 
the effects which follow from its presence.] 

The Screw Propeller. — This is a similar case to 
the one just considered. The screw is turned, the nut, 
viz. the water, being fixed. The water, however, as well 
as taking the place of the nut D, also supplies, by friction 
and otherwise, the resistance to the ship’s motion. The 
ship and thrust block take, the place of C, and the pro- 
peller with its shafting that of B. 

The ship, being in uniform motion, is acted on by 
the resistance of the water R, and by an equal force 
applied to the thrust block by the shaft. This force is 
called the Thrust. 
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So the equation of energy becomes 
Turning moment on shaft x 27 r=: thrust x pitch of propeller. 

Other Examples. — As an example of a fixed screw 
and moving nut we may take an arrangement used by 
Whitworth in making compressed steel shafts. 

A is the mould, BB are screws, and the cross-piece 
_ ^ C is run down by turning* the nuts 

^ rlTl C rTl^ DD at about 500 revolutions per 

L— ^ . J mipute. The projection on the 

H I ! S cap fits into the top of the mould, 
^ H H ^ and when the mould has been 

H S filled and C run down, the com- 

S p pression is produced by hydraulic 

r P — p I pressure in the space inside the 
^ g: vessel E, forcing the mould up 

P against C. The mould shown is 

^ for a piece of hollow shaft. 

motion of the saddle of 
a screw-cutting lathe we have each 
P^^ce partially fixed, for the leading 
screw can turn in its bearings but 
not move lengthways, while the 
saddle can slide along the bed of 
the lathe but not turn. The effort is’ applied to the 
screw, and the resistance to the point of the tool which 
is rigidly attached to, and therefore is for the time a part 
of, the saddle. 

The Screw as an Inclined Plane. — Looking 
back to page 103 wc have the equation 


P X 27 rr=R X /. 

Now this equation is the same as that for an inclined 
plane of height /, base 27 rr, the effort acting horizontally 
(page 95)- 

Hence the velocity ratio also must be the same, which 
is easily seen tp be the case, and in fact the cases are 
identical, except that the horizontal motion of the resist- 
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ing body, i.e, the slider in one case and nut in the other, 
is in the plane all in one direction, while in the screw it 
is in a circular path. Now this alteration can be effected 
by coiling the plane round in a cylinder of radius r 
(Fig. 79), and then its slant side takes the form of a 
thread. 

It is usual to consider the screw as derived in this 



2Ttr 


Fig. 79. 


way, but we have preferred to obtain its properties by 
consideration of the actual mode of constructing it in 
practice. This mode, however, we must notice, pre- 
supposes the existence of another screw, viz. the leading 
screw of the lathe, while the present gives a screw inde- 
pendently of any previous screws. 

We have here considered a screw as being virtually 
an inclined plane, in order to show the identity of the two 
ideas, but we shall not now use this new conception, since 
we do not gain by it. It will, however, be required in 
chap. vii. 


Examples. 

1. The^ draught of a waggon is 40 lbs. per ton. Assuming 

this to be constant irrespective of slope, compare the speed with 
which a horse could draw the waggon on a level with that with 
which he could pull it up a slope of l in 50 ; exerting energy at 
the same rate in each case. Ans. 2.12:1. 

2. If the waggon above weigh 2| tons, find the greatest slope 
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Up which two horses could pull it, supposing they can each exert 
a pull of 1 50 lbs. Ans, i in 28. 

•3. Why does a horse zigzag when pulling a load up a steep 
hill? 

A loaded cart weighs i ton, constant resistance 45 lbs, The 
horse can only exert a pull of 112 lbs.; how many times must he 
cross the road in going up a hill 1 50 yards long, rising i in 25, 
width of road 35 ft.? Ans, 12. 

4. A truck weighing 2J tons rests on an incline at 30° to the 
horizontal. It' is fastened up by a rope 6 ft. long, fastened to a 
hook in the truck 3 ft. from the ground, and connected at the 
other end to, ist, a fixed -.point 3 ft. from the ground; 2d, a 
point on the ground. Find in each case the tension of the rope, 
and the pressure on the incline. 

A ns. Tensions, ij, 1.3 tons; pressures, 1.97, 2.6 tons. 

5. In question 10, page 75, the capstan is 3 ft. diameter. 

How many men would be required to turn it, each exerting a 
push of 40 lbs. , and the distance of the resultant push on each 
bar from the centre of the capstan being 8 ft. ? Ajis. 75. 

6. The pitch of a screw propeller is 14 ft., and the twisting 
moment applied to it is 120 tons-inches. Find the thrust. 

A ns. 4i tons. 

7. In question 9, p. 38, what force applied to the handle 

will lift I ton? A ns. 8J lbs. 



CHAPTER VI 

PULLEYS, BELTS, AND WHEEL GEARS 

The simple machines already considered have con- 
sisted practically of one pair. We will now consider 
some cases of the connection of two pairs. 

Pulley Blocks. — The pairs here connected are not 
real but virtual pairs. Taking the case of a small 
weight lifting a large one, each weight forms a virtual 
sliding pair with the earth, and the pairs are connected 
by the pulley blocks and ropes, so that motion of the 
one causes a certain motion of the other. If the end of 
the fall, i,e. the part to which the effort is applied, be 
pulled in some other way. than by a weight, there are 
some means generally by which it is guided in a straight 
path, and then any piece of it may be considered as 
forming, with the earth, a sliding pair. 

[By the above manner of consideration the wheel and axle and 
screw are also connections of pairs. There is, however, a 
further difficulty in pulleys, due to the rope connec- 
tion, hence we place them in this chapter.] 

Thus in Fig. 8o, which is the simplest of 
all pulleys, the piece between P and the pulley 
may be taken as forming a' sliding pair with 
the earth, being connected where it meets the 
pulley to the rope, and the effort applied by 
the hand say which is applying the effort P. 

[It may seem strange to describe the piece of rope 
as being connected to the rope, because it is a part of the 



Fig. 8o. 
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latter, but it certainly is connected, and in fact by the closest 
of all possible connections.] 


A set of pulleys, or of blocks, as they are usually 
called, consists of a rope or ropes passing round small 
wheels called sheaves, which rotate on pins. Now we 
must inquire why these sheaves are fitted, and if their 
motion relative to the pins forming a turning pair has 
any effect on. the energy or work. 

It is a very common use for one pulley or sheave to 
place it as in Fig. 8i (^, in order to change the direc- 
^ tion of a rope which passes over 

Now this effect could equally 
be obtained, as in (d), by passing 
I \ ^ rounded surface ; 

(cl) (^)'^\ then there would be consider- 
Yy. able friction as the rope slid over 

^ the surface. The sheave then is 

fitted to avoid this friction, and 
now there is no slipping between the rope and sheave, 
but all the relative motion takes place at the surface of 
the pin, and thus the friction is very much reduced. The 
reason for fitting the sheave then is to change the direc- 
tion of the rope without undue friction ; but, being 
fitted, has it any effect in modifying the tension of the 
rope 1 

We are not considering friction at present, so we 
suppose the motion of the sheave on the pin to be 
frictionless, and in this case the answer to the question 
just asked is No. For let the motion be in the direc- 
tion of the arrow, and consider the piece of rope AB 
as a body acted on by tensions T^, Tg at A and B 
respectively, and by the pressures of the pulley. 
These latter are everywhere normal to the pulley. 


because, since the pulley turns uniformly, and the 
pin being frictionless can exert no moment on it, it 
follows that the rope can exert no moment on it, so that 
the pressure of the rope on the pulley must have no 
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moment, i.e, everywhere be normal, and hence so also 
are the pressures of the pulley on the rope (page 106). 

These pressures then are everywhere at right angles 
to the motion of the piece of rope they act on, and 
can therefore have no effect on the motion. Hence 
then and Tg are effort and resistance, and there are no 
other forces. 

But velocity of A = velocity of B, so the velocity ratio 
is unity, and therefore so is the force ratio, 

Ta=Tb. 

We have then the principle that in the absence of 
friction the tension of a rope is pnaltered by passing 
round a pulley, and the work we have done will not be 
affected by any motion of the pulley, so long as no 
moment be applied to it, i.e. we may apply any force 
we please through its centre without affecting our 
equations. 

We see then at once that we cannot obtain any 
mechanical advantage by the use of a single fixed 
pulley, i.e. pulley with fixed centre, as Fig. 80, for we 
have by our principle 

P=W. 

But now in addition to a fixed pulley let us take a 
movable pulley. 

W is not now fastened to the rope to which P 
is applied, but to the framework of the movable 
pulley, and the rope, after passing round both, 
is led up and fastened to the frame of the 
fixed pulley. 

Let P be drawn down say 2 ft., then 
W rises, shortening both 'ab and cd., and 
neglecting the little deviation from parallelism 
they shorten equally ; so each shortens i foot, 
which is therefore the rise of W, 

. *. Velocity ratio = = 

I 
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Therefore the force ratio = and 



the mechanical advantage being 2. 

We will now verify this. 

W is supported by ac and bd. The tensions in these 
are equal, and each equal P (see previous principle), 
W=2P, 

as above. 

The actual construction of a block is shown here 
(Fig. 83), the hooks being for the attachment of ropes, 
so that this may be hung up to a fixed point, forming 
the fixed pulley, or W be hung to the hook, and it can 



Fig. 83. Fig. 84. 





Fig. 85. 


form the movable pulley. A pair of such blocks with 
the rope which goes round the sheaves is called a tackle, 
or system of pulleys. 

If we desire to still further increase the mechanical 
advantage, we can do so by using more than one sheave, 
say for example three as here shown (Fig. 84). 

We use a pair of such blocks, and call the whole a 
pair of three-sheaved blocks. The rope would pass in 
turn round an upper and under pulley, being finally 
fastened to the lower hook of the top or fixed block. 

Fig. 85 shows a diagrammatic representation of the 
run of the rope. 
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We will now examine the general case when there 
are n plies of rope supporting the lower block. 

\ft may be odd or even ; in a pair of three-sheaved blocks it is 
6 ; but we may have 3 sheaves at top and 2 at l^ottom, then the 
final fastening would be to the top hook of the lower block, and 
there would be 5 plies.] 

By our principle the tension all through the rope is P, 
therefore nV supports W, and 


W=«P, 


Force ratio = 


Also if P move a distance ,r, all the plies shorten 


2 n I 

equal amounts, so that each shortens the rope re- 
maining of unaltered length. ^ 

xln then is the rise of W, and 


Velocity ratio 


xjn _i. 


verifying our result. 

All sorts of combinations of pulleys can be^^used for 
various purposes, but the same principle applies' to all, 
and so we shall not examine their working ; moVeover 
the one we have considered is of far more impoWarif^ 
than all the rest together. 

Belt Connection. — Next we will consider the con- 
nection of two turning pairs. 

We have generally so far considered the magnifying 
of the effort as the effect sought after, but inseparably 
connected with this we have seen there is a modification 
of the velocity. For in all cases 


Force ratio = -- ; — • 

velocity ratio 

In some cases it is the modification of velocity 
which is chiefly aimed at, the alteration of effort which 
necessarily follows being regarded as of subsidiary im- 
portance, or even in some cases, e.g. the mechanism of 
a watch, of no importance at all. In this case we 
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should not call the watch a machine but a mechanism, 
its sole object being the production of a certain motion. 

We shall then treat the present case, in the first 
instance, from the view of modification of motion, and 
deduce, when necessary, the accompanying change of 
effort. And this method has the advantage that our 
main treatment, being purely geometrical, will be just as 
true when we have to take frictional forces into account 
as now when we omit them, which would not be the 
case if we based it on "the modification of the effort. 

[This will be seen in the examples considered in the succeeding 
chapter. ] 

We have now then this problem : — 

Given two turning pairs, z.e, two shafts turning in 
bearings fixed to the earth or to some framework, it is re- 
quired to connect them so as to have a given velocity ratio. 

1st Case. — Where the distance apart of the centres 
is large. 

A and B are the two shafts, the bearings are not 
shown. 

Fix now pulleys CD 
and EF on AandB respect- 
ively, and connect these by 
an endless belt or rope 
passing round them as 
shown. Then as A turns 
the belt turns with the 
pulley CD, and so causes the rotation of EF, Le, of B. 

Let now 

Aa = angular velocity of A, 

Ab = required angular velocity of B. 

The motion being turning, the velocity ratio will be 
one of angular velocities. Let 

= radius of CD, 

= radius of EF. 

The principle governing the connection is that the 


0 



c e 


Fig. 86. 
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total length of the belt is constant, also the lengths of 
the parts CE, EF, FD and DC, and that the belt does 
not slip on the pulleys. 

Since the belt does not slip on CD, 

Speed of point C of belt = speed of point C of pulley, 

= speed of any point on periphery, 
=Aa.^a (page 31). 

Similarly from EF 

Speed of point E of belt = Ab^b- 
But CE is of constant length, 

. • . Speed of C = speed of E, 
or 

Aa^a = Ab^b, 

whence 

rh. _ Ab 
^^b~Aa‘ 

That is, the angular velocities of the shafts vary inversely 
as the radii of the pulleys. We must then take and 
such as to satisfy the above relation. 

The shaft A may represent the main shaft of a 
factory, and we see that by fitting to it pulleys, which 
drive by belts other pulleys on shafts fitted to differ^ 
machines, we can from the one shaft obtain any number 
of different angular velocities in the other shafts. 

Length of Belt. — There are two ways in which the 



belt may be put on, either as in Fig. 86, called an open 
belt, or in Fig. 87, called a crossed 
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In the first case both shafts rotate in the same 
direction, while in the second they rotate in opposite 
ones. 

There is a peculiarity connected with the length of a 
crossed belt which is of practical importance. 

In Fig. 87 A and B are the centres of the pulleys. 

Produce AB both ways to M and N. 

Let 6 be the circular measure of D KA. Then 


Half length of belt 

=md+dk+e:e+en, 

= ;'A X < MAD + rA cotan 6 + cotan ^ < EBN, 

= ta^^— + + {i'K + tb) cotan ^ 4- tb , 

= (^A + rB)^^ + 0 + cotan (l). 

Also, producing BE, and drawing AV parallel to 
DE, perpendicular to BE, we have 

BV 

^=<BAV, .-. sin6>=^^, 

AB 

__ ^^a4-?'b 
AB * 


/Therefore if ^a + ^b constant, 9 is con- 

stant ; and therefore by ( i ) the length of the belt is 
constant. 

Speed Pulleys. — Let now B be a shaft, which we 
require to drive at different velocities, from a shaft 
A which turns at a fixed velocity. We can effect this 
by fixing to A a set of pulleys of different diameters, 
and to B a corresponding set. 

We thus obtain a pair of speed pulleys^ as Fig. 

and it appears from 
1^’?. what we have just 
proved that so long as 
each pair of corre- 
sponding pulleys have 
a crossed belt can be 


At 
A' 2 X 
/i-ajz 
/1 .4CZ: 


c; 


-rB’2 
re - 5 
5.4 


Fig. 88. 

the sum of their radii constant. 
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shifted from any one pair to any other, and will fit them 
all equally well. This is not true for an open belt, and 
hence we almost invariably find a crossed belt used ; the 
open belt would drive, but would be tight on some and 
loose on others of the set. 

The pulleys fixed to A are all cast in one, and like- 
wise those fixed to B. 

Suppose now we wish to find the sizes of such a set 
to impart to B certain given velocities. 

Let = constant angular velocity of A, and A^ ,, 
Ab.2j Aj 3 Ajj ^ be the required velocities of B. 

We should then have four pulleys, as in Fig. 88, on 
each shaft, or we should say four steps on each pulley. 
Call them A.i, A. 2, etc., B.i, B.2, etc., as in the figure, 
A. I and B.i corresponding, and so for the others. 

Let j • • • j • • • be the radii. Then 

_ Ab.j 

A A ^ 

^A.2 _ Ab. 2 
rB.2 ~ Aa ‘ 

And the same for 3 and 4, we do not put A^ ^ or A^ ^ 
because A as a whole has always the velocity A^. 

In addition to the above 

^A.i + rB.i = rA.2 + rB.'j = rA.3 + rB.3 = rA.4 + ?'b .4 • 

And now if we are given the size of any one step we can 
find all the others. We must have one radius given, 
because evidently, if we say doubled the sizes of a 
given set right through, we should not affect the velocity 
ratios ; our equations above will only give us, by them- 
selves, the ratios of all the radii. 

Belt Tensions. — Returning to the original case 
(Fig. 86), let us consider the relations of effort and 
resistance. Let 

Ma = moment of effort applied to A, 

Mb= ,, resistance ,, B. 
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Then taking the whole system, 


Force ratio = — — tt 

velocity ratio 

. Mb_ Aa_^^b 

Ma”Ab~^a’ 

Next consider the motion of A only, taking, however, 
as a part of A the piece of belt which touches it. 


[This we can do, because the piece moves as if it were for 
the time solid with A, and since it does not move relative to A, 
it is in just the same state as if it could not. ] 


The body we consider, then, is balanced under the 
action of M^, the tension of the belt 
at C, and the tension at D. Call 
these Tj and T^, as in Fig. 89, then 
we have 

MA + T2rA (clockwise) = TirA (anti- 
clockwise), 

/. (Ti-T2)rA = M. 

There is an essential difference then 
between this case and the pulley sheave (page 1 1 2), for T^ 
ind Tg are necessarily unequal. This is because a 
moment is applied to A (compare pages 112, 113). 

Now considering the balance of forces on the piece 
of belt DF (Fig. 86), we have 

Tension at F = T2, 
and on the piece CE 



Tension at E=Ti, 

which accordingly gives us a turning moment applied by 
the belt to B of amount 


(Ti-T2)rB, 

which is of course equal to Mg. For 




CHAP. VI PULLEYS, BELTS, & WHEEL GEARS I2i 


Since Tj>T2 the belt hangs as shown, the under 
side being tight and the upper slack. 

In this case A is called the driver, because the effort 
is applied to it. If B were the driver, and the motion 
were, as in the present case, clockwise, then the upper 
side would be tight, as Fig. 90. This latter is not so 
good as the former for a 
practical reason, which we 
must now briefly notice. 

We have assumed the 
belt not to slip on the 
pulley ; this is in practice 
not quite accurate, there 
will be a small amount of slip depending on the magni- 
tudes of T^, T2 and the moments, also on the state of 
the surfaces. Now a belt, as in Fig. 86, embraces a 
larger portion of each pulley than that in Fig. 90, and this 
gives it a greater driving effect and reduces slipping. The 
effect of slip is that B moves somewhat slower than we 
have reckoned, the loss varying from practically 7 til in 
some cases to about 2 % in others. 

The belt is pressed against the pulley by a resultant 
force Tj -f- Tg, and this also gives the pressure of the 
shaft on its bearings. 

The value of T^ -f- T2 must be large enough to prevent 
the belt slipping to any extent, and then T^ — Tg being 
found from the value of M^, we can determine the two * 
tensions T^^ and Tg. Since applying a moment to A or 
B cannot produce a resultant force on them (page 66), 
it follows that when the belt is still the total pud on 
each pulley must be T^ -p T2'. But it will then be equally 
divided between the two sides of the belt, since other- 
wise there would be a turning moment. 

We should have then when at rest the tension 
of each side equal (T^ + T^)/2, and this therefore is the 
tension with which the belt must be originally put on. 

Friction Wheels — 2d Case. — When the shafts 



Fig. 90. 



122 


APPLIED MECHANICS 


I’ART 1 


connected are close together we can connect them by 
causing the surfaces of the two 
pulleys to rub together instead 
of putting a belt round them. 

Then A will drive B by the 
contact of their surfaces, B rotat- 
ing in the opposite direction to 
A. 

For the velocity ratio we have, if the surfaces do tiot 

slip^ 



Fig. 91. 


Velocity of periphery of A = velocity of periphery of B. 
If then V be this common velocity 


Aa = 





and 


Ab 

Aa 


r\\ 


as in the belt connection. 

The contact between the surfaces of A and B is 
called pure rolling, since the surfaces roll without slipping. 
In actual practice there is always slipping, yet the con- 
tact is still called rolling, but not pure rolling. If the 
energy exerted on A and transmitted by the contact to 
B be large, then a very great pressure between the sur- 
' faces is necessary to prevent excessive slipping ; this 
kind of contact is not therefore suitable for such cases. 
Since the pulleys, however, run very smoothly, they are 
sometimes used with rims shaped 
as here shown (Fig. 92). 

Less pressure is then required 
between the surfaces owing to the 
increased area of contact. The 
figure shows a section through the 
two rims. 

There must of necessity be slipping at the different 
points in this case, even if on the whole there be none. 
For take one groove enlarged, as Fig. 93. Then if at 
a the two surfaces have exactly the same velocity V, it 
follows at once that at any other point they slip. For 



Fig. 92. 
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take the surface of B is here moving at a speed <V, 
because b is nearer the centre than a ; 
but the surface of A has a speed >V, 
because b is farther than a from the 
centre of A, hence the two surfaces have 
different speeds at b^ or at all points 
except a. It is this which causes the 
rapid wear of such wheels. 

Tooth Wheels. — In any case then 
in which accuracy of velocity ratio is of 93 - 

importance we must devise some other mode of connec- 
tion, and this we do by putting teeth on the circum- 


Fig. 94. 

ferences of the wheels or prulleys. The teeth project 
partly beyond the circumference, CD showing the 
original circumference of a flat-faced wheel or pulley ; 

we have then alternate 
projections and recesses 
on the circumference of 
A, which fit into corre- 
sponding recesses and pro- 
jections on the circumfer- 
ence of B. The teeth on 
A and B are, almost invariably, of identical shape. The 
distance CE on the arc is called the pitch, and must be 
identical for A and B. Now by this means A will turn B 
as in pure rolling. For let A turn till n teeth of it 
have passed the point T (Fig. 96) where the original 
plane pulleys touched. 



Fig. 95. 
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T is called the pitch point, and the circles showing 
the original pulleys the pitch 
circle. Then if p be the 
pitch, an arc 7ip of B has 
passed T. 

But each tooth of A as it 
passed T took with it a recess 
96 - of B, so n recesses of B passed, 

and thus an arc np of B has passed T. 

Equal arcs of A and B then pass T in equal times, so 
the motion is exactly the same as that of pure rolling 
between the original pulleys. We shall then always re- 
present the toothed wheels simply by two circles, as we 
did the pulleys. If now 

be the number of teeth in A, 

,, „ B, 

then, p being the pitch, 


7tAP — 27rrA, nBP = 2TrrB. 

[Notice p is round the circumference, not the straight line CE 
(Fig. 95)-] 

' re fiB 

so that 

Ab 

Aa flB 

and the angular velocities are inversely as the number of 
teeth. 

We see that A and B must necessarily rotate in 
opposite directions. But it may be necessary that they 



rotate in the same direction ; to effect this we use an 
intermediate wheel C. 
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Looking at the arrows we see B now rotates in the 
same direction as A. We must see whether this affects 
the velocity ratio. 

Let be the numbers of teeth. Then 

Ab : Ac —nc : «b, 

Ac : K^ = Ttx : nc, 

. *. Ab : Aa = ^/a : ^^b, 

so that C makes no difference in the velocity ratio. 

We could then insert any number of intermediate 
wheels as C, each gearing in turn with one before and 
one behind it, without altering the final velocity ratio, 



Fig. 98. 


and we could thus transmit motion from one shaft to one 
at some distance. 

But we can also so combine wheels as to alter the 
velocity ratios. 

In Fig. 99 there are two intermediate wheels, C and 



Fig. 99. 

C', both keyed on one shaft — C gearing with A and C' 
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with B. C and C' being keyed to the same shaft, we 
have necessarily 

Ac=Ac'. 

But 


and 


. * nA . 

. . — . Ab = — . Aa, 
nc' nc 


Ab _ 

Aa ni: * «b’ 


being the product of the angular velocity ratios of C to 
A and B to C'. 

When we have then a large velocity ratio to obtain 
we can split it into two factors, each of which is easily 
obtained. 

For example, let a velocity ratio say of 34 to 3 be 
required, the wheels available being a set from 20 teeth 
to 120, increasing by 5, i.e, 20, 25, 30, 35, etc. 

We have no wheels which can give it directly, there 
being no 34 or multiple of 34 ; but 


34^ 17 X 

3 3 4 3 20 30* 


We t^ke then A of 85 teeth, C of 20, C' of 80, and B 
of 30. 

This gives one arrangement, but others could be 
equally well used, e.g. 

V-xV-=|fx-W, 

and so on. 

Screw Cutting. — One use of this is in lathes for 
screw cutting. The saddle bearing the tool is moved by 
the leading screw ; let this have n threads to the inch. 

We require to cut now a thread having m to the inch. 

The saddle then should move i inch, i.e. the leading 
screw turn n times, while the work turns 7 n times, or the 
lathe mandril turns m times, 
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. Angular velocity of screw shaft _ n 
Angular velocity of mandril ~ m 

and we have the problem just considered. If nlm be 
a small ratio we can obtain it with two wheels only, but 
then the leading screw and the work would turn in 
opposite directions, so that a right-handed leading screw 
would cause a left-handed thread to be cut. To avoid 
this we should put in an intermediate wheel C, as Fig. 
97, simply to change the direction. 

If, however, nlin be large, we have to use four wheels 
in the manner above stated. 

[In order to effect the gearing of the wheels a swinging arm is 
fitted, to which the common axis of C and 
C' is fixed. 

Oaj Ob are the centres of A and B, A 
being on the lathe mandril or spindle, B on 
the end of the leading screw. The swing- 
ing arm D swings round Ob. 

B being in place the axis of C and C' is 
.slid along the slot till C' gears properly with 
B, then the nut on the axis is tightened up 
so fixing it to D, then the whole swdngs 
round Ob, C' of course remaining in gear 
with B, till C gears with A. Then 1 ) is 
fixed in position.] Fig. 100. 

Peed. Motion of Drill. — In some instances the 
axes of A and B lie in the same straight line. Here B 
turns loosely on the spindle of A. 
This of course does not affect the 
velocity ratio. 

If now be slightly greater than 
and be slightly greater than 
Ag will be a little less than A^, 
so that A will turn relatively to B 
with a slow motion, viz. - Ag, in 
the same direction as its own motion. 

[In other words, in every second A gains on B an angle 
Aa-Ab.] 
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This slow relative motion we can utilise as follows : — 

In the boss of B cut a thread, and cut on the spindle 
of A a thread to fit it. B is then a nut and A the 
screw. Let B be prevented by bearings from rising or 
falling. 

Then as A slowly gains on B the spindle gradually 
screws out of B and descends. A also would descend 
with it, and . thus the motion would soon stop, for A 
would leave C. But we can prevent this by connecting 
A to its spindle, not by a tight key, but by a key which 
can slide in a long slot in the spindle, and now the 
spindle can descend leaving A behind in its bearings. 

Fig. 102 shows an end view of A and its spindle, k 
the key can slide in the slot, but is fixed 
to A. 

In the practical case the spindle of A 
is that of a drilling machine, and the mechan- 
ism becomes a self- feeding arrangement, 
giving the spindle a slow descending motion 



Fig. 102. 


as it turns. 

Crabs. — The two practical cases we have last con- 
sidered have been mechanisms, motion being the object 
aimed at. 

As an example in which modification of effort is 
required we may take the common crab. 

This is used in two forms. 

In each case the moment is applied to A either by 
manual effort on a handle or handles, or by an engine. 

The resistance is a weight to be lifted, the rope or 
chain which lifts it passing round a barrel attached to 
B, thus applying the resisting moment. 

If A drive B direct we have a single purchase. If 
intermediate wheels C, C' be used we have a double 
purchase. 

We have in the latter case 


Mb a a nc ub 
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A and C are small, while C and B are large wheels, 
hence we obtain a large mechanical advantage. 

Bevel WTieels. — When two turning pairs whose 
axes are not parallel but meet in a point are to be con- 
nected, the connection can 
be effected by wheels as 
follows : — 

Let OC, OD be the given 
axes. Fix to the shafts two 
wheels A and B with sloping 
faces, called Bevel Wheels, 
so shaped that the lines cd^ 
ai, and e/ all meet in O. 

The wheels are then portions 
of cones whose apices are at 
O. Then these two wheels 
can turn with pure rolling 
contact. 

To prove this, suppose the contact at b is pure rolling, 
then we will prove it is so also at a. Let 



then 


Now 


V = the common velocity of the peripheries at 



Ab = 


V 

hq 


Velocity of periphery of A at the point a = Aa x am. 


=:V. 


nb ’ 


and similarly 

Velocity of periphery of B at the point « = V.^. 

But 


affi _Oa_ap 
7 tb Ob bq ’ 


so that at a the peripheral velocities of A and B are 
identical, and the motion is there pure rolling. 

K 
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The same proof applies to any point on ad, the line 
of contact. So there is pure rolling everywhere. 

By cutting teeth as in the preceding we produce the 
same relative motion as pure rolling would produce (see 
page 123), and we then treat the bevel wheels as if they 
were simply the smooth wheels from which we have 
derived them. For the velocity ratio we have 


V V 

Ab : Aa = ^ : ^ (see preceding work), 
~nd*: hqy 

= sin ^OC : sin bOq. 


To construct a pair of bevel wheels, or at least the 
smooth wheels equivalent to them, the faces of which are 
called the pitch surfaces (compare pitch circle, page 124), 
we proceed thus — 

OC and OD are given, and we can select the maxi- 
mum or minimum or mean diameter of one wheel. 



Let us take then ab as the maximum diameter of A, 
and set it off perpendicular to OC. 

Let n be the given velocity ratio, i.e, Ag : A^. 
Take cd equal to ab\n, and set it off perpendicular to OD. 

Draw be, de parallel to OC, OD respectively, meeting 
in e. 
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Drop ef^ eg perpendicular to OC, OD, and these are 
the maximum diameters of the two wheels. 

We then complete them as shown, taking any con- 
venient thickness. Then 

K-q ef ad . . 

-1— = — = — as required. 

Aa eg cd 

The two cones are called the pitch cones, and the 
angles ^OC, ^OD their angles (Fig. 104). 

When the angle between the two shafts is 90® the 
wheels are called Mitre Wheels. If the angle of one 
cone be 180*" the pitch surface is a plane, and the teeth 
are on the flat side of the wheel ; such a wheel is 
called a Crown Wheel. A crown wheel is usually of 
large size compared to the bevel wheel which gears with 
it, and this wheel is called a Pinion. When a small 
common toothed wheel gears with a large one, the small 
one is called the Pinion and the large the Spur Wheel. 


Examples. 

1. A pair of blocks have three sheaves in the upper and two 

in the lower block. Find the pull required to raise J ton, as-* 
suming f of the energy wasted. Ans. i86§ lbs. 

2. Two sheaves 8 ins. and 7 ins. diameter respectively are 

fastened together, and turn on one axle, forming the upper 
block of a Weston differential pulley. The lower block contains 
one sheave only. The left-hand ply of chain supporting the 
lower pulley passes over the 8 in. diameter to the right, and the 
right-hand ply over the 7 in. diameter to the left ; the two loose 
ends are then connected, so the chain is endless, hanging in two 
loops, one loose and one supporting the movable block and 
weight. Find the weight which can be lifted by a pull of 10 lbs. , 
f of the energy being wasted. j 

Ans. The pull being applied to the loose part hanging from 
the 8 in. sheave, let it turn the upper pulley once. 
Then space traversed by pull is Stt ins. The 8 in. 
sheave winds on from the loop supporting W 87r ins. , 
but the 7 in. sheave must also turn once, being fixed 
to the 8 in., and this in winds *jir ins. The tight loop 
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is thus shortened tt ins. (and the loose one lengthened 

TT . 

the same amount) so W rises - ms. 

velocity ratio = ^=: i6. 

2 

Whence weight raised = | x i6x 10=64 lbs. 

3. A shaft is' to be driven at 400 revolutions per minute ; a 

pulley on it is 8 ins. diameter. The shaft from which it is to be 
driven makes 70 revolutions per minute. Find the size of 
driving pulley necessary. A ns. 3 ft. 9I ins. diameter. 

4. In the preceding the belt is f in. thick, and the slip is i 
per cent. Allowing for these obtain the correct diameter. 

Ans. 4 ft. 

5. A pulley 4 ft. diameter is driven by two belts running 

over each other, each f in. thick. The speed of the middle 
plane of the inner belt is 1800 ft. per minute. How much does 
the outer gain on the inner per minute? Ans. ft. 

6. Calculate the revolutions per minute of a dynamo driven 

by a belt i in. thick, the diameter of the pulley of the dynamo 
being 6 inches, and the angular velocity of the driving pulley, 
4 feet 6 inches diameter, being 10 radians per second. Allow 
2 per cent slip. Ans. 818. 

7. A lathe is to be driven so as, without the use of back gear, 
to cut brass from J in. diameter to 3 in. diameter (see question 
7, page 38). The main shop shaft runs at 60 revolutions, and 
the driving pulley on it is 2 ft. 6 in. diameter ; the driving pulley 
of the lathe is to turn at 40 revolutions. Find the sizes of the 
overhead driven pulley and of the speed pulleys, the least 
diameter of the latter being 5 ins., and four speeds are required, 
the extreme as stated and two convenient intermediate speeds. 

Ans. Diameter of driven pulley, 18 ins. 

Speed ratios, 10/3, 5/3, 4/5, 10/36. 

Diameters of upper pulley, 5^, 8f , I2|, 18 ins. 

,, lower pulley, 17!, I4§, io|, 5 „ 

8. The usual back gear is used in the preceding, viz. a wheel 
A on the speed pulley drives a wheel C ; on the same shaft as 
C is a second wheel C' which drives B, which is connected to 
the mandril and drives the work (see Fig. loi). The speed pulley 
and mandril are disconnected when the back gear is in use, at 
other times they are bolted together. A has 18 teeth, and C 
and B are equal j find the number of teeth in C, C', and B re- 
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spectively, so as to reduce the speed of rotation approximately 
12 times. 

Ans. Since B = C, C' must equal A, the axes being parallel. 

Teeth are therefore in C' 18, in B and C 63. 

9. In the preceding the overhead gear is 12 feet above the 

lathe, centre to centre. Find the length of a crossed belt for the 
speed pulleys. Ans. 27 ft. i in. 

10. A belt running at 1 500 ft. per minute transmits 80 H. P. 
Find the difference of tension of the two sides of the belt. 

Am. 1760 lbs. 

Ti. The tension per inch width of a belt must not exceed no 
lbs. Find the width of belt necessary to transmit 12 H. P. 
from a shaft running at 80 revolutions, the diameter of the driv- 
ing pulley being 4 ft. 6 ins., and the ratio of the tensions if to i. 

Am. 7^ ins. 

12. The set of wheels for a screw’-cutting lathe range from 20 

to 150 teeth, there being two 20 wheels. The leading screw has 
2 threads to the inch. Arrange suitable trains for cutting 
threads on, 1st, a J in. screw, 20 threads to the inch ; 2d, a i in. 
screw, 8 threads to the inch ; 3d, a 2 in. screw, 4-I threads to 
the inch. Am. 1st, M x ; 2d, ; 3d, 

13. In a single purchase crab the length of the handle is 16 

inches and diameter of barrel 8 inches. The pinion on the same 
axis as the handle has 16 teeth, and the spur wheel connected to 
the barrel 90 teeth. What weight can one man exerting a push 
of 30 lbs. lift? Afis. 337.5 lbs. 

14. The preceding is fitted to act with a double purchase by 

sliding the pinion out of contact with the spur wheel, and put- 
ting in gear a pinion of 18 teeth working with a spur wheel of 
54 teeth, on the axis of the latter is another pinion of 18 teeth, 
which now drives the 90 wheel. Find the force required to lift i 
ton. Am. 74§ lbs. 

15. If the pitch of the teeth in the preceding be ij inch, 
find the diameters of the pitch circles. Assuming the mutual 
pressure between the teeth to act at the pitch point, find its 
amount in each case. 

Ans. 7.16, 21.48, 7.16, 35.8 ins.; 500, i66§ lbs. 

16. In the feed motion described on page 128, if the wheel A 
have m teeth, C n teeth, C' « -f and B m + a, prove that the 

speed of feed will be N/ f.s., where N are the re- 
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volutions of the spindle per second, and / is the pitch of the 
screw on the spindle in inches. 

17. A friction wheel 4 feet diameter running at 70 revolutions, 
drives a wheel 2' - 3" diameter. Find the force with which the 
wheels must be pressed together per H. P. transmitted, 1st, 
when metal surfaces meet, coefficient of friction .15 ; 2d, when 
the driving-wheel is faced ^^ith leather, coefficient .4. 

Ans. 1st, 250 lbs.; 2d, 93! lbs. 

18. Two shafts meeting at 90“ are to be connected with a 

velocity ratio of 2 to i. Construct the pitch cones of the bevel 
wheels. Ans. Angles of cones, 63|°.26J°. 

19. Prove that a straight pinion cannot work correctly with a 
crown wheel, the axis of which is at 90® to that of the pinion. 
In what case would the motion be practically accurate ? 

Ans. All points of pitch surface of the pinion move at the 
same velocity, but points on the face, /.«?. the pitch 
surface of the crown wheel, do not, since those farthest 
from the centre move quickest, and compare page 121 
(friction wheels). The motion is practically correct 
when the pinion is very thin, since it practically gears 
only at one point with the crown wheel. 



CHAPTER VII 

SIMPLE MACHINES WITH FRICTION 

The results obtained in the last chapter will not hold 
in actual machines, since they neglect the influence of 
friction. Hence those results were too favourable ; but 
at the same time they are of value as showing a limit 
which should be approximated to as closely as possible 
and as a rough guide to what we may actually expect. 
Also by neglecting the friction at first we are able more 
easily to grasp the problems to be solved than if we com- 
menced by taking it into account ; we thus follow the 
principle of introducing our difficulties singly if possible, 
but, at any rate, gradually. 

The velocity ratios found are not affected by the 
question of friction, they being determined geometric- 
ally, not statically ; but now we cannot proceed, as 
before, by the Principle of Work, because it takes the 
form of 

Energy exerted = work done + work wasted, 

and the work wasted, depending on the pressures be- 
tween the moving surfaces, will necessitate those pres- 
sures being found by the principles of Statics, which iij. 
the last chapter we only used for verification. 

Also we now introduce a new conception, viz. : — 
Efficiency. — When we move a machine, or a pair, 
then actually there is always work wasted, so that the 
work done is less than the energy exerted. The ratio 
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of the work done to the energy exerted is called the 
Efficiency of the machine, or the pair. 

We have then 


Efficiency = 


work done 
energy exerted* 


or equally, by the Principle of Work, 


Work done Energy exerted - work wasted 

work done + work wasted* energy exerted 

We use whichever is the* most convenient to calculate. 

Sometimes we need a term to represent the reciprocal 
of the efficiency, and this we call the Counter 
Efficiency. 

. ^ ^ rr • work done + work wasted 

* • Counter "Cinciciicy — — — > 

work done 

_ ^ work wasted 
work done ’ 

— 14 "^, 


the letter e being often used for the purpose here 
shown, of denoting the ratio of work wasted to work 
done. 

We have 


Efficiency = 


work done 
energy exerted* 


_ resistance x distance it moves 
effort X distance it moves 
= force ratio x velocity ratio, 


so that we see that we cannot now determine one of 
these from the other without knowing the efficiency. 
Since the efficiency is necessarily less than unity, it 
follows that for a given velocity ratio the force ratio is 
less than it would be if there were no friction (page 96), 
so that the mechanical advantage is decreased by the 
friction. 


[The term efficiency is sometimes used with very different 
meanings, and it is necessary to be very careful to find out, in 
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any given case, exactly what is meant by it. This remark 
applies generally, and not especially to our present subject. 
What we mean by efficiency has been already stated, and in 
that sense only will the term be used. ] 

We will now commence with the 
Inclined Plane. 

Comparing with Fig. 72, page 98, we have an extra 
force acting, because the action of the 
plane is now a double one, although 
there are still only the same number of 
bodies acting. We see then that in 
answering the questions on page 97 we 
must be careful to see that we take 
account of the total action of each body. 

The extra force is /R, where f\% the 
coefficient of friction (page 51). Hence we must 
determine R by Statics. This gives, since /R and P 
have no effect in the direction of R, the effect of W in 
that direction equal to the effect of R, i,e, 

Wcos CAB=R, 

as on page 99, the extra force /R not altering the 
equation, 

.•./R=/WcosCAB. 

Then 

Energy exerted = P . AC, 
taking the movement from A to C, 

And here we may introduce another caution, in addi- 
tion to those of page 97, viz. that we must clearly define 
in our minds exactly the period during which we intend 
to apply the equation or principle of work. The period 
now^taken is from the instant of starting from A to that 
of arriving at C. 

Resuming, we have 

Work done = WxCB, 

Work wasted =/R x AC, 

=/Wx AC cos CAB, 

=/. WxAB. 



and 
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And 

P. AC=W.BC+/W, AB. 

The force ratio is now 

W_ AC 
P“BC 4 -/.AB’ 

being, as we have already stated it must be, less than 
the reciprocal of the velocity ratio. 

The foregoing work applies certainly to the case 
where W actually slides on the plane, but does it now 
apply to the pseudo sliding of a wheeled vehicle ? 

We have already stated that such resistance does, on 
a horizontal plane, practically follow the laws of sliding 
friction ; but at the same time we know that actually 
the resistance arises from the axle friction, and also from 
the peculiar action between the rolling wheels and the 
ground, for an explanation of which we must refer to the 
larger treatise. It might seem then at first sight that 
the amount of resistance would be, not /R, but /W, 
because the carriage still rests on its axles as it does on 
a horizontal plane. But further consideration shows 
, that the whole weight does not now rest on the axles, 
\ because the pull P tends to lift the carriage off them ; 
and it does this exactly in the same proportion as it 
would relieve the plane of a part of the weight of a 
sliding piece, and hence the friction is reduced in the 
proportion of R to W, i.e. it is /R or /W cos CAB as 
for a slider. 

In ordinary cases of gentle inclines it is not, however, 
practically necessary to consider this, because cos CAB 
approaches so nearly to unity. Thus on a slope X)f i 
vertical to 50 along the road 

nKXi AB V2500 - 1 

cos CAB=: — = — 2 

AC 50 

We have treated motion up the plane, but we have 
also motion down the plane to consider. 
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In this case P is down the plane and /R up. Also 
W is now an effort as well as P. Then 

Energy exerted = P . AC + W . BC, 

Work done = o, 

Work wasted =y. R . AC, 

=/W . AB, as before. 

There is no work done in the sense 
of useful or recoverable work, such as 
the lifting up of the weight, the energy exerted in which 
can be recovered by allowing it to fall again ; so that 
the efficiency is zero. But we must not take this to 
mean that there is no useful effect, because we wish the 
carriage or train to go down the slope, and so the effect 
produced is what we required. We must, however, be 
consistent, and so we say all the work is waste work. 
The equation of work is then 

P. AC+W. BC=/W. AB. 

. p_W-A^B^BC) 

• AC 

and hence may be either positive, zero, or negative, as 
f . AB is > =or <BC. 

The meaning of this is, that, taking say a train — 

In the first case, to keep the motion uniform the 
engine must exert a pull. 

In the second, the train will just run uniformly by 
itself. 

And in the third, there must be a backward push ; 
this would not, however, be applied as an actual push, 
but by applying the brakes, y would be increased till 
/. AB became equal to BC. , 

When we have 

/. AB = BC, 

then 

/=g=ta„CAB. 

And we have thus a means of determining, experi- 
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mentally, the coefficient of friction between a pair of 
surfaces. To use this method we make one an adjust- 
able inclined plane, and the other a slider ; and then 
the coefficient is the tangent of the angle at which the 
plane slopes, when the slider, being set hi motion^ will 
continue sliding uniformly down it. 

On page 138 we have the equation 

P. AC = W.BC+/W. AB. 


Now W . BC is thp work which would be done in 
lifting W direct from B to C, and yW . AB is the work 
which would be done against friction in drawing W 
along AB, supposing AB to have the same roughness as 
AC. It follows then that — 

The energy required to draw a load up an inclined 
plane is equal to that required to draw it along the 
equally rough base and lift it through the height. 

If then ADC (Fig, 107) were another path we could 
go along it with the same expenditure of 
energy as along AC. 

For the energy required would be to 
drag along AE and DF, which together 
equal AB ; and to lift through DE and 
FC, together equal to BC. 

And we can extend this reasoning to 
any extent, and say finally that the energy required is 
independent of the path chosen. The path may even rise 
above C as ALC, the principle still holds, because gravity 
would restore during the descent the energy it had ex- 
pended on it during the ascent above C. The preceding of 
course requires that we allow gravity full play during the 
descent ; if, as is usual, a brake be applied during descent, 
then the principle no longer holds. 

We have just seen that a truck running down an 
inclined plane, the tangent of the inclination being 
greater than /, requires a pull back to keep its motion 
uniform, or else an increased frictional resistance. If 






1 t 

r B 


Fig. 107. 
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we use the latter we waste work, but we can in some 
cases use a pull, which being transmitted by a rope can 
be used as an effort for some useful purpose. 

Double Inclined Plane. — A practical example is 
found in the carriage of stone from an elevated quarry 
down to a lower level, as that of the quay at which vessels 
are loaded. We then use two lines of rails side by side, 
on one inclined plane, the side and front view being 
here shown. 

A loaded truck running down exerts a pull on the 



tail rope, which is led round a pulley at the top, and 
then down the other line and fastened to an empty truck 
coming up. Let now 

P = pull on rope, 

7£; = weight of a truck, 

W = load carried. 

Then for uniform motion — 
of the empty truck, 

P . AC = w . BC +/. w . AB ; 
of the full truck, 

(V/ + w)BC = P . AC + /(W + w) AB. 

These are the equations of work, and hence we obtain 
/(2w + W)AB = W. BC. 
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The same result can be obtained by considering the 
machine as a whole. 

In this case 

Energy exerted =W . BC, 


because the ascent and descent of the balance each 
other; 

Work done=o, 

Work wasted =/(W + w)AB +/w . AB. 

Whence at once 

W. BC=fiW + 2w)AB. 

[We have here a good illustration of the character of friction 
always resisting the motion, whether up or down.] 


There is then for any given load a certain slope down 
which the trucks will steadily run, given by 


♦ r^An ^ W + 27V 

tanCAB=^g=/. 


If, as in some cases, the slope is greater than this ; 
then a frictional force must be applied to the top pulley 
to keep the motion steady. This has the effect of in- 
creasing the pull on the load side and decreasing it an 
equal amount on the light side, similar to a 
belt (page 120). Let 

M= friction moment applied to the pulley, 

P -f F=pull of loaded side of rope, 

P-F= „ light ,, 
radius of pulley. 



Fig. 109. 

pulley, 


Then, considering the equilibrium of the 

M = (P + r)r-(P-F)r, 

= 2Fr. 


being a couple F, F, on an arm 2 r. 

We can now find F, which will give us the required M. 
For we have, for loaded truck, 


(W + 7a) BC = (P + F) AC -h/{W + w) AB ; 
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for light truck, 


Whence 


(P - F) AC= 7 £/ . BC • AB. 


(W + w)BC-F. AC = F. AC + a;. BC+/- AB(W + 27e;), 
2F. AC=W.BC-/- AB(W + 27fy), 

which gives us the value required. 

[The student should obtain for himself this result by consider- 
ing the machine as a whole (see preceding case).] 

If we wish to draw np heavy trucks then the pulley 
at the top must be connected to an engine which forces 
it to revolve against the difference of tension. In this 
case, the empty trucks being lowered render a less 
effort on the part of the engine necessary. Taking this 
case as a whole, we have 

Energy exerted by engine=M x angle turned through by pulley. 

But the angle turned through by the pulley is, in 
circular measure, AC/r, and M = 2Fr. 

AC 

. • . Energy exerted = 2 .¥rx "-y- = 2 F x AC, 

Work done = W . BC. 

Work wasted =y(W 4 - w)AB +/’. w . AB. 

.-. 2F.AC = W.BC+/(W + 2Z£/)AB. 

We may now find the necessary power of the engine 
to effect the lift in a given time. 

For let time of lift be t minutes, W etc. be in lbs., 
and AB etc. in feet. Then, 

Energy exerted in t minutes=W. BC -f/( W + 27e/)AB ft.-lbs. 

. W.BC-h/(W4-2ze/)AB. ' 

. *. Energy exerted in i minute = tt.-lbs. 

and 

„ „ W.BC+/(W + 27tOAB 

.*. Horse Power = — - . 

/ X 33000 
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[Notice that the last expression is a number simply, not foot- 
lbs. Suppose, for instance, it were 6, then the engine is 
equivalent to six horses, not six ft. - lbs. horses, which is 
evidently nonsense, yet this is a common mistake.] 

Practical examples of all the preceding cases can be 
found in cable tramways, in which, at one and the same 
time, some cars may be running on a level, others 
going up inclines, and others going down ; and the 
weights vary as they are more or less occupied. 

The Wheel and J^le . — We have seen that the 
friction of a turning pair depends on the pressures on 
the bearings and their radii (page 6^. 

The principal part of the problem then will be the 
determination of these pressures. 

1 st Case. — The Wheel and Axle in its usual ideal 
form. Let 

R = radius of wheel, 
r= ,, axle, 

r'= ,, bearings. 

If the bearings were of different diameters it would 



be necessary to consider them separately, and hence find 
the pressure on each. We will, however, suppose them 
equal, and we can then treat them as one. 

We have then 

Total pressure =P-fW, 

Moment of friction =/'(P-fW)r' (page 69). 

And hence for one revolution 

P X 27 rR = W X 27 rr+/(P + Wy X 27 r, 
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and 


PR=W;-+/(P+W)r', 

„ W K-f/ 

■ ■ ratio =p . 


Efficiency = Force ratio x velocity ratio, 
K-// 1- 

“/-+// R’ 


which is independent of W. 

It will not be so, however, if we consider the weight 
of the wheel and axle. 

2d Case — The Windlass. — We will not take any 
particular dimensions, because, as we shall now see, we 
cannot obtain in any simple manner results of practical 
value. 

Consider how the effort is applied, actually it will be 
continually varying both in magnitude and direction, 
but let us suppose it applied in a definite manner, say 
of conkant magnitude, and always at right angles to the 
handle. 

The friction of each bearing depends on the total 
pressure on it, and that on the two bearings on the 
total pressure on the two ; this total pressure also 
happened in the last case to be the resultant pressure 
P -I- W, and hence was easily found, and constant. But 
now we shall have to find the actual pressure on each, 
and this will be continually varying as the direction of 
P varies, so that we should have to find it for every 
position of the handle. Then for each position we 
could find the friction moment for each bearing. These 
being variable, the work wasted would be found graphi- 
cally by drawing a curve of moment, and finding its 
area (page 8o). 

Such a process as the foregoing is rarely if ever^ 
necessary, and it is therefore sufficient to indicate it 
simply, without entering into the details. 

A sinylar remark applies to the capstan. 

L 
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The Screw. — The friction we here consider is that 
of the screw pair alone, if there be other pairs their 
frictions must be calculated separately. 

Let then 

M = turning moment. 

W = weight lifted or resistance to motion. 

/= length of thread in nut. 

^/=mean diameter of screw {i.e. midway between top and 
bottom of thread). 

/= coefficient of friction between screw and nut. 

/ = pitch of thread. -* 

The screw is then acted on by W, M, the normal 
pressure between its thread and the nut, and the friction 
also between these. The two latter forces are distributed 
over the whole length /, and across the breadth of the 
thread, and we shall treat them as if they were all con- 
centrated at the mid-breadth of the thread, so that the 
screw reduces to the form here shown, the thread being 
represented by the single line 
on a cylinder of diameter d 
or radius these being the 
mean diameter and mean 
radius of the screw. 

The distributed forces are 
represented by the small 
arrows. These appear to be 
in varying directions, but this 
is due to our point of view. 
When we look straight at the 
screw, the small piece directly 
in front of us is at an angle 
a to the horizontal such that 
XzXi^—pl'Kd (page 109), and this is true wherever we 
st^nd. 

If now we resolve all the forces vertically, we have, 
if R = sum of all the small normal pressures, 

Vertical resultant of all the normal pressures = R cos a. 


|lV 





Fig. III. 
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[See the small figure which represents one small force, and is 
the same for each of them.] 

Vertical resultant of all the small frictional forces =/Rsiii a. 

[See small figure again.] 

Then R cos a upwards balances W and /R sin a 
downwards, M having no vertical effect, 

. W+y'Rsina=Rcosa, 
or 

W = R(cos a -f sin a). 

Also each small force, call it q say, has a horizontal 
component q sin a. 

And the small frictional force fq has a horizontal 
component fq cos a. 

These act in the same direction, and have together 
a turning moment 

(^sina+y^cosa)^ 

about the axis of the screw. 

The same is true for each small force, 

.•. Total moment = (Rsin a+/Rcosa)r. 

[Since all the ^’s together make up R. ] 

The nut then offers this resisting moment to the 
turning of the screw, and there being no other body 
resisting the turning, we have 

. • . M = (R sin a + /R cos a)r. 

Taking then one revolution 


Energy exerted = M x 27 r, 

27 rrR(sm « +/COS a). 
Work done = W x /, 

= R(cos a - /sin a)/, 

Efficiency^ 

" 27 rr(sina+/cosa) 


=tan a. 


ifcr 


But 
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Efficiency = 


tan a(cos a -/sin a) 
sma+/cosa 
I - /tan g 
I +/cotana‘ 


Also we can write / as the tangent of an angle, say 
<j> (page 140), 


. • . Efficiency = 


I - tan <f > . tan a 
I +tan (p . cotan a’ 


_ tan a 
tan (a -f- 0)’ 

A very simple form, which can be easily remembered, 
and we must, of course, also remember what (f> is. 

Pulleys. — There would not in the pulleys be much 
difficulty in determining the axle friction of the sheaves; 
but the chief frictional resistance does not arise from 
this, but from the resistance of the ropes to being bent 
and unbent, arising from an internal friction between the 
fibres. This also would appear in the wheel and axle. 

The kind of friction just spoken of is outside our 
present limits, and is, in fact, not known with any great 
accuracy. Hence we cannot effect a detailed examina- 
tion in this case, but we can, however, treat the friction 
as a whole in the following manner ; — 

Take any system of pulleys and experiment with 
different loads, finding in each case the effort required 
to steadily lift the load. Let 


P = effort, 

W = load, 
distance P moves, 
= distance W moves. 


x/y is then the velocity ratio, and y/x would be the 
mechanical advantage if there were no friction, since we 
^should have 

iy='Wx. 

But now we shall find that all our experimental 
results will satisfy a formula or equation 
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Pjj / = 'Wx + eWx + Poj, 

where e and are constant for all values of W and of P. 

This is said to be the law of efficiency of lifting 
tackles or pulley systems. Two experiments will be 
sufficient to determine the values of e and P^. One 
may be with W = o, z.e. no weight at all ; then we have 
P = Pq (from above), so that P^ is the effort required 
to bend and unbend the ropes, and to turn the sheaves 
on the axles against the friction caused by the weights 
of the block and ropes. The remaining part eWx of 
the waste work is the loss due to pressures caused by 
the actual load lifted. 

There appears then to be a separation into two dis- 
tinct kinds of waste, but we cannot separate them per- 
fectly because they interact on each other. The equation 
or law given is on the whole fairly accurate. 

The efficiency is 

Wjr_ Wx 
Vy ~Wjr(i +^) + Poy 

and the counter efficiency = i -f- ^ -h P^/W;r, so that if W 
be a very large weight compared with P^^, i -p ^ is practically 
the counter efficiency, so we could roughly determine i 4- ^ 
by lifting a very large load and measuring the value of 
the counter efficiency Pjk/Wx. 

We have dealt pretty fully with the cases we have so 
far considered, as they exhibit the methods we must use 
in the great majority of machines. Space prevents our 
examining any more of the simple mechanisms of chap. 
V, but the method we have used will apply. 

Examples. 

I /V tram car weighing 4 tons, resistance on the level 15 
per ton, is pulled up an incline of i in 18. Find the pull re- 
quired, and also the amount of error which would be made by 
taking the resistance to be the same on the slope as on a level. 

Alts, 557 lbs.; .114 lbs. 
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2. If 8 passengers, each weighing 130 lbs., enter the car, ' 
what increase of slope is this equivalent to ? 

Jns. I in 1200 about. 

3. The draught of a waggon is 40 lbs. per ton, and the co- 

efficient of friction between the skid and road J. In going down 
an incline, with one of the four wheels skidded, the speed is the 
same as on a level road with no skid, the horses exerting the 
same pull. Find the slope. A ns. 1 in I7|. 

4. The engine of a goods train can just pull it on a level at 
25 miles per hour. Resistance 17 lbs. per ton. Two points A 
and B bn the line are 10 milesiapart, and B is 60 ft. below A ; the 
slope from A to C, an intermediate point, is i in 300, and from C 
to B I in 600. hind at what point of the clown grade the speed 
which was 25 miles per hour passing A wdll again be the same, 
and what was the speed at the summit. Also what reduction of 
power must then be made to keep the speed from rising. 

Am. 2.12 miles from the summit, 8^ miles per hour. Reduce 
by . 22 of original power. 

5. A locomotive weighs 45 tons, of which .48 rests on 
the driving wheels. What must be the coefficient of friction 
between the surfaces of the driving wheels and the rails that the 
engine may just draw a train, total weight 200 tons, at 50 miles 
per hour without slipping, up an incline of i in 300. Resistance 
45 lbs. per ton. (This friction is called the adhesion. ) 

Ans. .217. 

6. A ship weighing 2000 tons is launched. Find what slope 

of the ways is necessary for uniform motion when once started. 
Also, what should be the area of bearing surface so that tjie 
pressure shall not exceed 2^ tons per sq. ft., and so force out 
the tallow? Coefficient .14. Am. 8°; 800 sq. ft. 

7. The trucks of a double incline weigh 4 tons, and are loaded 

with 5 tons. Find the slope so that the loaded truck would run 
steadily down. Resistance 17 lbs. per ton. Afts. 1° 9'. 

8. The actual slope in the preceding being 30°, find what 

frictional moment must be applied to a pulley 8 ft. diameter to 
keep the motion uniform. A^^s. 9§ ft.-tons. 

9. If the bearings of the pulley be 6 ins. diameter, and the 
; friction coefficient yV, solve the preceding, taking account of 

ii?e friction of these bearings. Ans. 9.57 ft.-tons. 

10. The wheels of a railw^ay carriage are 3 ft. 6 ins., weight 
18 tons. The coefficient of friction between the brake blocks 
and wheels is .4. Find the total pressure between the blocks 

'^and wheels, so that if detached on an incline of i in 120 the 
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carriage may not run down. Ordinary resistance, 14 lbs. per ton. 

A us. 210 lbs. 

11. In question 2, page 131, the diameter of the axles of the 

pulleys is | in. Coefficient of friction Find the efficiency, 
omitting stiffness of the ropes. A ns. .88. 

12. In question 6, page no, the mean diameter of the thrust 
rings is 15 ins. Coefficient of friction .05. Find the efficiency 
of the thrust block — shaft pair. 

Ans. Work done per revolution, i20 X 27 r inch-tons. Work 
wasted, 10. 56 inch-tons. 

. • . Efficiency = .986. 

13. In question 7, page 91, the bearings are 7 ins. diameter. 
Coefficient yV- Draw a curve of frictional moment and calculate 
the work lost in friction per lift. 

Ans. Total weight is constant, therefore curve is a straight line. 
Work lost = 5. 9 ft. -tons. 

14. In question ii, page 133, calculate the efficiency, if the 

diameter of bearings for each shaft be 3J ins., and the driven 
pulley 2 ft. 3 ins. diameter. Coefficient yV* • 939 « 

15. Find the efficiency of the screw jack of question 9, page 

38. Coefficient .06. Depth of thread of the pitch. Diameter 
3 in. Ans. .45. 

16. Find the law of efficiency of a pair of three-sheaved blocks 
in which a 12 lbs. pull raises 40 lbs., and a 70 lbs. pull 300 lbs. 

Ans. P = .223W + 3^ in lbs. 



CHAPTER VIII 


THE DIRECT ^ACTING ENGINE — MOTION 

Of all machines the above is probably the most import- 
ant, and hence we will examine it thoroughly in detail, 
so far as the limits of the present work will allow. 

Fig. 1 1 2 shows the construction of a vertical engine 



for marine propulsion, and will serve as a type of all 
direct actors. 

A is the cylinder; B, B, B the framing; C the 



CHAP. VIII THE DIRECT ACTING ENGINE 


153 


piston ; D the piston rod ; E the connecting rod ; and 
F the crank shaft. 

The shape or construction of the parts is not, to us, of 
importance except in so far as it governs the motion, z.e. 
we care only about the positions and shapes of the bear- 
ing surfaces. 

We have then as essentials — 

I St. A fixed piece A and B, B, B. This we consider 
as only one piece, because, although it is actually made 
in parts, this is only for constructive reasons, and as far 
as the motion is concerned it might be one solid cast- 
ing. 

[In some small engines it is actually so.] 

2d. A piece, C and D, which slides in A (see chap, 
i. page 19). 

3d. A piece E, which is connected to D by a pin 
joint, so that E turns relatively to D. The centre of 
the pin is in the centre line of C and D. 

4th. A piece F, which can turn in the end of E, and 
also in a bearing in B, z\e. in A. So we have returned 
to A again. The centre line of the last bearing, or 
bearings, must meet the line of stroke, as shown at O 
in the skeleton figure. 

The machine consists then of four pieces, connected 
as here shown : — 


Sliding Pair 
Turning Pair 
Turning Pair 


r Framing and cylinder-< — s 
Piston and rod ■ 


J 


Connecting rod 
Crank shaft-^ — 


>-Turning Pair. 


The J^znd of relative motion of these pieces we have 
given us by the connections, and we now wish to find 
the relations which exist between their amounts, 

F or this purpose we do not need the outlines / alifd 
cross dimensions as given in Fig. 1 12 {a\ but simply fhe 
dimensions of the skeleton figure {b). In (^) the framing 
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is represented by the paper and the pieces. by their 
centre lines only. The small part shaded is to show 
that the piece C and D slides in the direction of its 
length. The dotted circle shows the path of the centre 
of the crank pin, generally called the Crank Pin Circle. 

Position of Piston. — We will first consider how to 
find the position of the piston when we know that of the 
crank and vice versa. 

First we must notice that, since the piston rod and 
crosshead all slide as ope body in a straight line, it 
follows that if we know the position of any one point in 
this body, then the position of the whole is fully deter- 
mined. There is then no need to do more than find the 


B 



Fig. 113. 

position of this one point, and then the position of all 
the others follow. 

Suppose, ‘ for example, we select the centre of the 
crosshead bearing, which in the skeleton figure we should 
call the end of the piston rod. Then in Fig. 1 13 we have 
drawn the piston and rod, A being the piston and B the 
centre of the crosshead — the dotted line below is drawn 
to show the travel on. 

Take ab to represent the stroke of the piston. Then 
when 

A is at B is at a' (beginning of its travel), 

A is at h (end of its travel), B is at // (end of its travel), 

A is at r (centre of its travel), B is at / (centre of its travel), 

and generally when 

A is distant x from c, B is distant x from c\ 
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These results depend on the fact that AB is a con- 
stant length, i.e. length of skeleton rod, and they show 
that B travels in its path exactly as A travels in its path. 

Our problem then is reduced to finding the position 
of the end of the piston rod for a given crank position. 

In Fig. 1 14 O is the centre of the crank circle, AA' its 
diameter in the line of stroke ; then A and k! are called 
the dead points or dead centres^ and AA' is called the 
line of dead centres. Let 

^z = length of crank arm, 

= length of connecting rod. 

Take now OP representing a given position of the 
crank. 

Then producing A'A the end of the piston rod must 



Ftg. 1 14. 


lie on this line, since it is the line of stroke. But the 
end. of the rod must also be at a certain distance from 
P, because it is connected to P by the connecting rod. 
If then D be the position of the end of the rod, P D must be 
the length of connecting rod. We can then at once 
see how to find D, for taking a radius na^ sweep out an 
arc with P as centre, and the point D where this arc cuts 
A'A produced is the position of the piston rod end. 

Take now AD^ and A'Dg, each equal to nu Then 
Dj and represent the ends of the stroke, and the 
point D moves forward and backward along D^Dg, 
showing the position of the piston rod end in its stroke. 
But looking back we see that the piston moves identically 
in its stroke, and so we can say DjD2 shows the path 
of the piston, and D gives the piston position. 
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But we can still further extend this method : for AA' 
is equal to D^Dg, so that AA' may be taken to represent 
the piston stroke. 

Now with centre D, radius DP, describe the arc PM, 
cutting AA' in M. 

Then Dyi=^na, and so as D moves along DjD2, M 
will move identically along AA'. 

It follows then that the position of M in AA' is 
identical with that of the piston in its stroke, and hence 
we say M gives us the piston position. We see then now 
how to find the piston position corresponding to a given 
crank position, and we have seen that it may be repre- 
sented in two, or even more if we like, different ways. 

Q-raphic Representation. — When we have ob- 
tained a piston position corresponding to a given crank 
position, or vice versa^ then by marking down in some way 
the result of our construction, we shall be able at any future 
time to obtain this particular result without the trouble of 
going again through the construction. Now the simplest 
way of defining the piston position is by its distance 
from the middle of its stroke, /.^. (Fig. 114) the distance 
OM. 

Suppose then that along OP, the crank position, 
we set off 00 == 0 M, then we could rub out the whole 
of our construction, leaving only the point Q, and 
if at any time we required the position of the piston 
corresponding to the position OP of the crank, we should 
only require to measure OQ, and we should then know 
it was this distance from the middle of its stroke. 

Repeat the above construction now for a large number 
of crank positions OP^, OPg, etc. obtaining the points 
Qi, Qoj (Fig. 1 15). Now for clearness transfer the 
Q’s to a new figure (Fig. 1 16). 

By means of the figure thus obtained we could find 
the piston position at any time, for any one of the par- 
ticular cranks OP^, OPg, etc. marked on it. 

But now, instead of leaving simply a set of discon- 
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nected points, Q^, Qg, etc. draw a continuous fair curve 





through them as completed in Fig. ii6. Now we can 
determine the piston position for any crank whatever. 
For draw any crank, as O/, then 

where Op meets the curve is 
the distance of the piston from the 
middle of its stroke, when the crank 
lies along Op. 

The curve which we have just 
drawn is called the curve of 
piston position, and it may be of 
advantage now to summarise the “ 

method of constructing it ; our explanation so far being 
more directed to showing how we are naturally led to 
construct such a curve than to indicate how we should 
practically set to work on it. 

We proceed then thus (Fig. 1 17) : — 

Draw the crank circle on any convenient scale. 
Draw the line of dead centres or stroke, and produce it. 
Divide the crank circle into a large number of parts, say 
24, commencing at A, and number them o, i, 2, etc., up to 
23. Set a pair of compasses to the length of the connect- 
ing rod, on the same scale as the crank circle is drawn, and 
from o describe a circle cutting the line of stroke in o, from 
I an arc cutting the line in i, and so on up to 12 or A'. 
There is no need to go farther, as we shall only get the 
same points over again, so simply number them back again. 
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Draw the cranks Oi, O2, O.3, etc., and with fixed 
centre O draw arcs — 

I 'I, cutting Oi in I. 

2TI, cuttii^ O2 in II. 

23'XXIII, cutting O23 in XXIlf. 

Now draw a fair curve through A, I, II . . . O . . . XXI 1 1, 
A. 

The process can be followed in the figure ; and 
examples should be drawn to as large a scale as 
possible. 

The part of the curve near O is not very clear in the 
main figure, so it is shown enlarged in Fig. 117 (a). 
Here we see that there are, we may say, two separate 
enclosed curves, having as common tangents the cranks 
corresponding to zero distance of the piston from the 
centre of its stroke, z.e. piston at O, taking AA' as the 
stroke. To find these crank positions we simply reverse 
our original construction for piston position, i.e. from O', 
the centre of o, 12 the stroke, we strike an arc with radius 
O'O, i.e. connecting rod length, cutting the crank circle in 
two points and O2 (Fig. 1 18), and then 00^ and OOg 
are the two required cranks. The 
curve which lies to the left of these 
cranks shows distances to the left 
of the centre, and that lying to the 
right distances to the right of the / 
centre. For cranks very near OOj 
or OOg it is not advisable to trust 
to the curve but to perform the 
original construction. 

We can now use this curve to 
give us the piston position corresponding to a given 
crank, or vice versa. The former we have already con- 
sidered, for the latter we proceed thus : — 

Let the given piston position be at a distance x from 
its mid-position. 
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Tajce a radius x and with ^centre O desqribe a circle. 
This circle cuts the curve in ' four points, either of 
which joined to O gives a crank position fulfilling the 
required condition. To det^ermine which is the particu- 
lar one We must'know on which side 
of the centre the, piston is, and in 
which direction it is travelling. 

Thus in Fig. 1 1 9 if the piston be 

In OA travelling to A', Oi is the crank 
,, ^ ,, from A', O4 ,, 

„ OA' „ „ A', O3 

,, „ ,, to A', O2 ,, 

Obliquity of OonneQtiug 
Rod. — We have seen that the piston position corre- 
sponding to a given crank position depends on the ratio 
of connecting rod to crank arm. 

Now to see in what way an alteration of connecting 




rod length does affect the position, let us examine Fig. 
1 20, where we have two examples drawn, differing only 
in length of connecting rod. % 

In each figure O is the crank centre, OP a given crank, 
CP the comiecting rod, and M the piston position, PM 
then being an arc with centre C. 
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In eacjv drop PN perpendicular to the line of 

stroke. 4 ' \ 

In eack figure the distance CN is less than CM 
or CP, the connect!^ r<^ length. The amount of the 
difference in each cas^ depends on the angle PCO, />. 
on the ^Hquity of the Connecting rod ; and it varies 
from zero at the beginning and end of the stroke to a 
maximtitn ^omewh^re bet^veen. 

Contrasting ^e two figures we see that MN i§' fnuch 
less in {b) than in (a), due to thfe fact that the connect- 
ing rod is longer M. Q)). If we made the connecting 
rod still longer, the difference MN would be less still ; 
ami when the ratio of connecting rod to crank reaches 
say about 12:1, the points M, N would be practically 
identical. ^ ^ ' 

The process of dropping a perpendicular from P is a 
simpler one than that of finding the arc PM ; and, 
moreover, the result obtained can be expressed in a 
simpler form. Hence, for many purposes, we treat the 
point N as the piston position instead of M ; our error 
in doing so is MN ; and we say MN is fhe error due 
to obliquity^ .>ai30d N is the piston position neglectmg 
obliquity, 

We canr very easily calculate the amount of the error due to 
obliquity. For with the usual lettering (Fig. 120) 

^ MN=:CM-CN, 

= na - na cos PCN. 

PCN is usually denoted by <b and PON by 
MN = wa (i - cos 0), 

• 2 *^ 

= 2 na bim — • 

2 

The “greatest value of 0 is when the crank is upright, i.e, 
^ = 90“; and then 


It is quite near enough, ^ being a small angle, to t^w 

sin — =isin0= — . 

2 ^ ^ zn 


M 
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Whence 

Greatest value of MN = 2«a x or — 

7.n 

(j being the stroke). 

If « = 4, the greatest error is only j/i6, while if «=I2 it is 
only j/48. 

There are two cases in which there would be no 
error due to obliquity. 

I St. With an infinite connecting rod, for then M and 
N would be identical. This is of course an impossi- 
bility. 

2d. With connecting rod of length zero. 

This latter can be in a way effected, and there is a 
certain practical type of direct acting engine, which we 
may say has a connecting road of zero length, and the 
movement of which is unaffected by obliquity. 

The figure shows a portion of the mechanism of such 
an engine, used as a pumping donkey. 

A is an outside view of the cylinder, with guides 



Fig. 121 , 


fastened to the top and bottom. is the piston rod, 
the end being either forged solid or screwed into a cross- 
piece, thus forming a T head, in which is cut a slot at 
right angles to the line of stroke. C is a block sliding 
in the slot, which (€) in a way takes the place of the 
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connecting rod and contains the crank pin brasses. O 
is the centre of the crank shaft, the crank circle being 
dotted. The shaft is only shown by its centre, and the 
remainder of the mechanism is, for clearness, omitted. 

Now, plainly this mechanism works as an ordinary 
direct actor neglecting obliquity. 

For taking the centre point of the slot as defining the 
motion of the piston (page 154), this point always is at 
N, the foot of the perpendicular from P, the centre of 
the crank pin, on to the line of stroke. This point is 
also the centre of the end of the piston rod, so that it 
is C in our former figures, thus C and N are identical ; 
and this is why we say that in a way the connecting 
rod is of zero length. 

Having thus found that results obtained neglect- 
ing obliquity are not only approximate for the ordinary 
engine, but are also the actual results for another kind 
of engine, let us see what these results come to. 

To find the piston position, we simply drop PN 
perpendicular to AA'. 

But now let us proceed, as on 
page 160, to draw a curve. 

Then (Fig. 122), we make 
OQ = ON, and so on. Doing this, 
and drawing a curve through the 
Q’s obtained, the student will find 
he obtains two curves, as in Fig. 

122, which look very like circles, 
with OA, OA' as diameters. And in fact they are so, 
as can be readily proved. For 

ON=ia cos By 
.’.OQ = acosB, 

= OA cos B, 

therefore AQO is a right angle. 

Therefore Q lies on a circle having OA for diameter, and 
similarly for the other side OA'. 

We see then that the determination, neglecting 
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obliquity, of a piston position is by far simpler than the 
actual accurate determination ; and thus for proportions 
of connecting rod to crank which do not make the error 
very large, we can save much labour by the use of this 
simpler diagram. 

There is one important case in which we utilise the 
diagram just obtained, and which we will now briefly 
consider. 


Motion of the Slide Valve. — Fig. 123 shows the 
ordinary eccentric motion by which the valve is driven. 



This we can easily see is identical with that of a 
direct actor, for 

A is the shaft, 

OP the crank arm, 

B is the crank pin, centre P. 

B is of course made very large, so that it actually 
embraces the whole of the crank arm in itself and pro- 
jects on the other side of the shaft. But, as we have 
explained, the size of a bearing does not affect the 
motion, but only the position of its centre point. Since 
B however is so large it gets a new name, viz. Eccentric. 

Then we have the connecting rod, now called 
Eccentric Rod and Strap, but being nevertheless only to 
us one piece, as the connecting rod was. The centre 
line of this is PC. 
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Then C is the end of the valve rod, which slides 
backward and forward as the piston rod does, driving 
the slide valve as the piston rod does the piston. 

This mechanism then will be treated exactly as the 
direct actor ; but the proportions are such, i.e. the ratio 
CP : OP is so large, that we can, with almost absolute 
accuracy, neglect obliquity, 
and hence we shall do so. 

Take then (Fig. 124), 

AA' — stroke of valve. 

Bisect AA' in O, and 
draw the two dotted circles. 

These circles are the 
curves of valve position, 
and when the valve crank, 
or Eccentric Radius^ as it 
is now called, lies along OP 
say, the valve will be at 
a distance OQ from the 
centre of the stroke. 

Zeuner’s Diagram. — But now, what we generally 
wish to know is the valve position for a given position 
of the main, not the valve crank. 

To obtain this we must of course know how the two 
cranks lie relatively to each other. This relative posi- 
tion is always expressed by what is called the Angle of 
Advance^ which we will represent by 8. 

Then 8 being given as the angle of advance, thi^ 
means that the valve crank, i.e. eccentric radius, is, during 
the rotation, in advance of the main crank by an angle 
7r/2-f 8, so that it would in ordinary language be more 
correct to give 77/2 + 8 as the angle of advance ; but the 
technical meaning is as just explained. 

In Fig. 124 then the direction of motion being as re- 
presented by the arrow, the main crank would be at 
OP', where P'OP = 7r/2+8, and the process to follow 
would be : — 
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Draw OP', the given crank position. Measure P'OP 
in the direction of motion, equal to 7r/2 + 8, and then 
measure OQ. 

We should then have obtained the distance of the valve 
from the centre of its stroke when the crank is along OP'. 

[Notice OP' is not the crank arm now in magnitude.] 

But now instead of keeping the dotted curve and 
going through the preceding work every time we require 
a result, we shall save time by marking off OQ along 
OP', and the same for a large number of cranks, and 
then drawing a curve through the points so obtained we 
shall have a curve whose intercepts on the main crank 
give the valve positions. 

We will commence then to do this as follows : — 

Make OQ' = OQ. 

Now, is it necessaiy to continue this for a large 
niimber of cranks ? The answer is No ! 

For what we have done is to shift Q dac^ through 
7r/2 + 5, and plainly we shall shift all the other points of 
the dotted curve back through 7r/2 + 5. 

But the final result of all this will be simply to turn 
•^the two circles back through 7r/2-f 6, leaving them still 
drdes. 

Hence then our practical construction, viz. — 

< Take CC', making 7r/2 + 5 with A' A as shown, then CC' 
is'the position to which AA' will turn, and the two circles 
OC' as diameters are the position circles. 

• The diagram thus obtained is called Zeuner’s diagram, 
betttg due to Dr. Zeuner, and the two circles are gener- 
a^y called Valve Circles. 

We may again repeat that its property is this. Tak- 
ing any position of the main crank, the intercept between 
O and the circle, on the crank arm, gives the distance 
of the slide valve from the centre of its stroke. Its 
practical uses require a study of the slide valve and it 
appertains more properly to Engine Design. 
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[The student should notice thAt OC lies before OB by an angle d. 
This sometimes causes a little confusion, because the eccentric 
being 7r/2 + 5 in advance of the crank, it is thought OC should be 
7r/2 + 5 from OA'; but it must be remembered that OC comes 
from OA by backward turning, not from OA'.] 

Piston Velocity. — After considering position, we 
naturally come to change of position, or motion ; and 
rate of motion, or velocity. 

We will in the present section commence with the 
motion neglecting obliquity, that being the simpler. 

The first question will be the determination of the 
relation which exists between the velocity of the piston 
and that of the crank. We have here used the ordinary 
mode of expression, but strictly we should have said 
velocity of piston relative to cylinder and framing, and 
velocity of crank relative to the same ; or velocity of 
piston-cylinder pair, and of crank-frame pair. Of course 
we have made the tacit assumption that the cylinder and 
framing are fixed. This preliminary statement being 
understood once for all, we shall use the common mode 
of statement. 

In Fig. 124 we have tjie crank, 
etc. with the usual lettering. 

We have first to settle how we 
will estimate the crank velocity. 

It is an angular velocity, sayA^ 
per second, or we can define it by 
the linear velocity of the crank pin, 
say Vq £s. Then in the latter 
case a is the radius of reference 
(page 31), and 

Now, when at P, the total velocity of the crank pin is 
Yq in the direction of the arrow, i,e. at right angles to OP. 

This velocity is equivalent to a velocity Y q sin 0 
parallel to A A', combined with a velocity Yq cos 0 along 
NP. 
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Looking at the connection of the pin with the piston 
rod head, it is plain that any motion of the pin parallel 
to A A' must cause an equal motion of the head in that 
direction. Hence 

Velocity of piston rod parallel to AA' = Vo sin 0. 

But the piston rod can only move parallel to AA', so 
that this velocity is its total velocity ; and hence call- 
ing the piston velocity at the instant considered V^ we 
have 

= Vo sin B. 

[With regard to Vo cos the other part of Vo. This part 
does not cause any motion of the rod, for the pin is free to slide 
along the slot in the direction NP. It follows then that the pin 
having a velocity Vo cos 0 in that direction, and the piston rod 
head having necessarily no velocity in that direction, Vo cos 0 is 
the velocity with which the pin, and necessarily the block en- 
circling it, slides along the slot. 

So sliding velocity of block -piston rod pair = V^ cos 0. 

We should here particularly notice that Vo is the total 
velocity of the pin, hence we can resolve it into its components 
as we have done. But suppose we had looked at the question 
in another way as follows : — 

The piston moves forward with a velocity V' say, therefore 
resolving V' in the direction of motion of P we obtain, 

V^=V' sin 0, 

Then we should be wrong, the reason being that V' represents 
only a part of the motion causing the motion of the pin. In 
addition to moving along with V', the pin must necessarily slide 
along the slot with some velocity V", and then Vo is the com- 
bination of the two, thus Vo contains also a term representing 
the effect of V" in the direction of Vp, and the total result is 

Vo = V' sin^ l-V" cos 0. 

This agrees with what wc before obtained. For 
V' = V„ sin 6>, V" = Vo cos 0, 

.* . V' sin ^ H- V" cos 0 = Vo sim 0 -t- Vo cos^ 0 = Vo, 

so that we obtain the same result. 

The foregoing is a very common error, and should be carefully 
guarded against.] 
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Since sin 0 , w& have 

Velocity ratio of piston to crank 

V 0 

= 5in 0 (radius of reference a). 

We want now a graphical representation of this, and 
there are two ways in which we may look at it. 

1st. Let Vo be constant. — Then we can represent 
this constant velocity by a line of given length ; gener- 
ally we take OP to represent Vo and then the scale is 

OP in inches to f.s., 
or 

I inch to Vo/OPT.s., 

OP here standing for the number of inches it measures 
in the diagram, and having nothing whatever to do with 
that length — the crank arm — which on another scale it 
represents. 

Thus if a = 2 ft., and we draw OP = 2 ins., then the linear scale 
is I in. to I ft. Now if Vo=20 f.s. say, the velocity scale would 
be 2 ins. to 20 f.s., not 2 ft. to 20 f.s. 

OP then representing Vo, if we draw PR parallel to 
AA', cutting OB in R, we 
obtain 

0 R = OP sin 6 , 

therefore OR represents 
the piston velocity. We 
proceed then to draw a 
curve of piston velocity A 
by making, on OP, OQ 
equal to OR, and so on 
for a large number of 
cranks as shown in Fig. 

126. 

Then a curve drawn Fig. J26. 

through the Q’s is a curve 

of piston velocity, the intercept which it cuts off on any 
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particular crank giving the piston velocity corresponding 
to that particular crank position. 

It is simple to prove, as in the position curve, that 
the curve consists of two circles, but on OB and OB' 
now as diameters, instead of OA and OA'. 

The piston velocity then varies from 


to 


Zero at A and A' 
Vo at B and B', 


and is found for any intermediate crank position OP by 
measuring OQ on the particular velocity scale previously 
described. 

The inverse proposition, to find the crank position 
for a given piston velocity, is equally simple. For take 
OQ on the velocity scale to represent the given velocity, 
and then describe a circle with centre O, radius OQ, 
which will cut the curve in four points, either of which 
joined to O gives a crank position fulfilling the required 
condition. 

The curve just drawn gives us crank positions, and if 
piston positions be either data or required results, we 
should have first to find the crank position corresponding 
to the given datum, and then deduce the velocity or 
piston position required. 

This process is simple enough, but we can render it 
even simpler by drawing a curve, once for all, which 
shall give velocities corresponding to given piston 
positions, and vice versa. 

To do this we must proceed thus : — 

Taking any piston position N (Fig. 126), set up NP 
perpendicular to AA', and along NP mark off the piston 
velocity corresponding to the piston position N. But 
since OP is the corresponding crank, this piston velocity 
is V<, sin i.e. NP itself; and thus the curve drawn 
through the points so obtained is the crank circle itself. 

We have then two velocity curves : — 
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One in which intercepts are measured from a point 
O, or a pole ; hence called the Polar curve. 

And one in which intercepts are measured from a 
base line f hence called a Linear curve. 

2d. Let Vo be not constant. — We cannot now 
represent Vo by a line of constant length. But the work 
by which we obtained the velocity ratio did not depend 
on the constancy or otherwise of Vo, and hence we still 
have 

Velocity ratio of piston to crank = sin 

and if we take such a scale that OP represents unity, 
OR (Fig. 126) will represent sin 

We can then still draw the curve as usual, but OQ 
now does not give the velocity of the piston, but only the 
ratio of its velocity to that of the crank on the scale just 
explained. 

The preceding is not of very great practical import- 
ance, since Vo is in most cases so nearly uniform that we 
may without sensible error assume it to be exactly so. 

Mean Piston Velocity. — Referring to chap. i. 
(page 22) we have for this simply 

V ~ str oke 

time of stroke* 

[Stroke meaning either the backward or forward movement, 
but not the whole. ] 

But 


time of stroke = time of half revolution, 


= (since -Ka is the length of the path of pin), 


• V =-=:^V . 

7r<2 TT ^ 

v; 


But Vo, besides being the crank speed, is also the 
maximum piston speed, 


. • . Ratio of maximum to mean piston speed = tt : 2. 
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Actual Motion with Obliquity. — We must now 
see what results we obtain in the actual motion, taking 
account of the obliquity, and we can also see how they 
compare with our preceding simple ones. 

To obtain the relation between and V^, we cannot 
proceed quite so simply as we did before. 

Drawing the usual figure, we have C moving towards 
O with velocity V^, and P perpendicular to OP with 
velocity Vq. 

Now there is a cqnnection between and V^, be- 
cause P and C are connected together, and the relation 
which exists between them depends on the particular 



method of connection. We must then examine into the 
connection, and when we do so, we see that its essential 
characteristic is that C and P cannot approach or recede 
from each other, the distance CP being constant. 

From the preceding it follows that if, at any instant, 
C have a velocity in the direction CP, P must have the 
same velocity in that direction. Because if it were not 
so, then P would be either approaching to or receding 
from C ; and this is not affected by either C or P, or 
both, having in addition velocities at right angles to CP, 
because no finite velocity at right angles to CP can be 
at the instant altering the length of CP. There may be 
a little difficulty experienced here, one cause perhaps 
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being that we speak of velocity along CP, while CP is a 
rod which is continually changing its direction ; this 
difficulty can be removed if we are careful to remember 
that the whole question relates to an instantaneous state 
of affairs, and that the direction CP does not mean the 
solid rod, because of course neither C nor P can move 
along the rod, but it means the line along which the 
rod at the instant lies, and it is a perfectly definite 
direction, in spite of the fact that, at the next instant, 
the rod will be along some other line. Some aid to 
understanding the point can perhaps be got from 
splitting the instantaneous motion of the rod into two 
parts; the first a bodily translation along CP, in which 
plainly C and P have the same velocity ; and the second 
a turning of the rod, so as to keep C up to the line of 
stroke, and P down on the crank circle, this latter con- 
sisting only of motions of C and P at right angles to CP. 

We have then 

The total velocity of C is along CO, which 
resolves into 

cos <t> along CP, 

and 

Vp sin <p perpendicular to CP. 

The total velocity of P is at right angles to OP, 
which resolves into 


Vo cos a along CP produced, 

Vo sin a perpendicular to CP (Fig. 127). 


We have seen that the two first components must be 
equal, 


.’. ypCosi^=VoCosa. 


Let now CP produced cut OB in T. Then 


cos ^ = sin OTP, 
cos a = sin TPO, 
V^;Vo=sinTPO:sinOTP, 

= OT:OP, 
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which gives us the velocity ratio, and if be constant 

and we take OP as 



before to represent 
it, then OT repre- 
sents Yp. 

We can now 
proceed as in the 
preceding to draw a 
curve of velocity, or 
of velocity ratio, by 
taking OQ along 
OP, equal to OT, 
and doing this for 
a large number of 
cranks, draw a curve 
finally through all 
the Q’s. The de- 
tailed construction is 
<» shown in Fig. 128. 
^ We explained very 
fe fully in the preced- 
ing case, and so we 
need not again do 
so. The crank circle 
is divided in i, 2, 
etc.; then 1 1,2 2, etc. 
are the connecting 
rods, which being 
produced cut OB in 
Tj, Tg, etc. Then 
we make 01 = OT^, 
on = OT9, etc., and 
finally draw the 
curve through I, II, 
etc., the lower half 
being symmetrical 
with the upper. The 
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curve so obtained is, if be constant, a curve of 
piston velocity, scale OP = V<,. 

If Vo be not constant, it is a curve of velocity ratio of 
piston to crank, scale OP = unity (compare page 174). 

We can now see what effect obliquity has, by com- 
paring this curve with the one obtained, neglecting 
obliquity. To do this draw the dotted circle on OB'. 
We then see that so long as OP is to the left of OB, the 
curve lies outside the circle, so the velocity is greater 
than that obtained neglecting obliquity. Also the 
maximum velocity is greater than V^, and occurs at a 
crank position before OB. When OP is along OB, 
V = Vo as it did before. When OP is to the right of 
OB, then the velocities are all less than they were when 
we neglected obliquity. 

The mean velocity is of course not affected by 
obliquity, and is always 



and is represented by the dotted circle. 

We can now obtain, if necessary, a linear diagram of 
velocity, on the stroke as base, referring to piston position. 



Fig. 1 29 shows the construction, and any further explana- 
tion can be got by referring to page 170, where the 
diagram is explained for the case neglecting obliquity. 

Angular Velocity of Connecting Rod. — The 
velocity here mentioned is sometimes required, and the 
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process of finding it will enable us to introduce an im- 
portant method, so we will briefly consider it. 

A pin in the end of the rod turns in a bearing in the 
crosshead, or vice versa, and the angular velocity we 
wish to obtain is that of the pin relative to the bearing. 
Now CP is the rod, and Vp, the velocities of its 
ends. The crosshead bearing has also the velocity Vp, 
and this causes our difficulty, because we have a moving 
bearing. Now the method we use depends on the 
following principle : We cannot alter the relative motion 
of two bodies by imparting to them as a whole a 



velocity in any given direction. This simply means that 
supposing the two bodies mounted say, on a stand, then 
we cannot by moving the stand about affect the relative 
motion of the bodies. 

Apply this principle then, by imparting to the con- 
necting rod and crosshead as a whole a velocity Vp 
parallel to OC. 

Then this leaves C with resultant velocity zero, so the 
bearing is reduced to rest, while P has now a velocity 
composed of Vp and V^. To find the resultant velocity 
of P resolve Vp and Yq along and at right angles to 
CP. Then along CP 

Resultant velocity = Vo cos a-Vp cos 0, 

= 0 (page 173), 
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which of course it should be, since, C being at rest, P 
can only move at right angles to CP. This verifies our 
principle. We have then 


Velocity of P is at right 
angles to CP 


= Vo sin a + Vp . sin 0, 


and graphically 

= OP sin a + OT sin (f>, 

= PN + NT 

,, (ON being perp. to PT), 

= PT . on the velocity scale. 


So the third side PT of the triangle OPT represents 
the linear velocity of P relative to the crosshead. 

We can at once deduce the angular velocity of the 
rod or pin in tiiif'bearing. 

F or, calling ft A, 

. __ Velocity of P 
A- , 


because the end C is now still, 

PT 

— V« 

OP^ ^_PT 

CP 

So the velocity ratio of connecting rod-crosshead 
pair to crank-frame pair is PT : CP. 

One result which we can at once obtain is the speed 
of rubbing of the gudgeon pin in the bearing at the 
instant. For if r be the radius of the bearing in feet, 

PT 

Speed of rubbing = Ar=^p . AoT f.s. 

We may if necessary construct curves showing this 
angular velocity, as has already been done for pistonA 
velocity. 


Examples. 


{A// to be solved by const 7 'uction when possible.) 

I. The stroke of an engine is 4 ft, 3 ins., length of connecting 
rod 8 ft. The steam is to be cut off at .6 of the stroke. Find 
the angle the crank then makes with the line of stroke. If the 
N 
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crank position be found neglecting obliquity, and the cut-off take 
place at the position so found, what will be the actual point of 
cut-off? Ans. 86° 13^; .665. 

2. Show that the greatest error in piston position due to 
obliquity is very approximately ^ ; s being the stroke, and n 

the ratio of connecting rod to crank. Apply this to the preceding 
example. Ans. 3I ins. 

3. In (i) the travel of the slide valve is 10 inches, and the 
angle of advance 20°. Und the piston position when the valve 
is in the middle of its stroke, and also when it has moved 2^ 
inches either way from the central position. 

Ans. 19.8 ; .41 ; 43.9 ins. from beginning of stroke. 

4. The stroke of a pumping donkey is 8 inches, and it runs 
at 85 revolutions per minute. Find the speed of the piston at 
each eighth of its stroke. 

Ans. 1 1 7. 7, 154.2, 172.3, etc., ft. per min. 

5. Draw to scale a curve of velocity for an engine 3' 6" stroke, 
7' 6" connecting rod, running at no revolutions. Draw the 
crank circle on a scale of i in. to i ft., and state what scale this 
causes the curve to be — ist, as a velocity ratio curve ; 2d, as a 
velocity curve. P'ind the maximum piston velocity, and the 
velocity at each quarter stroke. Also find the piston position 
when the actual velocity equals the mean. 

Ans. Scales, 1st, i| ins. to unity; 2d, i inch to 691.4 ft. per 
min. Maximum velocity, 1332; ist quarter, 1141 ; 
2d, 1320; 3d, 968 ft. per min. Piston positions, 4, 
35I ins. from beginning of stroke. 

6. Construct a curve of angular velocity of connecting rod by 
marking off the values of PT (page 176) along the corresponding 
cranks for the preceding. State on what scale this curve gives, 
1st, angular velocity of rod ; 2d, speed of rubbing of gudgeon, 
diameter, 10 ins. Give numerical value of the maximum in each 
case. 

Ans. Scales, i inch to 1.536 radians per second ; i inch to .64 
f.s. Maximum values, 2.69 radians per sec. ; I.i2f.s. 

7. Show, in a pumping donkey, that the curve giving the 
speed of rubbing of the crank pin brasses, in the slot in the 
piston rod head, is a pair of circles. 

8. If Ao be the angular velocity of the crank and A that of 
the connecting rod at a given instant ; show that the angular 
velocity with which the crank pin is then rotating in its bear- 
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ing is Ao - A ; regard being had to the sign of A, taking the 
direction of A© as positive. 

A ns. Applying a velocity V© to the whole engine at right 
angles to OP reduces the centre of the bearing to rest. 
O moves with velocity V©, so the crank pin rotates 
round P with angular velocity A© ; and C, having a 
velocity compounded of Yp and V©, it will be found is 
rotating round P with angular velocity A (page 177). 
Since pin and bearing both rotate round the same 
centre, the relative velocity of rotation is evidently the 
difference of A© and A if they are in the same direction, 
and the sum if in opposite directions. The relative 
velocity is then A© - A. 

This is one case of a very important ])rinciple, 
viz. that the relative angular velocity of two bodies as 
above is the difference of their angular velocities, 
irrespective of ivhat their centres of motion may be. 
The general principle can be proved in the above 
manner. 

9. Find the velocity of rubbing of the crank pin of No. 5 in 
its bearing when on either dead centre. Diameter 14^ ins. 

A 71 S. 8.6 ; 5.33 f.s. 



CHAPTER IX 

THE DIRECT ACTOR, 'CONTINUED— FORCES — CRANK 
EFFORTS 

Having investigated the relative motions of, we next 
proceed to consider the forces which act between, the 
pieces of the engine. 

The effort driving the engine is the total steam 
pressure on the piston. The resistance is a moment 
applied in some way to the crank shaft ; it may be due 
to an actual moment, as the resistance of the water to 
the turning of a screw propeller ; or it may be caused by 
some linear resistance, such as the resistance to a cutting 
tool of a planing machine, this being transmitted back 
along the mechanism of the machine to the shop shaft, 
becoming a resisting moment. In all cases, no matter 
what the original source be, the resistance finally shows 
itself as a moment applied to the shaft. 

We proceed to investigate the action under Balanced 
Forces and neglecting friction. Let 

M= resisting moment. P= total piston pressure. 

]jhen we have 

Energy exerted = work done. 

’ Now, as we have before stated (page 137), we must 
always define clearly what period of time we are going 
to consider. This at once leads to the question. Are P 
and M constant or variable For without this know- 
ledge we cannot tell for any period what the energy or 
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work will be. Actually we know that P is rarely, if ever, 
constant ; and, as we shall soon see, if P were so, M 
could not be. In all investigations, however, we com- 
mence with simple cases, and so we will suppose that P 
is a constant pressure during the whole stroke. 

Again, for balanced forces, there must either be no 
change at any instant in the motion of the parts of the 
machine, or else we must select such a period of time 
that there is no change on the whole (compare page 96). 
If we kept strictly to this we should be only able to con- 
sider a whole revolution in which to compare energy 



and work. For at the commencement of the stroke, 
drawing Fig, 13 1 with the usual lettering — 

OP is revolving clockwise round O, 

PC ,, * anti-clockwise round C, 

and CD (the piston and rod) is still. Now CD begins 
moving, and is not still again till the end of the forward 
stroke, and then OP is revolving clockwise as before, but 
CP is now also revolving clockwise (Fig. 132). So 



Fig. 132. 


there has been an effect produced on the mechanism 
(page 60) ; and we cannot reach a stage of no effect pro- 
duced until we reach the position of Fig. 131 again. 

We are then debarred from comparing together any- 
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thing more than the mean values of P and M during a 
whole revolution. For this we have, P being constant, 

{s= stroke, 

Energy exerted = P x or P x 4a, a = crank arm 

as usual), 

Work done=M,„ x 27 r, 
being the mean value of M, 

2TrM,„=2r.f. 

But we want if possible to examine more closely than 
this, even if we can only obtain approximate results, and 
this we do by agreeing for the present to consider the 
pieces as weightless. Then if they have no weight it 
does not matter whether their motion be changed or no, 



because no energy can be expended on them. We say 
then that we neglect the weight of the parts. 

We are now at liberty to apply the principle of 
.Balanced F orces to any period we please, and the period 
.ye will select is the indefinitely short one, while the 
,Agine is in the position of Fig. 133. 

oince the effect of a moment is independent of the 
''i ;c€s of which it consists (page 65), we are at liberty 
to suppose the moment M applied to the shaft by means 
of a force R at right angles to OP, acting at P, and such 
that 


Ra=M, 
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Then R exactly replaces the moment, so far as resistance 
to turning is concerned. 

The Principle of Work, we have seen, may be written 

Force ratio = — z — ~ (page 96). 

velocity ratio ^ ^ ^ ’ 

Whence for the small period considered, i.e. at the 
instant, 

R velocity of piston 

P velocity of point where R is applied ' 

But the latter is the velocity ratio of piston to crank, 
and equals OT/OP (page 173). Hence 

R:P=OTrOP. 

[And we may notice that this holds irrespective of the constancy 
or otherwise of P. ] 

Crank Effort. — Since the forces are balanced it 
follows that the useful effect of P must be to produce, at 
the end of OP, a force exactly equal and opposite to R. 
This force is called the Crank Effort. 

It must be particularly noticed that we say the useful 
effect of P ; this is because the turning of the arm against 
R is the useful effect required. The crank effort is not 
the total effect of P on the shaft, as we shall see a page 
or two farther on. 

The numerical value R then, found above, represents 
either the resistance, or the crank effort, as we take it in 
one or the other direction. 

Looking back to page 173 we found there 

V^:V. = OT:OP, 

and we proceeded to drqw a curve of piston velocit) 
representing the constant V^. 

Plainly then, since we now have 
R:P = OT:OP, 

if we take OP to represent the constant P, OT repre- 
sents R ; and the curve of piston velocity becomes a 
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curve of crank effort. Having then once constructed 
this curve, by the rules given in the last chapter, it may 
be used either to find piston velocities or crank efforts, 
using of course in each case the proper scale, i.e. 

For velocity, OP ins. = Vo f.s. For force, OP ins. =P lbs 

Before proceeding farther we will obtain the preced- 
ing result by another method, not so concise as that 



just used, but not requiring a previous knowledge of the 
velocity ratio. 

In Fig. 134 consider the equilibrium of the cro^j^l^d 
(recollecting it is weightless). 

The pieces touching it are (see page 97), 

Connecting Rod, Piston Rod, Guide. 
Forces S, P, X. 

For a horizontal balance 

S cos<^=P, 

S = P sec 0. 

Next, we have defined crank effort as the useful effect 
duced by P on the crank arm. Now the first effect 
is to produce a thrust S on the connecting rod end, 
>, together with the equal and opposite S in the 
, , constitutes the action or stress between the bear- 
^ surfaces of gudgeon pin and bearing (page 106). 
This stress S is transmitted along the rod, and finally 
produces a stress S between connecting rod brasses and 
crank pin. 
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The crank pin then is acted on by a force S. 

Resolve this S into components — 

S sin TPO at right angles to OP, 

S cos TPO along PO. 

Then the first is the only one which produces any 
useful turning effect, it is therefore the crank effort, and 

Crank Effort = S sin TPO, 

— p sin TPO _ sin TPO 
cos <p sin OTP* 



This result verifies then, in this case, the Principle of 
Work, and also by this method of proceeding we have 
traced the effect of P, showing how it first acts to cause 
a stress between crosshead and gudgeon pin, and then 
this stress is transmitted along the rod, finally causing 
the crank effort. 

Mean Crank Effort. — Representing the mean crank 
effort by R,„ we have 

Rn» 'xa = (the mean moment), 

= ~ (page 182), 

••• R>«=;P- 

ir 

It is usual to complete the curve of crank effort by 
drawing a circle to represent R,„. The radius will be 
2 . OP/tt, and thus the dotted circle of mean velocity 
(Fig. 128) is also the circle of mean crank effort. 

Liinear Curve of Crank Effort. — After obtain 
the polar curve of velocity ratio, we (page 175) drr 
linear curve on the piston stroke as base, and we 
similarly draw a curve of crank effort. But s, 
curve would be of little use, and we will draw a h 
curve in a different manner. 

The crank effort exerts energy on the crank pin ; 
and, although it moves in a circular path, yet its direc- 
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tion IS always along the path. Referring then to chap, 
iii., page 71, if we straighten out the path of the pin, 
and set up at every point an ordinate representing the 
effort, when the pin is at that point ; we shall obtain a 
curve which will give us, not only the crank effort for 
any position of the pin, but also the energy exerted by 
the effort between any given positions. This latter will 
be represented as shown in chap. iii. by the area 
between the two given ordinates. 

In Fig. 135 we have drawn a polar curve of crank 
g effort, OA representing P (the 

piston pressure). 

Now, in Fig. 136, lay off 
the crank circle unrolled as 
a base. The points ABA'B' 
being named identically in the 
13 two figures. 

Divide the circle in 13$ into 
a number of equal parts, say 
24 ; and also mark off the same 
parts on the unrolled circle in 
136. Now measure in 135 
the efforts, and set them up as ordinates at the corre- 


SmIb! 




i\;i 3 4 5 G 7 8 9 10 11 A' 13 H 15 16 17 IdW 2Q~21 22 23 A 


- > Ving points of 136 as shown ; iP, 211", etc., being 
^Hlical with 01, on, etc. 

’ Finally, in 136, draw the curve AI'irMA'NA through 
the tops of the ordinates. 

The curve AMA'NA is now a linear curve of crank 
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effort. But it gives the efforts at points of the path 
of the crank pin, not of the piston. 

We complete by drawing a line, parallel to the base, 
at a distance 2P/7r or 20A/7r from it, showing the value 
of the mean crank effort. 

The full curves drawn are the true curves, taking 
account of obliquity, the actual case they refer to being 
n = 4 (n being connecting rod — crank ratio). If we 
neglect obliquity the polar curves, as we have seen, are 
circles (Fig. 128); and the derived linear curve is 
obtained as above. 

Looking now at the shape of the curve, we see that, 
even with a constant steam pressure, the driving effort 
is very irregular. Thus, by reference to Fig. 128, it will 
be found to vary from o at A and A' to a maximum 
equal to P at B and B', i.e, from o to it\2 times the 
mean value — when obliquity is neglected ; and from o 
to 1.57 times the mean, when obliquity is allowed for 
(Fig. 135). With a shorter rod the effect would be still 
worse, but the ratio 4 to i is about the smallest ever 
practically used. The result of altering the length of 
the rodvis shown in the table on page 195. 

Motion Of the Crank Shaft. — If the crank shaft 
revolved with exact uniformity, it would be necessary 
that, at every instant, the moment Ra of the crank effort 
should be bala^iced by an exactly equal resisting moment ; 
and in the first method of finding the ratio of R to P 
(page 183) we assumed this to be the case. But the 
assumption there made was necessary, only that we 
might take the whole engine as the body acted on — or 
at least the whole of the moving parts, z.e. piston and 
rod, connecting rod, and crankrshait. 

But now applying the first method to the body con- 
sisting of piston and rod, and connecting rod only ; we 
shall find the same value for R as before, quite irrespec- 
tive of what the resisting moment applied to the shaft 
is. Ox looking at the second method (page 184) of 
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obtaining R, that is, as it stands, independent of the 
resisting moment. 

Now, in actual practice, the resisting moment does 
not vary at all according to the crank effort, but depends 
on entirely different considerations ; and, as a rule, the 
moment is very nearly uniform. It follows then that, 
the driving effort being irregular and the resistance uni- 
form, there must be produced an irregularity of motion 
in the shaft. What the magnitude of this effect will be 
we have so far not tjie means of calculating ; but we 
can see that the effect will be an irregularity. For 
example — at A and A' there is no effort at all, and 
hence if means be not provided for moving the crank 
over these points, the engine will stop ; hence the name 
deaci points. The irregular application of effort also 
causes a greater tendency to break, in the parts, than a 
regular application would. 

Two-Crank Engine. — One way in which the irre- 
gularity of action can be decreased is by using two 
cylinders, working on cranks at right angles, on the same 
shaft. Then, for example, when one crank is on the 
dead point the other will have almost its maximum 
turning effect. 

We will now see how to represent the combined 
turning effect of the two cylinders. 


lu^Fig. 137 we have the two crank efforts Rj and Rg. 



These produce turning moments R^^, 
Rg^?, both clockwise. Hence, no 
matter what the relative directions 
of the R’s are, their combined effect 
is a clockwise turning moment, 
R^a + Rg^. 

Combined moment = (Ri + R2)<3t- 


Fig. 137 Now this moment we can repre- 

sent graphically by assuming it to 
consist of a crank effort R^ + R2) acting either on OA 
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or OB, because it is actually equivalent to such an 
effort. 

We can now draw a curve by setting off the value of 
the combined crank effort along either OA, the leadings 
or OB, the following crank. It is quite immaterial 
which we choose, but we must keep to the same one all 
through the construction. 

The process then will be as follows : — 



Fig. 138. 

In Fig. 138 we have drawn the ordinary single dia- 
gram of crank effort in dotted lines. And we will 
choose the leading crank as that along which to set off 
the combined effort. 

Commence with the leader at OA. The follower 
is at OB'. 
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Ri (leader) =0, R 2 (follower) = OB', 

Ri + R 2 = 0B', and set off 0A = OB'. 

A is the first point on the combined curve. 

Next — Leader at Oi, Follower at 0 . 19. 

Ri = OI, Ro=OXIX. 

Ri + R 2 = OI + OXIX, and set offII' = OXIX. 

Then OI'^R^ + Rg, and I' is the next point on the 
curve. 

So on for IT, IIP, etc. 

Finally draw the fdll curve through A, T. . . . 

We have now drawn a curve such that the in- 



Fig. 139. 


tercept cut off by it on any radius gives the combined 
crank effort, when the leading crank lies along that 
radius. The actual example is for w = 4, and we will 
next see what the curve becomes, neglecting obliquity. 

This being a simple case, we will, for a change, 
solve it geometrically. 

Drawing the two circles, which constitute the single 
diagram for this case, join AB, cutting the circle in C, 
and join OC. 
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Then evidently OC bisects AB at right angles, and 
the angle AOC is irj 4. 

Let now OP represent the leading crank, then OP' 
(the follower) is 7r/2 behind it. 

<POF=^, 

therefore BQ and OQ' are parallel, 

BQ=OQ'. 

Now produce OO, and make QM = OQ' or BQ. 
Then OM is the combined crank effort. 

Join CQ and CM. Then <CQB= <COB (in same 
segment). 

•• 

and 

BQM=-, CQM = -. 

2 4 

Therefore in the triangles CQB, CQM, 

QM = QB. 

QJM is common, 

<CQM=<CQB, 

.% CM = CB, 

therefore CM, CB, CA, and CO are all equal. 

This proves that M lies on a circle with centre 
C and radius CO, CA, or CB. Hence this circle is, for 
the first quadrant, the curve of combined crank effort ; 
and from symmetry the four parts of the curve will be 
siinilar to each other. 

We have then the full curve, consisting of four arcs, as 
shown in Fig. 139. 

Mean Combined Effort. — Since there are now 
cranks, the mean combined effort will be simply 
twice that for one crank. 

R„ = 2X- P = 4.p. 

’tr TT 
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Or, 


Entfgy exerted = Pj + (in one stroke), 


Rm=- 


=5 P. 


We will now combine our results by placing on one 
figure (Fig. 1 40(a)), the curves, taking account of obliquity 
(in full), and neglecting obliquity (dotted) ; and draw 
the dotted circle of mean crank effort. In order that 
there should be no doubt as to which crank the effort is 
laid off along, we mark in each quadrant the position 
occupied by the cranks at the centre of the quadrant. 
It is then in our case clear that the efforts are for 



positions of the leading crank, since in each case it is 
that crank which lies in the quadrant, the follower lying 
across it. 

Examining the diagram we see that in both the full 
and the dotted figures there are four minimum values 
at the quarter revolutions, each equal to P ; and four 
maxima at the eighths. In the dotted curve the four 
maxima are equal ; but in the full, calling the quadrants 
1st, 2d, etc., from OA, the greatest maximum is in the 
I St, and the least maximum in the 3d ; while those in 
the 2d and 4th are the same with as without obliquity, 
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the dotted and full curves being practically coincident, as 
the figure shows. 

There are eight positions in which thd actual effort 
coincides with the mean ; and the deviation from the 
mean is very much less than when 
only one crank is used. The 
variation is now from a minimum 
7r/4 times the mean to a maximum 
1.3 1 times the mean. 

Linear Curve. — By exactly 
the same method as that used for 
the single crank, we can draw the 
linear curve for the two cranks. 

The base is the unrolled crank 
circle, and it represents now the 
path of the leading crank pin. 

The radii are transferred exactly 
as before described, and no further 
description is now required. 

We thus obtain Fig. 140 
where we have taken only the 
actual case, not that ‘neglecting 
obliquity, the latter having been 
sufficiently considered already. 

The line of mean effort is now 
at a height 4P/7r. 

The construction of the linear 
curve could have been proceeded 
with, if we had pleased, directly 
from the single linear curve (Fig. 

136) by addition of the ordinates; 
we could thus avoid drawing the combined polar curve, 
and the linear being the one, as Ave , shall see, of most 
use, this method is often followed. 

By following an exactly similar process to the pre- 
ceding, we could represent the effect of three cylinders 
working on a single shaft. The cranks in such a case 
O 
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may be arranged in various relative positions, but the 
one now practically universal is to have the cranks lying 
at 120® apart. In this case (Fig. 141) it is evidently 
impossible to call either the lead- 
^ ing crank, and so they must be 

/ 0 \ distinguished in some other Way. 

Usually they will belong to a triple 
expansion engine, and we dis- 
pjg tinguish them as high, intermediate, 

and low. It will be noticed, how- 
ever, that in construction it is unnecessary to specify 
along which crank the combined effort is set off. For 
looking back to Fig. 138, when one is at OA, one 
is at 08 , and one at O16, we add these three and 
set them off along OA say. Then we add Oi, O9, 
O17, and set off along Oi, and so on; till O7, O15, 
O23 are set off along O7. Now we come again to 08 , 
O23, OA to set olf now along 08 , and so we get the 
same sets of three over again starting from 08 instead 
of OA. And we shall come to the same again at O16. 
So whether we start by setting off along OA, or 08 , or 
O16, exactly the same curve will result. 

The actual construction of this case we will set as an 
example, and it will be found that the ratio of maximum 
to mean crank effort is still further reduced. We append 
in tabular form results showing the effect of number of 
cylinders, and of connecting rod length, on the regularity 
of the turning effort. We assume equal pressures in 
the cylinders, and that the pressure is uniform through- 
out the stroke. For the method of dealing with the 
question, when the pressures are unequal and varying, 
we must refer to the larger treatise. It may be noticed, 
however, that equality of total pressure in the two 
cylinders of a compound, or the three of a triple ex- 
pansion engine, is one of the conditions the designer 
aims at. So the assumption of such an equality is not 
at variance with the practical facts. 
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Fluctuation of Crank Effort with Uniform 
Steam Pressure. 


/ 

Ratio to J f 
Mean 

One Crank. 

Two Cranks 
at Right 

Three 
Cranks at 

Length of 
Connecting 


Angles. 

120’. 

Rod. 

Maximum 

i-s; 

I. II 2 

1.047 

Infinite 

Minimum 

0 

•785 

.907 


Maximum 

1.62 

1*31 

1.077 

i 

Four 

Minimum 

i 0 

1 

• 7^5 

•794 

1 

Cranks 

- 

Maximum 

1-59 

1.24 

• 7^5 

1.05 

Six 

Minimum 

0 

.81 

Cranks 


Example.s. 

1. The curve of question 5, p. 178, is also a curve of crank 
effort. If the diameter of the cylinder be 68 inches, and the 
constant effective steam pressure 18 lbs, per square inch, find 
the scale of the curve : and construct carefully combined dia- 
grams, both polar and linear — ist, for two such cylinders on 
cranks at right angles ; 2d, for three cylinders on cranks at 120°. 

The cylinders are not of the same diameter, but the total pres- 
sure is taken to be the same (page 194). 

Give numerical re.sults for the maximum, minimum, and mean 
crank efforts in each case. 

A ns. Scale i inch to 16.68 tons — 

1 Crank, 30.23, o, 18.6^ 

2 ,, 48.6, 29.2, 37.2 Vtons. 

3 59 S, 43- 1> SS-Sj 

2. Draw a combined curve for the second case of the above 
when two of the cranks are at right angles, and the third makes 
equal angles with the other two. Compare the regularity of the 
effort in the two cases. 

A ns. Maximum to mean 1.28 as against 1.07. 

Minimum to mean .6 as against .77. 
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The value of the graphic method depends not only on the 
facility with which single results can be obtained, but also on the 
obtaining and preservation of a continuous set of results. Hence 
the curves above should be carefully and accurately drawn, and 
inked in for future reference. 



CHAPTER X 

UNBALANCED FORCES 

In the present chapter \\c shall investigate the manner 
of dealing with cases in which the energy applied to a 
body or machine does not leave it in the same state, at 
the end of the time considered, as it found it in at the 
commencement — or in other words, where the forces are 
not balanced. 

Taking the simplest case, Fig. 142, A is a sliding 
piece, moved by an effort P, resisted 
by a resistance R. P and R not pa r 
being equal, what kind of motion will 
ensue? * ...... 

Take a movement x of the slider, 

Then, 

Energy exerted = Px. 

W ork done = Rx. 

If then P>R, an amount of energy (P — R)a' remains 
to be accounted for. If on the other hand P<R, an 
amount of work (R — ]P)x has been done at the expense 
of some source other than the effort P. Now we know 
from experience that, combined with the effects just 
stated, in the first case A will be moving faster at the 
end of the period considered than it was at the com- 
mencement, and in the second case slower at the end 
than at the commencement. 

We are then inevitably led to the conclusion that — 
in the first case, the body has in some way stored up in 



198 


APPLIED MECHANICS 


PART I 


itself the amount of energy (P — R):ir, this stored up 
energy showing its presence by the increased velocity ; 
while in the second case the body is in some way 
capable of exerting energy to an amount (R — P)jr, by 
having its velocity decreased. Taking the two cases 
together they lead to this one conclusion that — a body 
in motion possesses^ by virtue of its motion^ a store of 
energy which ca7i be added to or be drawn on. 

Kinetic Energy. — The amount of energy thus 
stored up in a body ia motion is called the Kinetic Energy 
of the body. 

We can now see what form the principle of work 
takes when applied to the cases just considered. 
For — 

In the first case the body had, at the commencement, 
a certain amount of kinetic energy, this amount we call 
its Initial K. E. (K. E. being a common abbreviation for 
kinetic energy). But during the motion an amount 
(P - R)^: is added to the store of energy, therefore 

Final K. E. = Initial K. E. + (P-R)x., 
or 

Pjt = Rjc -i- Final K. E. - Initial K. E. , 

and it can be easily seen that the second case gives 
exactly the same equation. Putting this equation in 
words, it is 

Energy exerted = work done + change of K. E. of moving 

body, 

which is the new form of the principle of work. 

It must be noticed that chafige here means Final 

— Initial, which may be either positive or negative. We 
have given the form above since it is the one usually 
given, but the student will find it advisable, certainly on 
a first study, and probably even in all cases, to use the 
more extended form — 

Energy exerted = work done + Final K. E. - Initial K. E. 
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subdividing again, if necessary, work done into useful 
and waste, i.e, if friction be taken into account. 

We have seen now that a body in motion has K. E., 
but before we can make use of this we require to know 
how much energy a given body moving at a given 
velocity possesses, in virtue of this velocity. 

The question here put can only be answered by ex- 
periment ; or, at least, by using those laws of motion 
which represent the results of innumerable experiments. 
One case and one only we can settle at once, viz. when 
the body is still : it is then, we know, incapable of doing 
any work by altering its motion, so it has no available 
store of energy, or its K. E. is zero. 

To determine the relation between velocity and K. E., 
we will take a simple familiar case, viz. a body moving 
under the action of gravity only. 

Let the body fall from a state of rest at a height h 
ft. Then when it reaches the ground it will have 
attained a velocity f.s., which is, we know, given by 

v^— 7 .gh where g— 32. 2. 

[The value of varies at different points on the earth, ^f.s. 
being the velocity of a freely falling body at the end of one 
second from rest, and since this velocity varies the number^ also 
varies. Its variation is not, however, of practical importance.] 

Apply now the principle of work. 

Then we have 

Effort = pull of gravity on the body, 

= weight of body = W lbs. say. 

Resistance = o, 

W// = o + Final K. E. - Initial K. E. 

Also 

h = ^ . and Initial K. E. is zero, 

.-. Final K. E.=:^ ft. -lbs. 

The K. E., then, of a body which has fallen till its velocity 
is “Z/ f.s,, is VJv^l2g ft. -lbs. 
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But tlow it cannot matter how the body has arrived 
at its velocity For, taking two bodies, one of which 
has fallen from rest as above ; while the other has been 
through any number of different changes of velocity, 
finally arriving at the downward velocity v ; it is plainly 
impossible to detect any difference in the two bodies, 
or to conceive that one could give out more energy 
than the other. Hence we can leave out the falling 
from rest,' and state simply that a body falling with 
velocity v f.s. has ft.dbs. of K. E. 

We will now go further still. For the equation 
h — v^j 2g does not require that the force W lbs. act through 
a vertical distance of h ft ; but let that force act on the 
body in any direction through a distance h ft., then a 


velocity v— J 2gh will be obtained. 

It follows then from the above considerations that the 
K. E. of a body weighing W lbs., moving in any direc- 
tion at V f.s., is ft.-lbs. 

Sliding* Pairs. — We have now the means of 
examining in detail those processes which, so far, we 
have only been able to examine for certain periods, e.g, 
the steam engine for whole revolutions. 

Take first the simple sliding pair with which we first 
commenced. Let W be weight of the slider, and the 
resistance be that due to friction, also let the effort 
be applied by a cord attached to 
a weight P. 

This is in a simple form the 
apparatus used by Morin for de- 
termining coefficients of friction 
(chap, ii.) 

In describing the friction ex- 
periments, P was described as 
just sufficient to keep W moving ; 
but this was not the case in all the experiments ; and the 
motion we will examine is that wffiich takes place when P is 
more than enough to keep W moving at a constant velocity. 
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Now we must first ask, to what system of pieces are 
we going to apply the principle of work ? Is it to the 
single pair, W and the table ; or to the two pairs — W and 
the table and the sliding pair P relative to the earth — 
together ? 

We will answer, to the two pairs together ; or, in 
other words, we are going to consider the motion of the 
whole machine. We shall, however, neglect the weight 
of the cord and friction of the pulley. 

Let us now consider a motion, starting from rest. 

Resistance = R, and is constant. 

Let A' = distance moved by W, and therefore also by 
P. Then 

Energy exerted = rjc. 

Work done (all waste) = R.r, 

.'. Par = Rar + Final K. E. - Initial K. E. 

Now we have to consider — What do we mean by Final 
K. E. ? Do we mean the K. E. of W, or the K. E. of P, 
or the sum of the two. It is in order to introduce this 
point that we have considered the motion of the two 
pieces P and W. 

Taking the system as a whole, its K. E. is the 
sum of the separate K.E.’s of P and W ; this we can 
easily see, for we could bring P to rest by applying to 
it some resistance, thus causing its K. E. to perform work 
against the resistance ; but this would still leave W with 
the whole of its K. E., since it wall go on irrespective of 
the stopping of P. The total K. E. of the system is then 
the sum of the K.E.’s of its parts, each reckoned separ- 
ately, quite irrespective of what directions the parts may 
be moving in. 

The foregoing statement applies to all systems of 
bodies, and we see then that whdn applying the prin- 
ciple of work to a machine, we must add together the 
K. E.’s of all the parts, and not only consider the K. E. of 
the body which supplies the resistance. At the end of 
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a given motion some parts may be moving faster than 
before, and they will have abstracted energy from that 
exerted by the effort ; while others may be moving 
slower than at first, and those will have given up 
some of their store of K. E., thus aiding the effort. 
And the effect, we must thoroughly understand, is inde- 
pendent of direction, i.e. there is no such a thing as 
negative energy : taking a weight W, to give it a velocity 
of V f.s. to the right say, we must exert on it energy 
Wv^l2g’, also to give an equal weight W a velocity v to the 
left, we must exert again W7/^/2^, so that, taking the two 
weights together, their total K. E. is 2Wv'^l2g, in spite of 
the fact that they are moving in opposite directions, and 
thus we might say that, taken as a whole, the system 
has no velocity, since its centre of gravity does not 
move. 

Returning now to our particular problem, let 


V — final velocity of W, and also necessarily of P. 


Then 


f inal k. L. = — — H 

2g 2g 


IV = Rx + (P + W) 
P-R 


2g 


If then R be truly constant, this motion is what we 
may call a reduced copy of that of a freely falling body, 
viz. V^l2g—X. 

In Morin’s experiments he found that the motion was 
such a reduced copy, and hence he drew the conclusion 
that R was constant during the motion, so that the ratio 
of R/W or f (page 51) was independent of the velocity, 
since the velocity varies during this motion while R 
does not. 

Next consider the motion of a train. At starting 
Effort < Resistance, and the speed is accelerated till the 
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required speed of running, say 7/ f.s., is reached. Dur- 
ing this period let 

P = pull of locomotive on the front carriage (supposed constant), 
R = total resistance to carriages, 

W — weight of train, excluding engine. 

Then, considering the motion of the carriages, 


PJr=RJr^ o 


gives us the distance x that will be run, on a level, 
before speed is got up. 

Still considering a level, the train will now run 
steadily at this speed ; steam being partly shut off, since 
less effort is required. 

Now to stop (neglecting for the present the action of 
brakes) the steam must be shut off entirely at a distance 
y from the stopping-place, given by 


o=Rj>/ + o 


•T = 


2g^\ 


R' = total resistance to whole train. 
W' = weight of whole train. 


The student will very probably feel inclined to shorten 
the work by writing down at once 



but this should be avoided as leading in many cases to 
mistakes, and to the confusion of Kinetic Energy with 
energy exerted. 

In all cases we have one or more bodies exerting 
energy, a body or set of bodies which is acted on and 
which we may term the passive body, and one or more 
resisting bodies. Then in addition the passive body 
may have within itself resistances, which we may call 
internal. 

Thus in the starting process we had : Energy-exerting 
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body — the engine ; passive body — the carriages ; resist- 
ing bodies — the rails and air. 

Then there is an internal resistance at each axle ; the 
effect of this is added to that of the rails and air, and the 
whole termed the Resistance. 

But now in the stopping process we have plainly 
taken as our passive body the train, including the engine, 
or, as we call it, the whole train. Why have we made 
this difference in the two cases ? 

The reason is as follows : The real energy or effort- 
exerting body is the steam ; but if in the first case we 
had considered this, we should have required to bring in 
the steam pressure, piston area, stroke, etc. ; therefore 
for simplicity we took the pull on the draw bar as given, 
this pull being an effort exerted by the engine, its real 
source being of course the steam pressure. But in the 
stopping process, the simpler equation is got by taking 
the steam as the energy-exerting body ; since steam 
being cut off, we obtain at once 

Energy exerted =o, 
and hence our equation. 

What now would have been the form of our equation 
had we kept to the same method for the stopping as for 
the starting ? The engine is now an outside body, and 
having a store of K, E. it can exert energy on the train 
of carriages. Hence 

Energy exerted by engine =Rj/ + o . 

When we come to ask how much energy the engine can 
exert, we must consider what its store, i,e. its K. E. is. 
The amount of energy possessed by the engine is W^2/2^2^, 
Wj being its weight. But it cannot exert all this on the 
carriages, because from this source must come the 
energy to overcome its own resistance, say R^ ; this will 
absorb R^/ of energy, leaving available 
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Hence this is the energy exerted by the engine on 
the carriages, and we have 

— -Ri/ = % + o- — , 

(R + R,)j'=(W, + \V)"i 


R + Ri is R', and \Vi + \V is W', 
so we obtain as before 

RV = W -♦ 

We see then that K. E. can appear as energy exerted, 
but it is energy exerted on some other body^ e.g. the 
K. E. of the engine appears as energy .exerted on the 
carriages. But in no case must we ever reckon the K. E. 
of a body as energy exerted on itself. 

The method of stopping, which we have been con- 
sidering, is, we know, not that actually employed. Actually 
the train keeps up fuH speed till at a much less distance 
thanjj' from the station, and the stoppage is then effected 
by applying the brakes. These are blocks of wood, 
which are pressed against the rotating wheels, thus 
producing friction which increases the total resistance 
from R' to say R". Then we have as before, if y" be 
the new distance, 

WV „ 


and y" will be much less than y was. The method of 
stopping here described is very wasteful of energy, since 
it causes the K. E. to be entirely dissipated as waste 
work. This is especially disadvantageous in cases 
where horses furnish the energy ; the wear and tear of 
stopping arid starting omnibuses and tramcars far ex- 
ceeding that caused simply by keeping the speed up 
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when going. It has thus been an object to avoid, if 
possible, this loss ; and one method which appears to 
have been fairly successful is to apply to the axle a 
strong spring, which is put in gear during stopping, and 
by its resistance to bending stops the car. It is then 
locked in place, and released when the car is to start ; 
and it then, by unbending, restores to the car nearly the 
whole of the energy which it abstracted during stopping. 
If there were no losses, it would restore the whole of the 
original K. E., i.e, if would by itself get up the original 
velocity, but actually it does not quite do so, although it 
considerably relieves the horses. 

The Bull Engine. — In many collieries the pumping 
is effected by an engine, the cylinder of which stands 
directly over the shaft, and the pump rods are attached 
directly to the piston. 

Fig. 144 shows the arrangement diagrammatically, 
of course in actual cases the rods are much 
longer than here shown. Since there is no 
crank shaft, the stroke of the engine would 
appear to be limited only by the piston com- 
ing in contact with the cylinder ends. 
Actually, however, the stroke is governed 
by adjustment of the forces acting on the 
sliding piece, viz., piston and plunger rods, 
and we will now examine the question, using 
the graphic method. 

The pump is single acting, all the pump- 
ing being done on the down-stroke. During 
this stroke, or at least the greater part of it, 
the two ends of the cylinder are in free com- 
munication, so there is no effort due to 
steam pressure, the pressure simply balanc- 
ing on the two sides of the piston. The 
then during the stroke is simply the weight 
and rods, or as it is called the pitwork. 


Cyir 


Pump 


Fig. 144. 


effort 
of piston 

The weight of the pitwork is rather more than neces- 



CHAP. X 


UNBALANCED FORCES 


207 


sary to overcome the resistance of the water to the 
plunger, so that the whole descends at an increasing 
velocity. At a certain point of the stroke, however, 
the valve closes, shutting up the steam in the lower 
end of the cylinder, and then this steam acts as a 
buffer, gradually bringing the piston to rest, and preventing 
it from striking the cylinder end. We cannot, however, 
consider the actions during this down-stroke with any 
degree of accuracy without considering the accelera- 
tion of the water in the pipes, and the resistances 



offered by these pipes, which questions require consider- 
able knowledge of Hydraulics. We will then confine 
our attention to the up -stroke. Let AB represent 
the effective initial total pressure on the piston, this 
remains constant while the piston moves the distance 
BC ; the steam is then cut off, and the pressure falls as 
the steam expands as shown by the curve We 

wish now to find how far the piston will move before its 
weight brings it to rest, or actually we require the con- 
verse result, viz., where should the cut-off take place so 
that the piston may not reach the top of the cylinder so 
as to strike against it, but may stop at a convenient 
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distance from it. The first is the simpler way of 
approaching the problem, and we can then see how to 
answer the second. 

Take now AM to represent W, the weight of the pit- 
work, and draw MN parallel to AX. Then MN is the 
curve of resistance, and the curve of effort. 

Take now a point i, on AX, representing the piston 
position when it has moved a distance Ai from rest. 
Draw vertical. Then, during the motion from A 
to I the energy ej^erted is represented by the area 
between the curve of effort and the ordinates at A and 
I (page 8o), 

Energy exerted = rectangle BAi/jj. 

Similarly, 

Work clone = rectangle MAi^i. 

But 


Energy exerted = Work done 4- Final K. E. - Initial K. E. , 
BAi/'i = MAi< 2 i-l-Final K. PI -o. 

Therefore, if 7 /j be the velocity of the piston, 


w^--' 




Let us now measure in square inches, and 

set up Icj to represent it, so that if is x sq, 

inches,* Ic^ is or inches. 


[The figure is for clearness drawn on a much larger scale.] 


Then, on a scale to be hereafter determined, 
represents the K. E. of the piston and rods. Continue 
this construction for points 2, 3, and 4 ; we have chosen 
4 so as to be the intersection of MN and CD. 

Thus we get the points Cg, and and we 

draw a curve through them. Then the ordinates 
of this curve represent at each point the K. E. of the 
piston, etc., when it reaches the point, so it is a curve of 
K. E. Its shape is easily seen to be a straight line up 
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to the point of cut-ofF ; for up to that point the area of 
the rectangle is directly proportional to or 

A I, so that is proportional to Ai. The K. E. then 
increases at a constant rate up to cut-ofF ; after cut-ofF 
the excess of effort over resistance becomes less, so that 
the rate of increase of K. E. is not so great, and this is 
shown by the curve beginning to curve downwards, e.g. 
between 2 and 3 the gain of K. E. is which is 

less than the gain between i and 2, viz., a^b^b^a^. It 
must be particularly noticed, however, that between A 
and 4, that is so long as Effort > Resistance, the K. E. 
continuously increases, and with it of course the velocity, 
since K. E. varies as v^. A very common error is to 
imagine that because after C the effort falls off, the 
velocity must do likewise. The mistake lies in forgetting 
that the question whether the velocity will increase or 
not depends not on how much the effort exceeds the 
resistance, but on whether it exceed it at all. What is 
affected is, as we have seen above, the rate of increase. 

At 4 the effort and resistance just balance, so that 
there is for the moment no increase of K. E., or the 
rate of increase has fallen to zero. 

Next, we come to points past 4. And now the con- 
ditions have changed, for we have Effort < Resistance. 
Consider now the point 5. Then, for the whole, motion 
from A, 

Energy exerted =ABCa4^65, 

Work done = Ma!55A, 

. K. E. at 5 = ABCflf4^55 - McsSA, 

= MBCa4 - a^a^bf , . 

The ordinate will be less than 4.^^, which repre- 
sents MBCa^, by the area so that for points to the 

right of 4 we obtain the heights of the ordinates by 
subtracting from the lengthy representing 
^^P^t right of 4 then the curve begins to 

fall, and it will finally reach the axis AX at some point, 
which in our figure is marked 10, so and 10 coincide. 
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We can easily see where lo will be, for it is such 
that subtracting leaves nothing, so 

to find lo we make 

a^aiodio = MBC^74 , 

r^o being on the base line, shows that 10 is a point of 
zero K. E., so that 10 is the point at which the piston 
stops. 

We now see what we have to do to find the cut-off 
when the stopping point is given. For given Aio we 
have, by trial, to find C, such that 

MBCa4 = <24<2io<^10. 

And then the piston will stop at the required point. 

The curve . . . 10 is a curve of K. E., but we 

have still to determine its scale. 

Let now the scale of AB be i inch to m lbs., and that 
of Aio, which represents the stroke, be i inch to n feet. 

Then areas on the diagram represent energy on a 
scale I sq. inch to mn ft.-lbs. (page 70). The ordinate 
of the curve is, in linear inches, equal to the area on the 
diagram in sq. ins. (page 208), therefore the scale of the 
curve is 

I inch = ^w ft.-lbs. 

The curve is on this scale a curve of Wz' 2 / 2 ^, but W / 2^ 
is a constant, so that the curve will on a proper scale be 
also a curve of We can see what this scale is ; for a 
line of I inch represents 7 nn ft. -lbs., so that when the 
ordinate is i inch 

=:mn ft.-lbs. 

At that instant then = 2^mnlW, v being in f.s. 
If then we measure the ordinate on a scale of 

2;P’ 

I inch = ;^;«« feet, 

the square root of this number of feet will give us the 
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value oi V \ we may say then the scale is i inch to 
2gmnl'W f.s. squared. 

A further graphical construction can be used which 
will give a curve of velocity, but into this we have not 
space to inquire. 

Turning Pairs — K. E. of Rotation. — When a 
body moves so that all the particles move in parallel 
straight lines, they all have necessarily the same velocity 
V. In this case a small particle of weight w has K. E. 

and the whole body a K. E. V^v^l2g, W being 
the total weight. All the cases we have so far con- 
sidered have been of this type. 

But now, when a body is rotating, no two particles 
have the same motion, thus (Fig. 146) a particle at 
B has a velocity A being the 
angular velocity about O, the centre g 

of rotation ; and one at C has a 
velocity Ar^. The velocities are \ 
respectively at right angles to OB \ C 

and OC, so that even if r^ — r^y \ 
the directions of motion are different, \ / C 

although the amounts of the veloci- 
ties are then equal. 

Each heavy particle of which the 
body is composed has then its own K. E., and since we 
have seen that K. E. is independent of direction, it 
follows that the total K. E. of a rotating body is the 
arithmetic sum of the K. E.’s of all the particles com- 
posing it, irrespective of the direction of their motions. 

The calculation of this quantity, then, requires that 
we divide the body up into indefinitely small particles, 
and sum up the K. E’.’s of all these particles. This pro- 
cess involves the use of the Integral Calculus, and hence 
the student must, until he has mastered the use of this, 
accept the results given as facts. 

Thin Ring. — One case we can treat, viz., that of a 
thin ring or cylinder, rotating about its axis. Let r be 
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the mean radius. Then, if the thickness be very small 
compared to r, all the particles are prac- 
tically at the same distance r from the 
centre. If then 

A = angular velocity, 
weight of one particle, 
velocity of one particle, 

we have 

-rr T- f .*1 

K. L. of particle = — = , 

2 ^*- 2 ^ 

and each particle will have the same K. E., so that 

Total K. E.=W— 

W being the weight of the ring. 

This result can be used without serious error for most 
dy-wheels, W being the weight of rim, r its mean radius, 
and an allowance of two or three per cent added for the 
K. E. of boss and arms. 

Radius of Gyration. — Consider now the case of 
an actual fly-wheel with a definite thickness of rim. Let 
R and R' be the inner and outer radii. 

Take now a radius r intermediate be- 
tween R and R', and consider the parti- 
cles which lie on a very thin ring of 
radius r. Then this ring has a K. E. 
due to the velocity Ar. All the particles 
outside this ring have velocities greater 
than Ar, and so their total K. E. will be 
greater than if they all lay on the ring ; while, on the 
other hand, those which lie inside have velocities less 
than Ar, and their total K. E. is less than if they lay on 
the ring. 

Comparing now the actual K. E. of the wheel, with 
what it would be if all the particles were concentrated on 
the ring of radius r, it appears there is an excess due to 
the particles outside the ring, and loss due to those 
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inside. It is not diffiailt then to see that by selecting r 
properly, we can make the gain and loss balance, and if 
this be done, then the actual K. E. of the wheel is the 
same as if the whole mass were concentrated on a circle 
of radius r. 

The value of r which satisfies the above condition is 
called the Radius of Q-yration, and when by use of 
the calculus the value of the radius of gyration is 
found, then calling it r, the K. E. of the rotating body is 
WA“r2/2^, where A is the angular velocity. 

Although we cannot calculate the value of the radius 
of gyration without the calculus, yet we can show the 
method of proceeding, and this we will now do. 

We will take the fly-wheel already considered. 
Divide it up into a very large number of thin rings. 

Let their radii be in order 


n, r-i, . . . , 

being very nearly R, and nearly R'. 
Let the weights of the rings be 


Then 


Wl, W2> . • • > 

A2;-j2 

K, E. of 1st ring = ze/i— — , 
K. E. of 2d ring='K/2“~, 


K. E. of nth ring=w„- 
A^ 


’ 


Total K. E.=^{7e;i7'i2 + . . . +7C7„r„2}, 


It is for the summation of the quantity in brackets, 
when n is indefinitely large, that we require to use the 
calculus. We shall meet a similar expression further on 
in the book, and it is known as the Moment of 
Inertia. 

But if r be the radius of gyration, 
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Total K.E.='^^'^, or("^+”'^+ •• • 

2g 2g 

Hence equating the two values of the K. E., 

^ _ wir^ + ^_+ 

~ Wi + W‘y + 7U‘i+ . . . +7Vn 


The results of this calculation for some particular 
cases are as follows : — 


Solid cylinder of radius a rotating round its axis i- = a^l2 
A rod, length /, rotating round an axis through 
its end, perpendicular to its length . . 

Parallelogram of height k rotating round its base = 

Do. about a centre line parallel to its base . P — h?‘j\2 
A circular plate, radius diameter //, rotating 

about a diameter ..... = = 

A triangle, height //, about its base . . p — 

Do., about an axis through its CG, parallel to 

its base ....... = 


Do., about an axis through its vertex, parallel 

to its base . . . . . . 7- = /P 1 2 


Most of these results are not required for the present, 
but they are collected for future reference. 

We are now in a position to calculate accurately the 
K. E. of the rim of a fly-wheel, and so see how near our 
approximate result would be. 

We proceed thus — 

Let and R., be the inner and outer radii, 
then 


K. E. of wheel = K. E. of cylinder radius Ri 

- K. E. of cylinder radius R<j. 


Let W^ and W.2 be the weights of these cylinders, 
then 


Weight of wheel W = Wi - Wf 

=Wi^Wi 


RP 

R? 


Ri^-Ri 

" Ri" 


-Wi 


(I), 
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•. K. E.: 


^WiRi^ V 




/2g 


V 2 Ri^ ‘ 2 / 2 / 


_Wi 


~ 2 

Ri" 


Rr-Ra^ 

2 

Ri" 

^WA 2 

Ri^+Rj 


2 


[from (I)]. 


Our approximate result was 
K. E. = 


so the error is 


WA^^Ri + RaJ- 


WA2 f Rig+ R./ _ R^ 2RiRti+^2“ I _ (R i - Ra)^ 

2^'- I 2 ' 4 j ■“ 2.^- ‘ 4 

which decreases as Rg approaches 

This method of finding the K. E. of a body, by con- 
sidering it as the difference of two other bodies, or in 
other cases as their sum, can be often used, but we 
must be careful to 'take the K. E/s all about the one 
given axis. 

Motion of an Unconstrained Body. — The prin- 
ciple of work enables us to solve questions relating to 
the motion of an unconstrained body, t\e. a body whose 
motion is not defined by its connection to other bodies, 
e.g. a shot after leaving the gun. 

This case is of interest, and we will briefly examine it. 

The shot lies in the gun, and the powder burning 
behind it causes a gaseous pressure which forces it along 
the bore ; during this period the motion of the shot is 
defined by the nature of the pairing between it and the 
bore of the gun. It now issues from the mouth of the 
gun with a certain velocity and K. E., and, during 
the remainder of its motion before reaching the earth 
or target, its motion is free from any constraint other 
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than that exerted by gravity. We have then the reverse 
of our usual problem, for generally we know the path 
of the body and require to determine the forces acting, 
while here we know the force and not the path. Let 


W = weight of shot, 

= velocity on leaving the muzzle, 


and consider the motion between the moment of leaving 
tbe muzzle and that when the shot has attained a height 
h. Then 







V being the velocity the shot has at the moment the 
height h is reached. 

This example shows well the importance of clear 
definition of the period of time chosen (page 137). For 
suppose we take the period to be from the moment of 
igniting the powder. Then we have 


Energy exerted = whole energy of powder. 

Then, assuming for simplicity that the bore of the 
gun offers no resistance to the shot, we have 


Energy of powder =W// + 


-o. 

2^^ 


Comparing this with the preceding we see that we 
must have 


Energy of powder : 




and this is correct, for this, equation is the form taken 
by the principle of work for the period during which the 
shot is being pushed along the bore, since we then have 


Energy exerted = energ}^ of powder, 
Work done=o, 

Initial K. E. = 0, and Final K. E. = . 


If the bore offer a resistance R and its length be /, 
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then the work done will be increased in the two pre- 
ceding equations by the term R/, and the K. E. 
will be accordingly diminished. 

Potential Energy. — Returning to the consideration 
of the motion when unconstrained, the principle of work 
is sometimes stated in a new form. 

The only resistance is gravity (neglecting the friction 
of the air), and this is a reversible resistance (page 41). 
The work done against gravity during the rise /?, viz. 

will be restored again when the shot falls. This 
fact is sometimes expressed by saying that the shot has 
Potential Energy W^, due to being at a height h. 
The equation 


o=W/^ 


^\\V 




then becomes 


2.V 2.g 


0= Final Pot. E + Final K. E. - Initial K. E., 
or, remembering that the initial potential energy is zero, 
and that the equation refers to any point during the 
flight, since h may have any value, we have at any point 
of the flight 

Pot. E. + K. E. = Initial Pot. E. -f Initial K. E. , 
so that the sum of the potential and kinetic energies is 
constant for all points of the flight. 

The principle of work may then be written for this 
case as 

Potential Energy + Kinetic Energy = constant. 


Examples. 

1. A slider weighing 100 lbs, rests on a table, it is moved as in 
Fig. 143 by a weight of 20 lbs., and when it has moved 2 ft. its 
velocity is observed to be 2 f.s. Find the coefficient of friction. 

Ans. .163. 

2. In. question i, page 90, the rider goes 60 yds. from rest 
before getting the speed up. Find the mean moment he exerts. 

34*3 lbs. -ft. 

3. A train weighs 60 tons and the engine 25 tons. It is 
ascending an incline of i in 100 at 30 miles per hour when the 
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draw bar brealvs. Taking the resistance at i6 lbs. per ton, 
find how far the carriages will run before stopping ; also what 
speed would the engine finally attain if it continued to exert the 
same H. P. as before the breakage, and its resistance were un- 
altered ? Am. ^ mile ; I02 miles per hour. 

4. If in the preceding the brakes did not act, what would 
be the speed of the train when running back and passing the 
point at which the breakage occurred ? 

Am. 12 J miles per hour. 

5. In question 3, the guard’s van weighs 18 tons, and he 

applies his brake, skidding the wheels, directly the breakage 
occurs. Find in what distance the train is brought up. Coeffi- 
cient of fidction between wheel and rail .18. A 7 :s. yV mile. 

6. The piston and pump rods of a “Bull ” engine weigh 18 
lbs. per sq. in. of piston. The initial steam pressure is 50 lbs. 
absolute, and the cut - off takes place when the piston has 
travelled one foot of the up-stroke. Assuming hyperbolic ex- 
pansion, find the least len^h of cylinder, that the piston may 
not strike the cover. Back pressure 2 lbs. Am. 7 ft. 7 ins. 

7. In the preceding find the position of maximum piston 
velocity, and the corresponding K. E. of the moving parts per 
sq. in. of piston. 

Am. 2 ft. 6 ins. from commencement ; 45I ft. -lbs. 

8. A body weighing 112 lbs. is fastened to a rope passing 
over an axle 2 ins. diameter, on which is a fly-wheel 2 ft. 
diameter. Find the weight of the fly-wheel rim, so that the 
body after falling 40 ft. may have a velocity of only 4 f.s. 

Af 7 S. 124 lbs. 


9. Find the K. E. of a disc running at a speed V f.s. along a 
plane. Radius r ft. 

A 77 S. The disc is moving as a whole at velocity V f.s., and 
also rotating with an angular velocity V/?". The K. E. 
is the sum of that due to each motion separately, which 
can be proved analytically, or may be seen as follows ; 
Suppose the disc to have a loose axle through its 
centre, then by stopping this axle we can take out the 
K. E. V^ 7 }-l 2 g ; but the disc will then still rotate about 
the axle with its original angular velocity ; hence the 
result. 


TT Wz;2 WAV 

•. Total K. E. =- -1 , 

2ir 


3 

2 2g ' 


2g 
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The separate K. E.’s are said to be Translation K. E. 
and Rotation K. E. respectively. 

10. A disc and hoop are running at the same speed on the 
level, and commence to ascend an incline. Which will ascend 
higher, and by how much ? 

Ans. The hoop f as far as the disc. 

11. Determine the weight of fly-wheel rim per horsepower, 
which, when running at 70 feet per second, will have stored 
m it 10 per cent of the energy exerted per minute. 

A ns. 43 lbs. 

12. The four wheels of a truck consist of solid discs of cast- 

iron 2 ft. diameter and in. thick. The truck, when moving 
with a velocity of 20 miles an hour, commences to ascend an 
incline of i in 100. The weight of -the truck, with wheels, is 
half a ton, and the resistance 10 lbs. per ton. Find how far the 
truck will run up the incline. Ans. 1220 ft. 

13. In the motion of a projectile the horizontal component of 
the velocity remains constant. Hence deduce by means of the 
principle of work the greatest height to which a shot, projected 
with initial velocity V at an elevation a° will rise. 

. W(z/cosa)’-^ 

Ans. Minimum K. E. = , 

^ ^ Wz/^sin^ a 

Maximum Potential Energy = , 

Greatest height = — 

14. A ship of 2500 tons displacement is propelled at 20 knots 
by engines of 8000 H. P. estimate the distance which will be 
traversed by the ship whilst an amount of energy is developed by 
the engines equal to the K. E. stored in the ship. 

Ans. 760 feet. 



CHAPTER XI 

THE DIRECT ACTOR — FLUCTUATION OF ENERGY 
AND SPEED 

We are now in a position to examine into that irregu- 
larity of motion which we saw (page i88) must occur 
owing to the irregularity of the driving effort, but into 
the magnitude of which we were not then able to inquire. 

We shall suppose the piston pressure to be uniform, 
and the curve of crank effort will accordingly be that 
obtained by the method of chap. ix. Furthermore we 
shall examine only the case of an engine running at 
consta7ti speed. 

Before commencing our work we must devote some 
little space to the consideration of the meaning of this 
temi “ constant speed ” as we have just used it. Plainly 
it cannot mean that all parts of the engine run at a con- 
stant velocity ; because that, as we have seen, is an 
impossibility ; even if the crank velocity were constant, 
the piston velocity could not be so. But it is not even 
necessary for “ constant speed ” that the crank velocity 
<be constant. The practical meaning of the term is that 
h revolution is performed in the same time ; but this 
‘ prevent the velocity of the crank being different 
parts of the revolution. When an engine 
at constant speed, the crank commences 
certain velocity ; this velocity goes 
's of changes during the revolution, 
me value as it commenced with ; 
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then the next revolution starts with the same velocity as 
the first, the same series of changes is gone through, 
and so on over and over again. Evidently what applies 
to one piece applies to all ; so that each piece is going 
continuously through a certain series of changes of 
velocity. The time of revolution then will be constant, 
while the actual velocity need not be the same at any 
two instants of a revolution. 

Periodic Motion. — The motion here described is 
one case of what is known as periodic motion. Periodic 
motion meaning a motion in which a certain set of 
changes of velocity is gone through over and over again. 
The time of completing a set is called the Period. If 
successive periods are all equal, we may call the motion 
Uniform Periodic, but usually the term periodic is taken 
to include equality of periods, and so implies uniform 
periodic. 

The period for a steam engine is one revolution, that 
giving a complete set of changes. But it is not always 
one revolution that makes a period. Take, for example, 
a gas engine in which an explosion of gas takes place 
only in every alternate revolution. Then at the com- 
mencement of the explosion stroke the parts have certain 
velocities ; the gas now explodes, driving the piston 
before it, and accelerating the velocity of the shaft ; now 
the piston returns, driving out the products of the ex- 
plosion, and a second revolution commences ; but during ^ 
this revolution no effort is applied ; and so the velocity 
gradually decreases through the return half of the first 
and the whole of the second revolution, until it reaches, 
at the commencement of the third, exactly the sam 
velocity as it had at the commencement of the first, 
now the series commences over again. In this cp 
we have periodic motion, but the period is 
two revolutions. Evidently to any pc 
taking a whole period, the balanced f 
work applies (page 61). 
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So then for constant speed of an engine the only 
condition necessary is that during a whole revolution 

Mean resisting movement = mean driving movement, 

2 

=:~Pa (for a single cylinder). 

IT 

Generally, however, as we stated on page 1 88, the resisting 
moment is fairly uniform, and hence we will examine the 
case in which it actually is so. In that case its mean 
and actual values are the same, viz., 2P<35/7r, or we ntay 
consider a resistance 2P/7r applied to the crank pin. 

Fluctuation of Energy and Speed. — We will 
now summarise the conditions of the engine we are 



Fig. 149. 


going to consider, viz. Constant Piston Pressure, Weight- 
less Reciprocating Parts (piston, etc., see page 182), No 
Friction, Constant Resistance. 

In Fig. 149 we have drawn a linear curve of crank 
effort for a single cylinder, and marked on it the line 
CC of mean crank effort. This line 



CC will now be the curve of resist- 
ance, as we have just shown. 

[It is important that the student should 
clearly comprehend that these curves of 
effort and resistance are drawn according 
to the conditions of chap. iv. page 79, so 
that their areas give energy exerted on the 
crank shaft, or work done against the 
resistance to the shaft. Some assistance to 


such clear comprehension may be obtained 
by drawing the curve on ]iaper, and then 
' A, up the sides AC, and continuing along 
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the clotted lines in Fig. 149. 'Now roll up the strip so obtained 
by bringing A to A and C to C, so obtaining F'ig. 150. It will 
then be seen that ABA'B'A is the actual crank circle, and that 
the efforts and resistance are set off at right angles to the path 
of the moving crank pin. We also see that the two ends AA, 
and also CC, really represent only one point A and one C 
respectively.] 


We can now proceed by the same method as used 
in the consideration of the Bull ” engine in the last 
chapter. 

Commencing at A. 

The crank shaft and fly-wheel (if any) are rotating 
with an angular velocity, which we will denote by A^. 

At any point, as M, between A and D, the effort MP is 
less than the resistance MQ. The velocity will then 
continuously decrease until the crank pin reaches D. 
Calling the angular velocity at D, A^ ; and taking 

Weight of shaft and fly-wheel = W, 

Radius of gyration = r, 

we have, applying the principle of work to the move- 
ment from A to D, 


Final K. E, 


Energy exerted = area AD'D, 

Work done = area ACDT), 

WAdV2 , ,, WAaV2 

, Initial K. E. = , 

2£' 2g 

WAdV 2 WAaV- 


ADD' = ACDD' + 

W Ad _ W A A 

2g~~ 2g 


ACD'. 


The change of K. E. then is - ACD'. 

Now directly the pin passes D the effort is greater 
than the resistance, so the speed increases, and this hold^ 
till E is reached, where equality of effort and resist? 
is again reached. 

Between D and E we have Effort >Resis^^ 
change of K. E., 


WAe^ 
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Notice here that K, the point of maximum effort, is 
not one of maximum speed Of K. this is a common 
mistake (compare page 209) ; the rate of increase in^ 
creases up to K and is a maximum at K, so K is a point 
of maximum acceleration. Similar remarks apply to A' 
etc. We need not go fully into the work, as we hayfe 
already done so in the case of the Bull engine, and we 
will therefore put it as briefly as possible. * 

Between E and F. Effort < Resistance. Change of 
.K. E., ^ ' 

WAfV^ _ WAeV" ^ _ 

Between F and G. Effort > Resistance, 

WAgV^ _ WAf ^ 

2 g 2 g 

Finally G to A. Effort < Resistance, 


WAaV- WAgV^ 
2 g 2 g 


-G'AC. 


By beginning at the commencement of the stroke we 
have split one period of decreasing velocity — viz. from 
G through A to D — into two parts. Looking at the 
folded curve in Fig. 150, we see that the parts G'AC, 
D'AC really form one triangular piece G'AD'. Thus for 
the motion from G to D, change of K. E., 


W ApV" _ WAgV^^ _ 

2 ^ 2g * 

and we go on, for the next revolution, over again. 

We have now found then, that at D the K. E. and 
‘^V had been decreasing and commence to increase, 
'^ese last words are the definition of a minunum 
n is a point of minimum K. E. and velocity. 

as v“ it is of course evident that K. E. and 
^•ease together.] 
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At E both the E.^nd the velocity, which hitherto 
have. been increasing^ commence to diminish. 

This is the, definition of a 7 naximum value. Hence 
E is a point of maximum K. E. and velocity. 

Similarly at F we have a minimum, and at G a 
maximunu 

. , TMsre are the^ two points of maximum velocity and 
two of minimum. 

* We must not now confuse maximwit and ininhnum 
with greatest and least. There can be only one greatest 
and one least ; and it may even be that in some cases a 
minimum value is greater than a maximum one. 

^ Take, for example. Fig. 151. Then AA, BB, CC are 
maximum ordinates of the curve ; while 
DD, EE are minimum ordinates; yet 
the minimum DD is greater than the 
maximum CC. The greatest and least 
are AA and EE, i.e, the greatest maxi- 
mum and the least minimum. 

We can in our present case deter- 
mine the positions of greatest and least 
velocity. F or — 

'First we notice, that from D round to D again there 
are two gains of K. E,, viz. D'K'E' and F'L'G'; and two 
losses, E'A'F' and G'AD'. And since we end up at D 
with the same velocity — i.e. same K. E. — as we com- 
menced with, the gains and losses must balance, 

. • . D'K'E' + F'DG' = E'A'F' -}- G'AD'. 

Looking at Fig. 149 we see plainly that E'A'F' is 
greater than G'AD', — i.e. G'AC + ACD', — while D'F 
and F'L'G' are equal. Hence ^ 

E'A'F' > D'K'E' or F'L'G', 
and * ^ 

D'K'E' or F'L^>G' 

Now there is a maximum at F 



A D B B 0 
Fig. 151. 
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Between E and G we lose (in K. E.) E'A'F' but gain 
F'L'G'. 

This gives on the whole a loss, so that the K. E. at 
E is greater than at G. 

Therefore E is the position of greatest K. E. and 
velocity. 

F or the least we have minima at D and F. Between 
D and F the gain of K. E. is D'K'E', and the loss 
E'A'F'. 

* There is then ar loss in going from D to F ; and 
therefore F is the position of least K. E. and velocity. 

Thus we see that the amount of K. E. stored in the re- 
volving parts of the engine is constantly fluctuating. Com- 
mencing at D, they gain D'K'E', then lose E'AT', gain 
F'L'G', and lose G'AD'. Each of these areas represents 
a Fluctuation of Energy, while the greatest of them 
— i.e. E'A'F' — is called The Fluctuation of Energy. 

The amount of these fluctuations can be expressed 
either in foot-lbs. or by the ratio which they bear to the 
whole energy exerted by the engine in a revolution. 

In the first case we calculate their areas by the 
methods of mensuration, and then deduce from the scale 
of the figure the amounts of energy which these areas 
represent (see page 71). 

In the second method, since the whole energy exerted 
in a revolution is equal to the area of the effort curve 
AD'K'EA'F'L'G'A, or equally of the work curve ACCA ; 
we find the ratio which these fluctuation areas bear to 
the area of the rectangle ACCA. We thus obtain four 
‘^gj^ions, each of which is a Coefficient of Fluctua- 
^4lae greatest one is The Coefficient of Fluc- 
•fy of Energy. 

Weight of Revolving Parts. — Given 
pressure, and the ratio of connecting 
f hape of the crank effort curve is 
as ^ amount of fluctuation of energy, 
’’ease ^ foregoing 
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does not hold with regard to the fluctuation of speed 
produced, as we shall now see. 

Generally we require that the fluctuation of speed be 
kept within certain limits, depending on the purpose for 
which the engine is used ; some purposes — e.g. electric 
lighting — requiring great uniformity, while for some kinds 
of rough work a variation of 50 per cent is not of much 
importance. The amount of fluctuation which can be 
allowed is given generally as a fraction of the mean 
speed, this fraction being called The Coefficient of 
Fluctuation of Speed. 

Let now the coefficient of fluctuation of energy as 
determined from the diagram be and the coefficient 
of fluctuation of speed be c being given as one of the 
data, its determination for any case depending on con- 
siderations outside the scope of the present work. 

Then if Ao = mean angular velocity at which the 
engine is to run, the fluctuation of speed = 

But the fluctuation of speed is from Ag to Ap, these 
being the greatest and least respectively, 

rAo = AE-AF. 


Next, the mean speed is A^. Now we cannot say 
that (Ap + Af)/ 2 is the mean speed accurately ; because to 
find the real mean speed, we ought to construct a curve 
of speed and then find its mean height (compare page 
22). This mean height will not, in all probability, be equal 
to (Ap-f Af)/ 2, the mean of the greatest and least ; but 
it will, in nearly all cases, be very nearly (Ap + Af)/ 2, and 
it will be sufficiently accurate for our purpose if we 
it to be so. This gives then 

A _Ae + Af 

A,- ^ . 

Let us represent the energy e' 
one revolution by E^,. The*’ 
have 
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WAeV2 WAfV 


2ir 


2^ 

'2^ 


2<? 


= /^Eo, 


(Ae2-Af2) = /&Eo, 


( Ae - Af )( Ae + Af ) = /^Eo, 


. * . ^Ao » 2 Aq — ^ Eo) 

. WA«V_>&^ 

. . — ii<oi 

, 2^ 2^ 


Putting the result here obtained in words, it is — In 
07'der that the fluctuatio7t of speed 77tay not exceed c Hines 
the mean speedy it is necessary that the K, E. of the 
revolviitg parts^ when running at the mean speedy should 
be hl2c times the eiteigy exerted by the steam in one 
7'evolution, 

Fly-Wheels. — In these equations W is the weight of 
all the revolving parts, and r their radius of gyration. 
But in most cases the effect of the fly-wheel is so great 
compared with that of the remaining parts, that we treat 
the revolving parts as if they consisted of the fly-wheel 
only. In this case W will be the weight of fly-wheel 
required, and r its radius of gyration, which, as we have 
seen in the last chapter is, nearly enough, the mean radius 
of the rim. 

Our equation above gives us only one relation be- 
tween W and r, while to determine them definitely we 
require two. We can obtain a second relation, or at 
least an equation for r, as follows. It is of course 
*.^,yantageous to have W as small as we can, />. r as 
^^s possible. But if V© be the mean speed of the 






Vq — Ao^ , 


large makes large also. Now 
'■'f J*,there is a tendency, due to centri- 
as^'^ee chap, xii), this tendency 
^east , creases. This effect puts a 
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limit to the value of which is frequently taken as 
80 ft. per sec. Thus A^, being given, the value of r 
must be less than 80/Ao, and we can then determine rand 
then W. 

The Two-Crank Engine. — In a single engine a 
fly-wheel, or something equivalent, is an absolute neces- 
sity ; we will now see how far this is the case in a two- 
crank engine. A brief statement will be sufficient, as 
full explanations have been already given. 

Fig. 152 shows the linear curve of effort, lettered 
as usual. 

We will commence at D, then, in order, the K. E.’s 
are — at E, a maximum ; F, minimum ; G, maximum ; 
H, minimum ; K, maximum ; and D, a minimum. 



Fig. 152 

In the actual figure drawn the fluctuations of energy 
are in order of size — 1st, G to H ; 2d, D to E ; 3d and 
4th equal, F to G and H to K ; 5 th and 6th equal, E 
to F and K to D. 

Whence we deduce that the greatest maximum 
velocity is at G, and the least maximum at K ; while 
the least minimum velocity is at H, and the grep 
minimum at F. 

The calculation of the numerical values we 
as an example, to the student. 

We see at once from the figure th^ 
much smaller than in the singF 
much less weight of fly-whee^ 
given regularity of speer* 
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another reason which tends to render the fitting of a fly- 
wheel to this type of engine unnecessary, and this we 
will now consider. 

Effect of Reciprocating Parts. — We have so far 
considered these parts as weightless in the present 
chapter. But they are actually heavy, and will accord- 
ingly affect the motion, and we will now examine their 
effect. 

In the case of the Bull engine (page 206) the recipro- 
cating parts were very heavy, and their motion was 
determined simply by the relation between their weight, 
the varying effort, and the resistance. In our present 
case they are not nearly so heavy comparatively, and, 
moreover, their motion is determined to a very great 
extent simply by the connection between them and the 
rotating parts. 

Let us, for simplicity, neglect the effect of obliquity. 

Then the piston, rod, and con- 
necting rod of the leading crank, 
OP in the figure, all move for- 
ward at the instant with velocity 

Vsin 0 

Vp sin 

The following crank will be at 
OQ, and the velocity of its re- 
ciprocating parts will be 

Fig. 153- 

Vq cos d, or Vp cos 

since necessarily Vq = Vp. 

The total K. E. then of the two sets of reciprocating 
*.ieces is 

. W'Vp2sin2^ W'Vp^cos^^ 

> — I , 

2 

being the weight of one set). 



then have always the same 
W', mean radius of rim 
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would have, if such a wheel were fixed to the shaft. We 
say always^ because OP is any crank position whatever. 

Thus then, the motion of the shaft will be identical 
with what it would be if the reciprocating parts were 
weightless, and such a heavy fly-wheel as we have 
described were fixed to the shaft. 

Hence the double crank engine is preferable to the 
single, not only by reason of the greater regularity of effort, 
but also by containing in itself an equivalent to a fly-wheel. 

It does not follow, however, from what we have 
just said that it is necessarily advantageous to have 
heavy reciprocating parts. We have shown that such 
will be advantageous as regards regularity of motion of 
the engine as a whole j but it may very likely be that 
such regularity is obtained at the expense of great irre- 
gularity of force in the cylinders separately. We must 
therefore examine the effect on one cylinder separately. 

Inertia of Reciprocating Parts. — To effect this 
we shall have, for simplicity, to make the assumption 
that the crank revolves uniformly. 

[This assumption would of course be unwarranted if we were 
attacking the question for the first time, since the motion of the 
crank would be one of the results to be obtained. But we know 
already that the crank does rotate very nearly uniformly, and 
hence we make the assumption, knowing the error caused will 
be only slight.] 

We will also neglect obliquity. 

Suppose now that the crank is rotating uniformly ; 
then before the steam pressure on the piston can pro- 
duce any effort on the crank, it must first keep th*" 
reciprocating parts up to the crank pin. For exam 
let us start the stroke with the crank pin ac' 
centred in its bearing (Fig. 154), and ther^^ 
there is usually some clearance, not touch 

[We must of course suppose the mere 
kept off the bearings in some way.j 

Now as the crank revo^’ 
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pressure is required to keep the rod up to and centred 
on the pin, quite irrespective of any effort being exerted 



Fig. 154- Fig. 155. 


on the pin ; and if this pressure be not supplied, the 
pin will drag the rods with it, the pin bearing as in Fig. 
155. If just the necessary pressure be applied the pin 
keeps centred, as in Fig. 156, while if more than this be 
applied, the rod drives the pin (Fig. 157), but the effort 



Fig. 156. Fig. 157. 


it exerts is only due to the excess of the actual pressure over 
that required to keep the bearing centred relative to the pin. 


[In the figures the clearance is much exaggerated for clearness. 
On the scale of the figures it would not actually be visible, but can 
seldom be entirely absent. 

We propose now to find what 
pressure is necessary to keep the 
rods up to the crank. 

Consider the motion OP to OQ. 
Let 

<AOP = 0 i, AOQ = 02 , 

OM = xj , ON = x^ 2 y 

W' = weight of reciprocating parts. 

Then their velocity is at P 



'<-y 




' 0.V0 sin = V„ . — , 


-reasv^^v,. 
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There is no work done because the pin is not touched 
by the rod, or because that is one of our conditions, 

Energy exerted by steam = Final K. E. - Initial K. E., 

qn2 PM2 

2^ 2 g 

Let now P = mean pressure during the motion. Then 


Energy exerted = P(jri - 
W'V 2 

P(^i - X2 ) = J- xi^)], 


W'Yq ^ 

2 ga^ 


{x-^ - x.f). 


. „ W'Vo; ^ , 

P is the mean value during the piston movement 
MN : but if we make MN very small, that is, make 
equal to P becomes the actual value at M, and its 
value is given Ijy 

P=w:y^ TO.., 

2ga^ ^ ga a 

P then varies as x ; and it follows that if we draw a 
curve of effort by setting up, at each point M (Fig. i 59), 
the value of P at that point, then the 
curve will be a straight line passing ^ 
through O. For then at any point, 

P = ;r tan a, or P varies as x. 

Since the curve passes through O, 
the part to the right of O lies below 
the base line, which in the ordinary pjg 
way would indicate that P was 
negative. It can be easily seen that such is th^ 
considering a crank position to the right of 
Since x when measured to the left is tak'' 
when to the right be negative, and h^ 
tive. Or, we can see that the ' 
be retarded, which require'- 


P a 


AM^ 


1 
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of course, the retardation is effected by the resistance 
of the crank pin ; and what our figure shows is, that 
during the latter half of the stroke the reciprocating 
parts can exert, independent of any steam pressure, an 
effort equivalent to a steam pressure on the piston repre- 
sented by the ordinate of OD. 

There is, of course, on the whole no total effect ; for 
during the first half of the stroke the parts abstract 
from the steam energy represented by OAC, while 
(Juring the latter half they give out energy represented 
by OA'D, and these* are of course equal. Plainly this 
must always be the case, since we start with no velocity, 
and end with the same. 

Correction of Indicator Diagram. — The pressure 
we have so far spoken of is a total pressure ; but it will 
be convenient to express our result as a pressure per sq. 
in., and this we proceed to do. 

Let p be the pressure per sq. inch on the piston 
equivalent to P. Then 


/ = ^ (P in lbs., A in sq. 
W' V£ 


ins.), 


^ A 0/7 rr 


But W'/A is a pressure per sq. inch, being lbs. divided 
by sq. inches, and it is the pressure which if applied to 
the piston would produce a total pressure W'. Hence 
representing it by^o) we call po the pressure equivalent 
to the weight of reciprocating parts. We have then 

"" y 2 

P=Po 


X 

ga ' ~a 

its initial value put and then 


/=/« 


ga' 


vred simply to start the piston. 
^ square inch on the piston 
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is given us by an indicator diagram on a certain scale pf 
lbs. per sq. inch to the inch, thus ABCDE, BCD being 
the top line of the diagram taken 
for the particular end we are con- 
sidering, and AE the bottom line 
of a diagram from the other end 
of the cylinder. Then the ordin- 
ate between BCD and AE gives 
us the difference between the 
steam pressure on the side con- 
sidered, and that on the other side 
of the piston, i.e. gives the effective 
pressure driving the piston. 

Now, on the same scale as the diagram, set up AF 
to represent lbs. per sq. inch, bisect AE in O, 

ar>d join FO, producing it to cut DE in G. 

Then between A and O the pressure which is avail- 
able to produce crank effort is got by subtracting the 
ordinate of OF from that of BCD ; while between O and 
B there is, in addition to the ordinate of BCD, an effort 
produced equivalent to pressure represented by the ordin- 
ate of OG. We can represent this total effect by using 
FG instead of AB as a base to measure from. Then do- 
ing this the vertical ordinates between BCD and the base 
FG represent the effective pressures producing crank effort. 

The process here given is known as correcting the 
diagram for inertia. 

Fast Running Engines. — The figure as drawn 
would be for an engine running at medium speed, and it 
is seen that the effect is to reduce the inequality of p^- 
sure caused by an early . cut-off. The effect, hr- 
increases very rapidly as the speed incre^ 
p oc and in fast running engines it ber^ 
importance. In such cases F mav 
above B. This latter case is 
what it shows is that, befor#^ 
the piston along, the stq^ 
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to keep it up, or else- 



Fig. i6i. 


happens in the crank bearing, 
engine the piston and connecting 
together, causing a knock 
there also. 

In the ordinary double- 
acting engine this rever- 
sal and knock must take 
place, and the only differ- 
ence above is that it takes 
place at K instead of the 
commencement of the stroke 


-in engines such as Brotherhood’s, 
where the connecting-rod bearing 
does not encircle a gudgeon pin, 
but simply bears against it so 
that it cannot pull — the end of 
the rod leaves the piston. 

Now, directly we pass K, the 
piston commences to drive, thus 
the gudgeon pin, which was bear- 
ing against the front brass of the 
crosshead. Fig. 162 {a)^ dragging 
it, now suddenly comes into bear- 
ing with the back brass. Fig. 162 
{b\ being now driven by it. This, 
of course, causes a knock in the 
bearing, and exactly the same 
In the Brotherhood 
rod end would come 



c: 


□ i: 


(bj 


( a) 

Fig. 162. 

but in the Brotherhood 
single-acting engine the avoidance of reversal is one of 
,ithe chief points aimed at, hence in these the speed is 
V ^ ;^ited by the necessity for keeping F below B. 


Examples. 

j '■am drawn for question 2, chap. ix. , find the 
n '/s of energy, and the corresponding co- 

.asV§^:j^ft. ; .036, .042, .046, .04, CO- 
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2. An engine of 150 H. P. runs at 100 revolutions. Find the 
weight of a fly-wheel 10 ft. diameter to keep the fluctuation of 
speed within 2 % of the mean speed. Ratio of connecting rod to 
crank — ist, 4 to i ; 2d, 6 to i. 

Ans. 1st, /’ = .i 358, whence Wi=i.76 ton; 2d, /&=.I245, 
whence W=i.6i ton. 

3. If there be two of the preceding cylinders on cranks at 
right angles, what weight of reciprocating parts would render a 
fly-wheel unnecessary ? Stroke 3 ft. 

A ns. Each set. 1st, 19^ tons ; 2d, 18 tons. 

4. A vertical cylinder is supplied with steam of 50 lbs. pres- 
sure by gauge, the cut-off is at half stroke, back pressure 16 lbs., 
diameter of piston 40 ins., piston speed 800 ft. per minute, 
stroke 3' 6", weight of piston, etc., 2 tons. Find the effective 
pressure at each quarter of the up and down strokes. 

A ns. Up— Commencement, 2.4; 1st, 16.4; 2d, 30.4; 3d, 
27.7 ; end, 33.4. 

Down — Commencement, 9.6; 1st, 23.6; 2d, 37.6; 3d, 
34.9 ; end, 40.6 lbs. per sq. inch. 

5. The stroke of an engine running at 250 revolutions is 8 

ins., diameter of piston 8 ins., initial steam pressure 55 lbs. 
Find the greatest weight of piston, etc., which can be allowed, 
so that the connecting rod may be always in compression. The 
engine is single-acting. A ns. 388 lbs. 

6. In the first case of question (2), supposing that at the com- 
mencement of the stroke the crank shaft is revolving accurately 
at its mean speed, find the greatest and least speeds, and thus 
show that the mean speed is practically their arithmetic mean. 




CHAPTER XII 

DYNAMOMETERS — BRAKES — AND GOVERNORS 

We have fully explained in chap. iv. how the power 
of an engine, so far as it is shown by its Indicated Horse 
Power, or I. H. P., is measured. But the I. H. P. of 
an engine is more truly a measure of the power of the 
boiler than of the engine, since it gives the energy 
exerted by the steam, and not the work which the engine 
can do against the resistance. In the absence of friction, 
the two quantities mentioned would be equal for a whole 
period. But in the actual case the work done is less 
than the energy exerted by an amount depending on the 
magnitude of the friction of the machinery. 

Taking now two engines of equal I. H. P., their 
commercial value will depend, to a great extent, on 
the ratio which the work done bears to the energy 
exerted ; or, in other words, on their efficiencies ; and 
hence the determination of the work done by an engine 
is of quite as much if not more importance than the 
^determination of its I. H. P. 

Inhere are two ways in which the work done can be 

Mz. 

- calculation of the work wasted on friction. 
^ we should require to know accurately 
" ^ which suit the pressures, velocities, 
^ these laws are outside our 

is doubtful if they can be 
’^Xhen, again, given the 
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required knowledge, the process would be long and 
cumbrous. We are thus led to consider the 

Second method, an instrument is used which actually 
measures the work done, as an indicator does the energy 
exerted. 

Instruments for this purpose are called Dynamo- 
meters, and they are of two types, the type used 
depending on the conditions under which the trial is to 
take place. If the engine is required to carry on its 
ordinary work while the test is being applied, a Trans- 
mission Dynamometer is used ; while when the 
engine can be used for the time .entirely for the purposes 
of the test, an Absorption Dynamometer may be 
used. 

We will now examine the working of one or two 
examples of both these types, when the reason for their 
names will appear. 

Transmission Dynamometer. — Fig. 163 shows 
one form of this type. 

A is a pulley on the engine shaft, 
and B a pulley on the^ shaft to be 
driven, and to which the resisting 
moment is applied. C and D are 
equal pulleys, mounted on a cross- 
piece E, of length 2/, which can turn 
round O. A drives B by means of a 
belt which passes under A, over C and 
D, and under B. 

Now, when A rotates clockwise, 
the tension on the right-hand side 
becomes greater than Tg - on the left 
(see page 120). In passing over C and D 
remain unaltered, except for the very 
the axles, which we neglect. Th 
tension — Tg causes B to tu’" 

The arrows in the figur*^ 
pulls of the belt on tb' ^ 
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(i^is pullod down by while J} is pulled down by 

2T,, 

There is then a moment 

2T1 X /- 2T2 X /, 

tending to turn the arm clockwise round O. To balance 
this a spring is attached to the end of the upright arm 
on E, supplying a force P, the magnitude of which can 
be measured by noting the compression of the spring. 
Letj/ be the length of the upright arm, then we have 


But 


P XjJ/ = 2 Ti/ - 2T2/, 

. 'T* 'P _ ^ 

(Ti - T2) X radius of B= resisting moment, 


since B revolves uniformly, so that by measuring P, we 
find — Tg, and hence the resisting moment. The 
revolutions of B are measured separately ; and hence we 
can at once calculate the work done per minute. 

The meaning of the name can now be seen. For 
the energy equivalent to the work done is trans^nitted 
through the dynamometer, being measured during the 
.transmission. 

The fonn here described has been used in England 
by Thorn ycroft and Froude, and in America on a large 
scale by Tatham. 

There are many other forms, 
but the principle is the same in 
all. We proceed then next to 
the 

Absorption Dynamo- 
meter. — In this case the whole of 
the work done is absorbed in over- 
coming friction, hence the name. 
In Fig. 164 A is a wheel 
conical or plain rim fixed 
'’ft. A rope is fastened 
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to a spHn;^ at B, ailsi^ passes round A, either once, or 
more thrns iequired. Tffe engine turns /l in the 
direction of the arrow, against the friction of the rope, 
which is prevented by the weight W from turning with 
the wheel. 

Suppose now we wish to determine the work done by 
the engine when running at N revolutions per minute. 
Then, steam being turned on, the weight W is adjusted 
until it is just sufficient to keep the engine running at 
the required revolutions. 

We have mow the wheel A running at a constant 
speed and acted on by — 

1st. The turning moment of the engine, applied to A 
by means of the key which connects it to the shaft, and 
by the friction between the shaft and the hole iu A which 
It fits into, 

* 

2d. The normal pressures of the rope on the eirca^ 
ference embraced by it. 

3d. The friction of the rope round the circuihf^ 

Let us denote these actions by M, P, and F ^sr 
P being the sum of ^all the small pressu^' « 
sum of all the frictions. 

Then for one revolution the princi' 

M X 27r = F X 2r 

[r being the mean radius of th 
on it.] 

The useful work done'** 
small nbimal forces of wh 
to the motion (cotnpare p 
waste work done again? 


As this is a ver 
another point of. 



242 


APPLIED MECHANICS 


PART I 


We can then take moments about any point, and the 
sum of the moments must be zero. 

Now we wish, if "possible, to ^ exclude P from our 
equation ; Rnd we must therefore take our moments 
round O. t'hen P, being made up of a number of small 
normal forces, each of which, since it passes through O, 
can have no moment about O, it follows that P has no 
moment about 0. 

' We have then at once, algebraically^ 

M + Fr=o, 

i,e. arithmetically, M = Fr, but they are in opposite 
directions. 

JThis example shows once again the importance of considering 
ml the forces acting. If we omit to consider P, there is no reason 
^ for taking'^mornents about 0 particularly, since the statical prin- 
j*ciple says any point. Thus any one, thinking only of F and M, 
'Mght take moments about some other point, obtaining a different 
therefore erroneous result, because round any other point 
\ P a moment ; or at least may have a moment, for 
sQti^e other points than 0 about which P has no moment, 
'^t^mination it is not necessary to enter into.] 

^ve considered the forces on the wheel, 
se acting on the rope. The bodies 
' 97 )— 

e Spring, Wheel. Weight. 

T, P and F, W. 

thejextension of the spring. 
V. it may oscillate slightly 
'"the turning moment, but 
’^ered ; so that the forces 
iues, must be in equi- 

Vill take moments 
Principle of work, 
^algebraically, 
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or, since Wr turns clockwise and the other two anti- 
clockwise, arithmetically, 

- F^4-Q^=5Wr, 

F=W-Q. 

But we have already 

M = Fr, 

M = (W-Q)r, 

W, Q and r being known by observation, hence we have 
determined M. , . * 

Meanwhile the revolutions are measured and are N 
per minute, 

. • . work done against the friction per minute = M x 27rN ft. -lbs. 
M is to be measured in Ibs.-ft., i,e, W and Q in lbs. and- 
r in ft, / 

The friction dynamometer can also be 
brake, and hence they are often called brak^'*' 
the work done, when reckoned in horse powf^ 
the Brake Horse Power, in opposition to f 
Horse Power. We have then 

Brake horse, power _ M x 27 r T^ 

(orB. H. P.) 33cr 

This power is that which is av'^ 
when we remove the dynamo) 
measure of the power of the r ' 

The type we have ju"- 
Rope Dynamometer ; 
nicely, so that it is rr 
great. It has, ho 
be required, as . 
measured is lar 
that we can ir 
W, and this ’ 
wheel ; whir' 
increased f 
show this 
force ba> 
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whik the force straining as above is the sum ; thus it is 
quite possible to have a large load on the wheel, while 
the resisting force W - Q is small, since W and Q may 
both be large. 

P!K»ny Brake. — To get over the above difficulty a 
form of dynamometer is used in which the friction force 
F can be increased to any extent independently of W. 

A is the shaft, revolving between two' blocks of Wood 
' Which can be brought together by the bolts and nuts 



Fig. 165. 


XUS any amount of friction can be caused 
ng on any weight at all. The weight W, 
the moment, is hung on the end of a 
only a small weight is required ; and 
as shown dbove and below the arm. 
‘«^ity of IJ^ses the lower block is 
d by separate blocks on an 
Ts here shown (Fig. 166). 
^ better lubrication, 
ure the power at say 

and screw up 
shaft revolves 
me the arm will 

re stop, hang- 


preceding 
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Turning moment of engine =W/. 

[In comparing with the preceding take as the first body the 
piece of shaft inside the blocks, and consider the remaining part 
as an external body acting on it.] . 


And 


. • . B. H. P. = 


W/X 27 rN 

33000 


% 


There is one point in which the tail-rope brake has 
an advantage over the Prony ; which is that any small 
discrepancies between (W — Q)r and M, caused by sligHt 
variations of M, or by inequality of lubrication Altering 
F, and hence W - Q, are automatically adjusted. For 
suppose M increases slightly, becoming momentarily 
greater than (W--Q)r; then (Fig. 164) M carries the 
rope round to the left ; but this decreases Q, and, there- 
fore, W being constant, increases W - Q ; and. so the 
balance is restored. If on the other hand M fi^l off, W 
pulls the rope round to the right, increases Q and there- 
fore decreases W - Q, restoring the balance once'.fnore. 
Next suppose the lubrication fall off a little, then the 
coefficient of friction increases ; so that. the w^eel seizes 
the rope, carrying it s%htly to the left ; this^ decrea,ges 
Q and therefore also W -b Q, but the total amount of 
friction depends on W -b Q the total load, so that the 
friction at once falls off and the rope slips back. Simi- 
larly for an increase of lubrication the balance restores 
itself. In the Prony brake these inequalities would keep 
the brake continually striking dgainst one^ or other of 
the stops. 

In actual practice then the brake is not still but 
oscillates continupusly ; but we must be careful to notice 
that this does not affect our results, because there is^ 6n 
the whole, no velocity imparted to the brake ^compare 
page 60), the small oscillations simply cancelling each 
other. 

[Various means have been adopted for producis^g automatic 
adjustment, ^but space prevents our examining ftepi. If die 
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Student should have occasion to examine such cases, let him be 
very careful to consider the action on the brake of every body that 
touches it. Examples of the utter confusion arising from not 
attending to this point may easily be found.] 

Integrating Dynamometers. — Great accuracy 
can be obtained by making the dynamometer register 
the force transmitted on a paper band which is moved 
by connection to the engine shaft, thus a curve is traced 
out, the area of which gives the work done. We may 
'look upon it as a s;ort of continuous indicator diagram, 
the principle being the same. Such dynamometers are 
called Integrating Dynamometers. 

Brakes and Governors. — The absorption dynamo- 
meter can be used as a brake to absorb surplus energy, 
and in this case the problems arising are solved exactly 
as those already treated. If now we have an engine 
working at constant power, while the work required to 
be done varies, we could keep the speed constant by 
means of a brake, so adjusted as to absorb the surplus 
energy of the engine. But this would be a wasteful 
process, sihce the surplus energy would be wasted, hence 
for such a purpose we use, not a brake, but an instru- 
ment which cuts off partially the supply of energy, or of 
steam to the engine. Such an 
instrument is called a Governor, 
and we propose now to consider 
the action of the simplest and 
most general form used. Fig. 
167 shows this form. 

AB is a spindle rotated by the 
engine, so that its angular velocity 
bears a constant ratio to that of the 
shaft. CC are heavy balls con- 
nected by rods DD to a point B of 
the spindle, then as the spindle 
revolves the balls fly out and pull up the piece G, which 
can slide on the spindle, the pull being applied by the 



\A 

Fig. 167. 
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rods EE. The slider G is connected by linkwork, not 
shown, to the regulating valve ; and the proportions are 
so arranged that, when the engine is running at the 
proper speed for the work it has to do, the regulating 
valve is just wide enough open to enable the engine to 
run against the average resistance. Suppose now the 
resistance rise above this mean value, then the speed 
falls off, consequently the balls fall in towards the spindle, 
pushing down the slider, and the linkwork is so arranged 
that this opens the regulator, admitting more steam, and 
so enabling the engine to overcome the increased resist- 
ance. Similarly when the resistance falls off the speed 
increases, the balls rise, and G rises shutting off the 
steam. 

The question we now wish to solve is — Given the 
speed of revolution, what position will the balls take up ? 
and after that, supposing the speed change, what force 
will be exerted to move the slider ? 

The first of these questions cannot be solved by the 
use of the principle of work, there being no energy 
exerted or work done, consequently we must treat it by 
use of the laws of motion, or at least we will use the 
result obtained in theoretical mechanics for this case. 

Circular Motion — Centrifugal Force. — The two 
balls move in a circl.e, the plane of which is at right 


angles to the spindle, 
their motion is then 
one case of circular 
motion, and hence we 
will first consider cir- 
cular motion gener- 
ally. 

In order to cause a 
body to move at uni- 
form velocity in a 
horizontal circle, we 



a 

Fig. i68. 


must do one of two things. Either we must place 


it 
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inside a cylinder of the given radius, Fig. 168 {a\ or 
else we must fasten it to a centre O in the plane by a 
string equal in length to the given radius. 

[This latter is not quite accurate, as we shall see a little further 
on, but is put in this way for simplicity, to keep all the bodies in 
one plane ; also we consider a small particle, whereas in the 
figure we have given it definite dimensions.] 

If now we start the body with a velocity V at right 
angles to the radius, it will, in the absence of friction, 
'and of resistances * generally, continue to move in the 
circle at this speed. 

We can now easily see what is the nature of the 
actions between the body and the cylinder or string 
respectively. 

The only action which can exist between the body 
and the cylinder is a direct normal pressure between 
their surfaces, since “there is no friction. But there 
must be an action of some sort, because otherwise the 
body would go on moving with a velocity V in the same 
direction as we started it, t.e. along the tangent. Hence 
then there is a normal pressure, say X, between the body 
and the cylinder surface, or at any instant the body exerts 
a push X outwards on the cylinder, and the cylinder exerts 
a push inwards towards O on the body. 

Next for the string, this plainly can exert no effect 
on the body other than a direct pull ; by having a solid 
rod in place of the string (Fig. 168) and taking hold of it 
at O, it would be possible to apply a force at right angles 
to the rod, but it is evidently impossible to do any such 
a thing with a string, a direct pull along its length is the 
only possible force the string can apply. The action 
between body and string then is a mutual pull, the string- 
pulls the body with a force X, and the body pulls the 
string with a force X also (see page 106). It appears 
then that a body which is constrained by contact with 
some, . other body t@' move uniformly in a circle, is at 
everj’- instant exerting on the constraining body a force X, 
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outward along the radius at the instant. The force is of 
course constant, since all parts of the path are absolutely 
identical as regards motion, and therefore also force. 

This force X is called the Centrifugal Force ; we 
have seen that it must exist, but its value we will take 
as known, being determined in treatises on theoretical 
mechanics. If 

W = weight of body, 
r= radius of circle it describes, 

A = angular velocity in the circle, 

r’ 

Then 

y^^ WAV ^W V2 

The first is generally more convenient. 

In dealing with a body of definite dimensions, r is 
the radius of the circle described by the C. G., and the 
total centrifugal force is given by putting W = weight of 
whole body. 

We can now return to the considera- 
tion of the Q-overnor. 

When the whole is steadily rotating 
in equilibrium there will be no pull on 
the rods EE (Fig. 167) ; hence we may, 
in the first instance, omit them, and thus 
obtain Fig. 169, where also we only con- 
sider one ball, the motions being iden- 
tical. 

O is the centre of the ball. W its weight. Let 
ON = r, AN = >^, <:NAO = ^, A = angular velocity. 

Since the ball is rotating in a circle at a constant speed 
some body must be exerting on it a force X along ON, 
or it must be exerting on the constraining body a force 
X in the direction NO. 

The constraining body is now tt^ rbd AO, which does 
not lie in the plane of the circle (see note'^on page *248), 



ScosB 


Fig. 169. 
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but its effect on the body in that plane must be a force 
X along ON. 

But if S be the tension of the rod, its effect along 
PN is S cos AON = S sin 0 , 

,\Ssme=X (i). 


Also the ball moves horizontally, and is therefore in 
equilibrium vertically. Whence 


Scos(9=W ( 2 ). 

[The rod is the only body touching the ball, therefore S is the 
only force acting on it besides W.] 

Therefore from (i) and (2) 


tan ^ = 


X _ WAV 


rcot 0 = -Th 


A2’ 


and h = r cot 6, 


•. 


A2' 


h is called the height of the simple governor, or the 
height due to the revolutions, and the result shows that 
it is independent of weight of ball or of the length of 
the rods. 

The method we have used is not that usually given, 
nor is it a very convenient method. Usually the ball 
is shown, as in Fig. 170, in equilibrium 
under the forces S, X, and W. 

Then we have at once 

Ssin^ = X, Scos0 = W, 
and hence the same results as before. 
But there is in this method a danger 
that the student may think of X as a 
force acting on the revolving body, 
whereas, as drawn in Fig. 170, it is the 
force exerted by the ball on the rod. 

The forces, as drawn in Fig. 170, do not represent 
forces acting on the ball, but on the end of the rod 
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where it meets the ball. Suppose now the rod to extend 
to O, and to be connected to the ball by a pin passing 
through its centre (Fig. 

1 7 1 ). Then if we consider 
the equilibrium of this pin, 
we have — 

Bodies touching it - Rod 
and Ball. 

Actions . . . (S - W) 
and X. 

And then Fig. 170 repre- 
sents correctly the forces 
keeping this pin in equili- 
brium. Results obtained 
then as from Fig. 170 are quite correct, always bearing 
in mind what we have just been saying, and hence we 
shall always put the forces in that form. 

The next question is — If the speed change from A 
to A' what pull is caused on the rods EE, and hence 
on the slider G ? As the speed in- 
creases the balls tend to rise, but 
they cannot actually do so until they 
exert a sufficient pull on the rods 
EE (Fig. 167); we are now then 
going to consider the governor re- 
volving at A', but at the proper 
height for A, i.e. before the slider 
has. moved. 

Let T be the tension of NC (we 
consider one only), C being the 
middle point of AO, and let the 
other forces be as usual. Then the 
forces acting on the rod and pin at 
O are T, W, X', and the actioti at the point A. 

To avoid considering this latter, take moments about 
A, and we have ^ 




Tk sin^+Wr=X'^ 
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X' is the centrifugal force due to A', 

.-.Th sin ^ 

g 

But = h\ the proper height for the new revolutions 
Wr 


Th sin d= 


h! 


= Wr 


h-^W 




Next consider the slider; it is acted on, taking now 
the two balls, by the two tensions T, there- 
fore the total pull on the slider, say F, equals 
2T cos 

F-2Wr— ' 

K hsxaO' 

IjJ =.w 

h 


\ 




Fig- 173- 


\i h and H be found, this gives at once 
the value of F. 

Now the resistance to motion of the slider, say R, 
will prevent motion taking place till F equals R ; so 
that if we know R we can find the change of speed 
necessary before the slider begins to move. We shall 
have for this 

g g 


R = 2W^ 


A^ A^ ^ 

X 

A'2 


= 2W 


A'2_A2 
A2 ’ 


or this will give the necessary weight of the balls in order 
that a given change of velocity may be 
sufficient to move the slider. The 
smaller the change of speed necessary 
the greater is said to be the sensitive- 
ness of the Governor. 

Biirstingr Effect of Centrifugal 
Force. — This effect, mentioned on 
page 228, we can now explain. 

The figure represents the rim of 
a fly*wheel, rotating with angular velocity A. 
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r= radius of rim, 

3 = thickness or width perpendicular to the papei, 

/= width in plane of paper. 

Consider now the forces acting on i inch in length of 
the rim, contained between the two radial lines ab^ cd. If 

w = weight of I c. in. in lbs. 
wJ.b. = weight of i inch length of rim. 

Then, to make this piece rotate in the circle, there must 
be applied to it a force 

g ^ 

This force can only be applied by the action on the i -inch 
length, shown shaded, of the remainder of the wheel ; 
which action is applied over the plane ends ab and cd ; 
and if A be so great that the strength of the metal is not 
sufficient to supply such a force, then the shaded piece 
will no longer travel in the circle, i.e. the rim will burst. 
For the completion of this investigation we must refer 
to page 274 ; where the nature of the actions between the 
small piece which we have picked out for considera- 
tion, and the rest of the rim will be better understood. 


. Examples. 

1. In testing the power of an engine by the transmission 

dynamometer of Fig. 163, the revolutions of B were observed to 
be 300 per minute and the thrust P 10 lbs. The dimensions 
were, radius of B 24 ins., centres of C and D 44 ins. apart, arm 
E 30 ins. long. Find the brake H. P. Ans. 1.56 

2. The power of an en^ne is tested by a tail-rope dynamo- 
meter. The wheel is 5 ft. diameter, the weight 300 lbs. Find the 
horse power when the spring balance shows a pull of 180 lbs., 
and the fly-wheel makes 150 revolutions per minute. Ans, 

3. The coefficient of axle friction Js sometimes determined by 
hanging a heavy pendulum on a shaft so that it can revolve freely 
on the shaft. The shaft is then rotated at a given speed and 
the pendulum takes a position of equilibrium at an angle 9 to 
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ti^e vertical. If W= weight of pendulum, I the distance of its 
C. G* from the centre of the shaft, N the number of revolutions 
per minute, prove that the horse power lost in friction is 
\V/N sin QjS'^SS' Deduce the value of/' (page 69). 

Ans. radius of shaft. 

4. In question 2 find the effect, 1st, of a fall-off of 3 per cent 
in the power of the engine ; 2d, of a decrease of 10 per cent in 
the friction due to increased lubrication. 

Ans. 1st, Leaving the weight unaltered, the revolutions will 
drop 3 per cent, and the spring balance be unaltered ; 
2d, the balance will show 190 lbs., and the revolu- 
tions rise to 164 nearly. 

5. In testing an engine by a Prony brake, the arm was ver- 
tical and connected to a spring balance. In order to support 
the weight of the brake, 720 lbs., a stiff spring was fitted on 
which the brake rested. This spring being supposed to be 
directly under the centre of the shaft ; if the engine were run- 
ning at 140 revolutions, show that a displacement of 1 ft. in 
the position of the spring will falsify the results by 19 H. P. 

6. Find the height of a simple governor revolving at 75 re- 
volutions. Ans. 64 ins. 

7. The balls of a governor weigh each 3 lbs., and are each 

hinged to a pair of equal rods, one of each pair connected to the 
spindle, and the other to a slider which moves the throttle. 
The speed suddenly increases from 75 to 77 revolutions. Find 
the pull on the slider. A^is. .162 lbs. 

8. Solve the preceding when the governor is constructed as in 

Fig. 167, page 246. Ans. .324 lbs. 

9. If a plate rotate about any axis perpendicular to itself, 
prove that the centrifugal force is the same as if the whole mass 
were concentrated at the C. G., revolving with the same angular 
velocity. 

Ans. Let P be any point, w the weight of a small particle at 
P, O the centre of rotation, G the C. G. The centri- 
fugal force of w is A^OP along OP. This is by 
statics equivalent to two forces w\gP ^ . OG, and 
w/gA^ . GP. Adding up all these the first set gives 
W/^A^ . OG, and the second set vanish because G is 
the C. G. Hence, the result. 

10. A fly-wheel, diameter I2 ft., weighing 5 tons, is bored out 
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of truth, so that its C. G. is fin. from the centre of rotation. Find 
what pull this will cause on the shaft at 8o revolutions. 

Ans, 2036 lbs. This pull, since it always lies along OG, will 
be continuously bending the shaft in different direc- 
tions, and will set up very great vibration. Hence 
the necessity for perfect balance, especially at high 
speeds. 




PART II 

STRENGTH OF MATERIALS AND 
STRUCTURES 




CHAPTER XIII 


STRESS AND STRAIN — TENSION AND COMPRESSION 

A MACHINE transmits energy by means of force, which 
is transmitted along the chain of pieces of which the 
machine consists. At each contact of a pair we have 
seen there is a mutual action between the surfaces in 
contact, which mutual action we have called a Stress 
(page io6). 

The connections between energy exerted, work done, 
velocities, and the forces acting on the various pieces, 
have been considered in Part I. We now wish to go 
further, and inquire into the effects which the forces 
produce on the pieces to which they are applied. 

For the purposes of Part I we did not require to 
know the transverse dimensions of the pieces ; but for 
our present purpose these will be of primary importance. 

The effects produced by forces on a piece of material 
depend very much on the manner in which they ,are 
applied to it ; we shall consider various modes of applica- 
tion in order, commencing now with the case in which 
the forces are applied in the direction of the length of 
the piece. The forces . applied are often called Loads 
even when not due to the action of gravity, and we are 
now about to study the effect of Longitudinal Loads. 

The shape of the piece must be defined, and the case 
we consider is that of a straight rod of uniform cross- 
section ; in most cases the section will be taken to be 
circular, this bein^* most common in actual practice. 
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There are now two ways in which the rod may be 

acted on — 

~D ,.^(aj 1st. As in Fig. 175 

(^), there maybe forces 

'~ D - p> “(^) Pj P acting inwards at 
Fig. 175. the ends. This action 

is called Oompres- 
Bion, and either of the forces P is the Oompressiv© 
Load. 

2nd. As in (b\ where the forces P, P act outwards. 
This effect is called Tension, and either P is the 

Tensile Load. 

In either case, either of the forces P may be the 
action on the end of the bar of one other piece, or the 
resultant action of several pieces ; in any case it is 
called the Load on the bar. 

[We notice here that the forces are taken so as to balance, the 
bar being supposed in equilibrium ; this will be the case all 
through, the effect of the forces being unbalanced being not 
within the limits of the present book, and it is very rarely that in 
any case we find this effect considered.] 

The load, it must be noticed, is not 2P but P, 
although there are two forces P. Thus in Fig. 176 the 
bar AB rests on the ground supporting a 
weight P lbs. ; in this case we should naturally 
say the load is P lbs. But there must be 
an exactly equal action P on the bottom 
(neglecting the weight of AB itself), which 
we should call the reaction of the ground, or 
the supporting force. But we have just as 
much right to call the bottom force the 
load, and the top one the reaction ; because, 
although we say the rod prevents the weight 
falling, yet we know that a perfectly accurate ,^5^ 
statement is that the rod prevents the weight 
and ground coming together, and we may as well say the 
rod keeps the ground down as that it keeps the weight 
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up (compare chap, i., pages 17 and 18). In either way 
of looking at it the load is not 2P but P. 

Tension — Method of Sections. — To examine the 
effect of the load on the bar, we shall use, for the first 
time, a method of very great importance, and on the 
correct comprehension of which, ability to treat these 
questions to a great extent depends. The method is 
that of dividing a bar into two parts by means of an 
imaginary section, and then examining the mutual action 
between the surfaces of the two parts. For reasons 
which will be seen at the end of the chapter, w^e will 
^ke now the case of tension. 

AB is a bar under a tensile load P. 

Now imagine AB divided into two parts by a plane 
at right angles to the axis of the bar, through CD. 
This we call taking a transverse section through CD. 
Then this imaginary sec- 
tion divides the bar into two /> 
parts, I and 2. If we made 
an actual cut through CD, 

I and 2 would of course 
be separate pieces ; and the idea which the student 
requires to thoroughly grasp is that of considering 
I and 2 as separate pieces, although no actual cut 
is made. This idea is not a false one, because the 
two pieces are actually distinct ; if we had cut them and 
moved them i inch apart, they are plainly distinct 
pieces ; now move them together till they are in. 
apart, they are just as distinct ; and equally so when 
they are i", or apart, or if the particles of 

metal come into absolute contact, the fact of their 
touching will’ not make them any less distinct. 

Internal Stress. — We can now find out what kind 
of actions must go on in the interior of the bar. For 
consider the piece i by itself. Then (Fig. 178) it is 
pulled to the left by P ; but we know it does not 
go on moving to the left, but remains still. It follows 



D 

Fig. 177. 
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then that some force must be exerted on it to 
balance P. 

We are not now taking gravity into account, so that 
the force necessary can only be applied 

p by some other body ; and the only body 

which touches i, besides that, whatever 

Fig 178 ^ which exerts the load P, is 2. 

Whence it follows at once that the 
action of the surface CD of 2, on the surface CD of i, 
is such as to exactly iDalance P. 

We can now consider 2 by itself, when by exactly 
similar reasoning to the above, we can show that the 
action of the surface CD of i, on the surface CD of 2, is 
such as to exactly balance the other P. 

We have thus proved that, between the particles of 
the bar on opposite sides of any transverse section, there 
is a mutual action consisting of two equal and opposite 
forces, either of which balances the load on the bar. 

An action of the preceding kind we have already 
named a Stress (page 106), and we say then that the 
effect of the load is to produce a stress on the section 
CD, or on any section, CD being taken anywhere. 
The total amount of the stress is sufficient to balance P, 
and is hence equal to P. So P is the Total Stress on 
the section. 

Intensity of Stress. — The word stress by itself 
usually means intensity of stress, or stress per unit area. 
In the present case, if A be the area of the section in 
square inches, and P be in lbs., 

p 

Mean intensity of stress on the section = ^ lbs. per sq. in. 

We say the mean intensity, because, so far, we have 
said nothing as to the distribution of the stress over the 
section. If the stress be uniformly distributed then P/A 
is its actual value over any square inch of the section. 
But if the stress be not uniformly distributed, we must 
have some way of expressing its intensity at a point. 
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Since a point has no area, and the force on it must be 
also zero, we cannot find the intensity by dividing the 
force by the area. We have then to follow the method 
always adopted in expressing the value of such varying 
quantities, t.e. we estimate what would be the stress on 
a unit area, if it had the same intensity all over the area 
as it has at the point ; and this amount we call the 
intensity at the point. At all points of a surface under 
uniform stress the intensity is P/A. 

The present division of our work will be chiefly 
devoted to a determination of the distribution and conse- 
quent intensity of stress produced in a piece of material 
by various loadings. The question then naturally arises 
— Why is this quantity of importance 1 To which we 
answer, that on its value depends the ability, or otherwise, 
of the piece to withstand the load which is applied to it. 

Strength — Limiting Stress. — There is, for every 
material, a certain value which the stress must not 
exceed ; this value depending on the kind of material, 
and also, as we shall see in chap, xxi., on the manner of 
application of the load. If this stress be exceeded the 
piece is liable to be injured, and rendered unfit for its 
work. Plainly then this stress is of great importance, 
and it is known as the Strength of the material, or 
sometimes is called the Limiting Stress. 

Distribution of Stress in a Stretched 
Bar. — We consider now the question — If 
a bar be exposed to a tensile load P, what is 
the intensity of stress produced ? We shall 
first require to ask — How is P applied ? 

1st. Let P be applied with perfect uni- 
formity over the ends of the bar. 

[We do not say this is practically possible, this 
we shall see is unnecessary.] 

Then the part below CD is in equilibrium 
under a set of equal small forces all over the end B, 
and a set of small forces over the section CD. And 
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we say that in this case the distribution of stress will 
be uniform over CD, for there is no conceivable reason 
why it should be greater or less at any 
point than at any other. 

— 

^ Jp 2nd. Let AB be of the shape shown in 
Fig. i8o, which is used for test pieces, 
^ ^ and let the load be applied by jaws CC, 

DD gripping AB under the collars, and 
which are forcibly pulled apart. 

Then plainly, if we take CD very near 
either to A or B, the stress must be 
nearly all concentrated on the outer rings 
of the area ; and it would be only by 
very elaborate methods, if at all, that we 
^ determine its distribution. 

'W In this case, however, a very important 

^ ’p practical fact helps us, viz., although near 

^ ^ A and B the stress is not uniform, yet 

Fig, i8a nature of materials is such that the 

stress very rapidly distributes itself, and at a very small 
distance from the ends it will have assumed a practically 
uniform distribution. Thus then, in the figure, the 
stress over any section taken between the dotted lines 
would be uniformly distributed. 

[A principle similar to the foregoing will be found necessary 
in chaps, xviii. and xx.] 

Line of Application of Load. — There is, how- 
ever, one condition which must be satisfied before we 
are justified in taking the foregoing as true, this being 
that — The line of action of the resultant load must be 
in the axis of the bar. By axis we mean a line pass- 
ing through the centres of gravity of all the transverse 
sections. 

We have now obtained the following result : — 

If a tensile load P be applied in any manner to the 
end of a bar, provided only that the resultant action 
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passes through the C. G. of the sections, then for any 
transverse section except very near the ends we have 

P 

Intensity of stress at any point =— lbs. per sq. inch. 

This we generally denote by and thus we have 
/ = P/A. 

We have seen that p must not exceed a certain value, 
viz. the strength of the material ; for this value we shall 
use the symbol yj then the greatest load which the bar 
can safely bear will be given by 
W 

/=^, orW=/A. 

Extension under the Load. — We have next a 
different effect to consider, i.c. the change of length of 
the bar which is produced by the loading. 

In order to find what this will be we must go to 
experiment, subjecting bars of various sectional areas 
and lengths to given loads, and noting the extensions 
produced. The effects obtained will be fully discussed 
in chap. xxi. ; for the present we will consider only that 
one which is perhaps the most important of all, and 
which we need for our present purposes. This one is 
as follows : — 

Hooke’s Law — rStrain. — Let 

/ = length of bar, 

A = sectional area, 

P = load, 

extension under the load. 

Then, so long as P/A does not exceed a certain limits 
X varies directly as P fot- the same bar, or xfl varies as 
P/A for different bars of the same material. 

Now FjA==py the intensity of stress, or briefly the 
stress. And 

total extension 

7 ~~ length ’ 

= extension per unit length. 
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To this latter quantity we apply the name Strain, or 
Intensity of Strain. The meaning which we attach to 
strain, then, will be different from that in which it is often 
used in common language, when a strain of so many 
tons is often spoken of. For this we use the term 
stress or load, keeping strain to denote alteration of 
shape. 

The experimental fact above can then be briefly 
stated thus : — 

Strain varies directly as the stress. 

This is generally spoken of as Hooke’s Law, after the 
name of the original discoverer. 

The strain per unit length is generally denoted by the 
letter e, and we have then 

e oof. 

e is simply the ratio of x to /, so that it is not depend- 
ent on the units of length employed, but is a simple 
number. In order to find the value of e for a given p or 
vice versa, it is necessary to have an equation connect- 
ing them, and this equation is, since p co e, 
p — E^, 

E being a constant, the value of which must, for any 
given material, be determined from experiment, and 
which is called the Modulus of Elasticity. 

We can from the preceding equation give a definition, 
or perhaps it would be better to say a means of remem- 
bering what E is. For suppose e=\, that is, the exten- 
sion equals the original length, then / = E, whence it 
appears that E is the stress which would double the 
length of a bar, if Hookers Law held good for such an 
extensio7i. 

We have italicised the last words, because, as we 
shall see in chap, xxi., the law does not hold good 
unless the extension is very small. Tliis shows, how- 
ever, that E must be stated in the same units as p, and 
its value will thus depend on the units in which p is 
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stated. For wrought-iron or mild steel E is 29,000,000 in 
lbs. per sq. inch, or 1 3,000 in tons per sq. inch. Values 
for other materials are given in chap. xxi. 

Limits of Elasticity. — On page 265 we have 
italicised the words “so long as P/A does not exceed 
a certain limit ’’ ; it is of great importance to bear this 
carefully in mind. This limit is, for reasons explained in 
chap, xxi., called the Elastic Limit, and so long as P/A 
or / does not exceed this, the material is said to be in 
the elastic state. 

In any case Hookers Law holds good only within the 
limit stated, and the whole of our work in the present 
and subsequent chapters which will depend on this law 
will be subject to the same limitation. 

It must not be imagined that this detracts from the 
usefulness of the work, because, as we shall see, we are 
obliged in all practical cases, for very sufficient reasons, 
to keep the stress within this limit. For wrought-iron 
this limit is about 24,000 lbs. per sq. inch, and in all 
practical cases the stress on a wrought-iron bar is very 
far below this, being , usually not more than 4 tons, or 
9000 lbs. about, per sq. in. For steel and other metals 
the limit differs ; its value is given for some common 
materials in chap. xxi. 

We have now means by which we can find the 
stress and strain produced in a bar of given dimensions 
by a given load. For example, a bar 2 ins. square is 
loaded with 10 tons ; material, wrought-iron. Find the 
stress and strain produced. Then 


Also 


P= 10 tons, A=4 sq. ins., 

^ P 10 . 

. p— — = 2.5 tons per sq. in. 
A 4 


/=E^, 


~E 


The material being wrought-iron^ 

E = 13,000 tons, 
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2.5 , 

. \ e= — =.0002 nearly, 

showing how very small e is in all practical cases. 

We have found the strain e without requiring to con- 
sideiT what length the bar is, and the meaning is that 
every inch original length stretches to 1.0002 ins., or 
every foot to 1.0002 feet. Suppose then we are now 
given in addition that the bar is 1 8 ft. long, then it will 
stretch to 

<18 X 1.0002 feet, 
or the total extension is 

18 X .0002 = .0036 ft., 

= .0432 ins., 

or not quite inch. 

Bar of Var3ring Section. — Strictly speaking, the 
result/ = P/A applies only to bars of uniform cross-section, 
but it can also be used in cases where the cross-section 
varies, so long as the variation is a gradual one. If the 
change of section be abrupt, then the formula does 
not hold for parts very near the point of change. For 
example, ABC is a rod from which P hangs, then in the 

case (a) the stress verynear 
B on either side could not 
be found by dividing P by 
the area of the section, 
because the distribution of 
stress near B would be un- 
equal, and this would be 
shown practically by the 
fact that under a heavy 
load the bar would in all 
probability break at B. For 
this reason such a bar 
would not in practice be cut 
square in, but the corner 
would be rounded as in (If), Even in case (^) there 
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Fig. 181. 
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would be a little doubt as to the application of the for- 
mula to sections in the round, but when we come to 
cases such as (c) the formula may be used with perfect 
safety. 

We cannot, however, calculate the extension of such 
a bar with the mathematical knowledge with which the 
student is at present credited, because since p varies 
from point to point, or the rate of extension, also 
varies, and to find the extension of a given length 
requires the use of the Calculus. When, however, a 
bar has definite lengths of different diameters, but the 
diameter constant for each length, then we can find the 
total extension by finding that of each length separately 
and adding the results. 

Work done in Stretching. — When a bar is 
stretched, the stretching body, e.g. the jaws of the test- 
ing machine, moves against the resistance of the extend- 
ing bar ; hence work is done, and it is of importance to 
know how much. Let the bar AB be held at A, and 
stretched steadily by applying a gradually 
increasing load or pull to B. Suppose 
it be thus stretched to the length AC, 

BC being in the figure greatly exagger- 
ated for clearness. Then, since the 
stretching is gradual, and BC is such a 
very small length (see preceding example), 
none of the parts will have any measur- 
able velocity, or K. E., consequently we 
have at each instant balanced forces, the 
external load and the resistance of the 
bar. If then R be the final load, R is 
also the final resistance of the bar. 

In order now to calculate the work done we must 
know how the resistance varies. This is very easily 
seen. 

For at any point E of the path BC of the moving 
body, we have, by Hookers Law, 



Fig. 182. 
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Resistance at E : R = BE : BC. 

If then we set off at C, CD to represent R graphically ; 
and at E, EF to represent the value of the resistance at 

E, 

EF:CD = BE:BC. 

Therefore F lies on the straight line joining D and B, 
and this line is the Curve of Resistance. 

. *. Work done = area of BCD, 

=: 4 BCxCD, 

' =|^xR, 

X being the extension BC. 

The mean resistance is thus R/2. The energy exerted 
by the effort is in this case also R:r/2. But it must be 
noticed that the above calculation of work done holds, 
even if there be not at every instant a balance between 
the stretching force and the resistance. Hooke’s Law is 
properly a relation not between load and extension but 
between resistance and extension, for it is verified by 
applying loads and measuring extensions, the bar being 
in each case in a state of equilibrium, so that resist- 
ance = load, and, therefore. 

Load 00 extension 

is equivalent to 

Resistance 00 extension. 

Now, we assume as a fundamental axiom that the re- 
sistance to extension depends on the amount of stretch 
and not on the particular load which may be hanging on 
the end of the bar. Thus if a certain bar supports a 
weight of I ton, and is then stretched say inch, 
the ton hanging quietly ; then we say that whenever 
that bar is stretched inch, its resistance will be i 
ton, even although there may be 2 or 3 or any number 
of tons connected to its end. 

F or what happens in this latter case we refer to chap, 
xxi., page 423, but it is well to impress on the student 
at the commencement that stress denenoS on strain. 
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and not necessarily on the external load producing the 
strain, except for the case of balance, e.g, to prove ^ = P/A 
we were obliged to consider the whole bar and each of 
its parts to be in equilibrium. 

Resilience. — The work done in stretching can be 
expressed in terms of the stress produced and the volume 
of the bar. For let 


/= length (inches), A = sectional area 
p = final stress produced, x = extension, 


then 

and 


^ A’ 


= E 


/’ 


*. Work done: 


But A/ = volume of bar. 


R=/A, 


~ 2 " 2E ‘ 


. *. Work done = ^^ x volume. 


(sq. ins.), 


Let now the bar be stretched till the proof stress f.^ is 
reached, then 

Work done— ^ x volume. 


This quantity of work is of importance, since it repre- 
sents the greatest amount of work which can be done 
on the bar, or of energy which can be stored in it. For 
the bar would on again extending exert this amount of 
energy, subject, however, in all actual materials t® a 
certain loss, due to what may be called internal friction, 
and which appears as, heat, without overpassing 1:116 
limit of elasticity. It is hence denoted by a special 
name, viz. Resilience. Hence 

^2 

Resilience of a stretched bar='=^^ volume. 

2 JtS 

^2/2 E is called the Modulus of Resilience. 

Stress in a Thin OyUndricsal Shell. — The stress 
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we are now about to investigate does not appear at first 
to be a case of simple tension, nor, to be strictly accurate, 
is it really so, but for all practical cases it may be taken 
to be so. 

ABCD represents a section through a cylindrical 
boiler, O being the centre ; and the boiler is exposed to 
internal steam pressure. Let 


/= length of boiler 
D = diameter 
. r/=thickijess of plates 
/= pressure by gauge 


inches and lbs. 


It is immaterial whether by D we mean the internal 
or mean diameter, since t is small compared to D. 



The boiler shell is subjected to a pressure / + i S lbs. 
per square inch inside, and 1 5 lbs. per square inch outside, 
so the effect is the same (practically) as if the intensity 
of pressure inside were p and outside zero. 

Take now a longitudinal section by a plane AC 
through O ; and consider the equilibrium of a body 
composed of the half shell ABC and its contents — steam 
or water or both. This body is acted on by a pressure 
p all over the surface AACC in Fig. 183 which shows 
an elevation of the longitudinal section, this pressure 
being applied by the surface AACC of the ^ekm and 
water in the other half ADC. To balance this there is 
only the stress on the section of the plates, and thus we 
see that there must be a tension in the plates supplying 
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forces Q, Q. To supply these forces we have the longi- 
tudinal sections of the plates of the cylindrical portion 
or the shell plates, and also the cross-sections of the 
two ends. We always, however, neglect the effect of 
the ends, and this will cause our results to be decidedly 
untrue near the ends ; but if we consider a ring of plate, 
say a foot long, in the centre of a boiler 12 or 13 feet 
long, then this ring obtains very little support fron). the 
ends, and our results will be then practically correct. 
In any case it must be noticed they err on the safe side. 
Leaving out the ends then we have — 

Sectional area of plate = 2(/ x t), 
therefore if q be the tensile stress, 

Resistance of plate = 2qtl. 

This balances a pressure p on an area / x D, 

.*. 2y//=/x/D, 



Thus we find q for a given boiler ; or if, as is most 
common, we are given the strength allowed, then 

'' 2t^ ' ' 2f 

which gives the necessary thickness of plate. 

It must be noticed with regard to the value of f that 
a boiler being composed of plates riveted together, the 
strength f must not be taken as that of the solid metal, 
but only of the metal in the joint. Now the joint is 
always less strong than the solid, the ratio being called 
the efficiency of the joint (chap. xx. page 395), so that 
Strength of joint = efficiency of joint x strength of solid metal. 

If the f be taken, as it usually is, to denote the 
strength of the solid metal, the equation for t becomes 

/D 

2/x efficiency of joint 
T 
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The joint here will be that connecting together the 
separate plates of a ring, i.e. the longitudinal joints of 
the boiler. 

Stress on a Transverse Section. — The pressure 
on the ends of a boiler tends to separate them, and thus 
produces a tensile stress on a cross-section of the boiler. 
This is, however, of little importance, because in actual 
boilers • having * flat ends these ends are connected by 
stays which relieve the shell plates from any tension in 
the longitudinal direction. There is one case in which 
this is not done, which we will set as an example. 

Bursting Stress due to Centrifugal Force. — 
We can now complete the investigation on page 252. 
For we have there seen that the sections ab, cd (Fig. 
174) must apply to the piece abcd^ an action sufficient to 
have a resultant wtbP^rjg passing through the centre. 
But this is exactly what these sections would have to 
do if there were an internal pressure wb^rjg on the 
rim, and it follows therefore that there must be a tension 
q on these surfaces given by 


wAV 7e/V2 



This equation then gives the tension caused by the 
centrifugal force, or perhaps it is better to say — this is the 
tension necessary to keep the piece revolving in. the circle. 

Compression. — We leave compression tq; the last 
because there is a difficulty connected with it which does 
not appear in tension. When a rod is stretched it 
remains straight if originally so, whether it be i inch 
thick or ^ inch thick. But when a thin bar is com- 
pressed it always has a tendency to bend sideways, and 
hence experiments are difficult to carry out except on 
very short pieces. If we have long pieces we must put 
them in a sort of trough to prevent this bending, and 
then the sides of the trough may act on the piece in 
other ways, and our results are not so trustworthy. 
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Generally we may say, within the elastic limit, there 
is little difference between the laws of tension and com- 
pression. The values of E and the proof stress are 
about the same (see chap, xxi.), and the calculations of 
stress and worl; done will be the same, if the bar be 
such as to be in simple compression. The strength of 
columns of ordinary dimensions, however, can only be 
properly determined by a formula derived from special 
experiments, and which is given in chap. xxi. 

Examples. 

1. Find the stress produced in a pump rod 4 ins. diameter, 

lifting a bucket 28 ins. diameter ; the pressure on top of, the 
bucket being 6 lbs. per square inch in addition to the atmo- 
sphere, and a vacuum below of 26 ins. by gauge ; taking each inch 
as ^ lb. A 7 ZS. 925 lbs. per square inch. 

2. The rod in the preceding is 5 ft. long, find its extension. 
Material of rod brass, for which E = 9,000,000. 

Ans. .0061 ins. 

3. Assuming the strength of a chain to be double that of the 

bar from which the links are made, find the proper size of chain 
for a20-ton crane, using three sheaved blocks ; alio wing /= 6000 
lbs. Ans. I inch. 

4. A steel piston rod is 8 ins. diameter; the diameter of 
cylinder being 88 ins. , and effective pressure 40 lbs. per square 
inch. Find the stress produced, and the total alteration of length 
during a revolution. Length of rod 9 ft. £ = 29,000,000. 

Ans. 4840 lbs. per square inch, .036 ins. 

5. A cylindrical boiler, 12 ft. diameter, is constructed of 
steel plate. The test pressure applied is 245 lbs. per square inch. 
Find the stress produced in the solid metal, and hence deduce 
the stress in the metal of the joints, the sectional area being there 
reduced to .77 of the solid.' Find also the increase of diameter 
under the test, neglecting the joints. 

Ans. 19,500, 25,300 lbs. per square inch, .097 ins. 

6. A cylindrical vessel 6 ft. diameter, with hemispherical 
ends, is exposed to internal pressure of 200 lbs. per square inch 
above the atmosphere. It is constructed of solid steel rings 
riveted together. Find the necessary thickness of metal, taking 
/= 7 tons per square inch. Also find the longitudinal stress in 
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the jnetal of the ring joints, the sectional area being reduced to 
^ of the solid plate. A ns. J in., lo tons, 

7. In question 4 find the work done in extending or com- 
pressing the rod ; and also find the resilience of the rod. /= 1 2 tons. 

Ans. 2, 60 inch-tons. 

8. In question 5 the flat ends of the boiler are stayed by steel 
bar stays, pitched 16 inches apart, both vertkally and horizontally. 
Find the necessary diameter of stay that the stress per square inch 
at the test pressure may not exceed 18,000 lbs. per square inch. 

Ans. 2j ins. 

9. Find the area df the base of a stone column carrying a load 
of 5 tons, allowing a crushing stress of 1 50 lbs. per square inch. 

Ans. 75 square ins. 

10. An iron rod is suspended by one end. Draw a curve 

showing the stress at any section, and find the length of a rod 
whfll^h can just carry its own weight, allowing /= 9000 lbs. per 
square inch. Ans. Curve is a straigh|, line ; 2700 ft. 

11. An iron bar 18 feet long, ij in. diameter, is heated to 

400® F. ; nuts on its ends are then screwed up so as to bear^ 
against the walls of a house which have fallen away from the* 
perpendicular. Find the pull on the walls when the bar has 
cooled tb 3 <^ ¥. Coefficient of. expansion of iron .0000068 per 
degree Fahrenlieit Ans] lbs. 

li. A bar of iron is placed between two bars cpppes^lf^ 
same section and length, and the eSds are Connected 

together when at a temperature of 60® F. Find the stresses in 
the bars when the tempemture is raised to 200® K Coefficient 
of expansion of copper .0060095, E= 17,000,000. * . 

Ans. Iron, 5920; copper, 2960 lbs. pe^r inch. 

13. A bar of 2-inch round iron, 3 ft. long, is turned down to 
I inch diameter over the centre foot length. Compare its 
resilience — ist, with that of the original bar ; ad, with that of a 
uniform bar of the same weight. Ans. 1:8, 1:6. 



CHAPTER XIV 

TRANSVERSE LOADS — BENDING AND SHEARING 

When the forces acting on a bar of material act, not 
along the axis, but transversely to it, the bar is called a 
Beam/ In most cases the forces all act in or p^allel 
to one plape passing through the axis of the bar, and we 
shall confine our work to this case. 

Our problem then is — To investigate the straining 
actions in a beam, subjected to forces all in one plane. 

The term straining action here used means any action 
tending to strain — Le. altet the shape of^^the piece of 
material. Thus tension and compression already con- 
sidered are two caiifes, and the simplest, of straining 
actions. 

AB is ^ beam, which for definiteness we will suppose 
to be l^ed at A to. a wall, and loaded with a weight W 
at other case might be taken, 

as what we are going to say will apply 
generally. Jake now a transverse 
section of |he beam at any point as 
KK. Then the body BK is in equili- 
brium under the action of W and 
of the forces which the end KK of 
AK exerts on the end KK of BK. These forces are 
the stresses on the section KK ; and we see that the 
action of the load W is to produce stresses which cah 
just balance the effect of W, and so keep the piece 
BK in equilibrium. 



V 

Fig. 184. 
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We first then inquire, What is the effect of W ? For 
this purpose imagine the beam actually cut through at 
KK; then BK will fall to the 
position shown in (a). Now 
there is here a double effect, viz. 
falling, keeping parallel to itself, 
and turning round K ; each of 
these is shown separately, the first 
in (c) and the second in (d). The 
combination of the effects (d) and 
(c) would evidently produce (a). 

For reasons which will appear 
plainly as our work progresses in 
the present and succeeding chapters, it is convenient to 
take these effects separately ; and we will commence 
then with effect (d). 

Bending Moment. — The effect (3) may be ex- 
pressed as a turning or bending round K as a joint ; and 
it would occur even if the two parts AK, BK were not 
separated but united by a pin joint. In this case effect 
(c) could not take place. Now the magnitude of the 
actions or stresses on the end KK of BK must be such 
as to enable them to prevent this turning ; and hence 
we must have 

Moment of stresses resisting bending = moment of W about K 

(page 64), 

W being the effort and the stresses the resistan^s. 

We are not now going to inquire into the magnitude 
of these stresses, but since they are due to bending, and 
their magnitude depends on the moment of the load W, 
we call this moment the Bending Moment at KK. 

We have taken for simplicity one load W ; but all 
we have said will apply equally well, no matter how many 
forces we apply to BK ; some may act upwards, and 
others downwards. In all cases we have BK in equili- 
brium, under the actions of all the loads acting on it, 
and of the stresses on the end KK, and hence 
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Moment of internal _ Sum of the moments of all the external 
stresses ~ forces acting on BK about K. 

Sum here means of course algebraic sum, allowing for 
sign, e.£-. in Fig. 186 the sum is, counting clockwise 
turning plus, 

W.BK-P.CK + Q.DK-R.EK. 
and this is the bending moment 
at K. 

Since now KK is any section, 
we can define, for any section, 
the term bending moment as the 
moment about the section of ^ all the forces on the right 
of the section. For example, for the section through 
K' (Fig. 186), the moments about K' of W, P, and Q 
only would be taken, since R is not a force affecting the 
equilibrium of K'B, which would now be the piece con- 
sidered. 

[There may appear to be an ambiguity in writing of the 
moment of a force about KK, since strictly we can only have 
moments about a point ; but all points in KK are equidistant 
from W, KK and W being parallel, so the moment about KK 
is really about any point iA KK.] 

Shearing Force. — Let us now return to the effect 
{c\ Fig. 185. This is a bodily vertical movement, and 
to prevent it the end KK of AK must exert on KK of 
BK forces or stresses sufficient to keep BK in equili- 
brium vemcally. The total amount of this stress must 
therefore be, in Fig. 185, a vertical force W, in Fig. 186, 
a vertical force W — P -h Q — R ; then the forces balance 
vertically, and BK is in vertical equilibrium. The 
magnitude then, generally, of this action is the algebraic 
sum of the forces acting on BK, or to the right of the 
section ; and, since the effect produced is that which 
would be caused by the jaws of a shearing machine, this 
sum is called the Shearing Force at the section. 

Both with bending moment and shearing force we 
have spoken of the forces on the right of the section 



Fig. 186. 
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only, but there is no particular property attached to the 
right side more than to the left, and hence a very prob- 
able conclusion to draw is, that on the right may mean 
simply on one side only, either right or left but not both. 
This, we shall see, is correct. 

For take the beam AB as a whole, acted on by any 
number of forces either up or down — fixed, if we please, 
to the wall at A, but then this only means that the wall 
applies some of the forces, and so this case is included 
in the preceding statement — and take KK any section. 

Then AB is a body in equilibrium. 

[When the forces are first applied AB bends, and while bend- 
ing is not a body in equilibrium strictly ; but the bending goes 
so far and then stops, and our work all applies after this balance 
is attained. Compare page 270.] 

Therefore the sum of the resolved parts of the forces 
in any direction is zero ; and the sum of their moments 
about any point is zero. 

Take then K as the point, and divide the forces into 
two sets, to the right and left of K respectively. Then 
we have 

Algebraic sum of forces = 0, 

, *. Algebraic sum of forces Algebraic sum of forces __ 
to left of K to right of K 

and hence we see that we shall get the same numerical 
value for the shearing force if we take the forces 
to the left; as if we took those to the right f there is, 
however, an apparent difference in sign, for if one of the 
above terms be plus the other is necessarily minus. 

Exactly similar work applies to the bending moment, 
and there will be the same apparent difference as to 
sign. 

This difference in sign is, however, not real but only 
apparent, and we should expect to find it. For, as we 
have seen, a stress consists of equal and opposite forces, 
and if the set of forces on the right give us one part of 
the stress, those on the left will naturally give us the 
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other part. The question as to which of the results plus 
or minus to use we will consider in an actual example, 
in any case we can give now the following 

Definitions. — The shearing force, or S. F., at any 
point, or on any transverse section, of a loaded beam is 
the algebraic sum of all the forces acting on either side 
of the point or section. 

The bending moment, or B. M., at any point of a 
loaded beam, is the algebraic sum of the moments of all 
the forces on either side of the point about the point. 

[Particular attention must be paid to the words all and either. 
It is plain that no correct result can be obtained if some of 
the forces acting be omitted, and for this purpose every body 
touching the beam must be credited with exerting a force on it 
without it be expressly stated or proved not to do so. Then as 
regards either^ the whole of the preceding work is based on the 
consideration of only one set of forces, and hence if forces from 
the other set are brought in the whole work falls to the ground. 

Some little confusion is sometimes caused by this last, as it 
looks as if we were neglecting the effect of one of the sets of 
forces. This is, however, a false idea. Both sets together pro- 
duce the bending action, and its amount is measured by either. 
Compare tension, page 262.] 

We will now consider some examples. 

Case I — Beam supported at the Ends, loaded 
at some Intermediate Point. — The beam rests on 
supports at A and B, and a load 
W rests on it at C. Take any 
point K, then we require to find 
the B, M. and S. F. at K. 

These quantities we shall al- 
ways denote by the symbols 
Mk and Fjj^ respectively. 

First : Find all the forces acting, at least on one side 
of K, but we shall find it better generally to find those 
on both. 

The bodies touching the beam are three, viz. the load 
and two supports. We have to find the forces exerted 
by the latter. 



Fig. 187. 
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Let these be P at A and Q at B, represented by 
the arrows. 

[It is a gain in clearness and sometimes an aid to the avoid- 
ance of error, if the arrows are put on the same side of the body 
acted on as the body exerting the force is. Thus P and Q we 
put under the beam, because the supporting bodies are under. 

If the ends were supported by ropes, 
I iQ we should put P and Q above (see 

t U t "“lSo 

^ ® AB=/, AC = a, BC = i, 

Fig. 188. , . A -n • • -VI. * 

then, since AB is in equilibrium 
under P, Q, and W, we have, by taking moments 
about B, 

Px AB = WxBC, 


Similarly 


O-^ 


by taking moments about A. Or we can obtain the 
same result from 

P + Q = W. 

Now to the left of K there is only the one force P. 

.-. Mk = P.AK, 

Fk = P, 

and this result holds for all positions of K in which P 
only is on the left of it, z.e. for all sections or points 
in AC. It follows that 

Me =P. AC = >, 

Fc=P. 

But if K be taken to the right of C as K', we have on its 
left both W and P, so that 

Fk'=W-P. 

It is, however, now simpler to consider the forces to 
the right of K', since there we have only Q, whence 
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, Fk-Q, 

MK'=Q.BK^ 

evidently the two values of are the same, since 
W - P = Q. 

And we can easily see that the same value is obtained 
for M either way. For looking to the left 


Mb:< = P. AK'-W.CK', 

= P.AK'-(P + Q)CK', 
= P.AC-Q.CK'. 


But P . AC or Va ~ Q/5, by taking moments about C. 


Mk'=Q.<^-Q.CK', 
= Q.BK', 


the same result as before. 

These values apply to all points in BC, hence at C 
we have 


Fc=Q, 
Mc=Q.BC = 


^ab 

a-\-b' 


Signs of B. M. and S. F. — The B. M. and S. F. 
at C have now been obtained in two ways — ist, by 
taking C as a point in AC ; 2d, by taking C as a point 
in BC. 

Taking B. M. first, we have obtained in each way 


Mc = 


V^ab 
a + b' 


But although the same result is obtained numerically, 
yet that obtained first gives a clockwise moment, 
while the second gives it anti - clockwise. But, as 
we have before said, this is not 
a real difference, but depends 
entirely on the point of view. 

Looking at the way the bar would 
bend if jointed at C (Fig. 189), 
there are three ways of describing it. 
observer fastened to AC, he would say BC turns left- 
handed ; while one fastened to BC would say AC turns 
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right-handed. The full statement, jhowever, would be that 
of an observer standing on the ground, who would say AB 
bends downwards ; so that an anti-clockwise moment on 
the right, and a clockwise one on the left are both 
bending of the same sign. 

There is, however, a bending which is plainly of an 
opposite kind to that which we have just considered, 
viz. as Fig. 190. Here the ends bend downwards, and 
^ the moments required to pro- 

^ * duce this are clockwise on the 

right and necessarily, there- 
fore, anti-clockwise on the left. 
These bendings then require to 
be distinguished by difference of sign, so that if the first 
or centre drooping be plus, the second or ends drooping 
is minus. There is no necessity to specify one partic- 
ularly as plus always ; so 

long as in each example '^Bending - Biding 

it is clearly stated which 

is to be considered plus. Fig. 191, 

and the proper sign is 

kept to all through that example. The first kind being 
the most common, we shall, when it is necessary to 
discriminate, use the plus sign for it as here shown. 

With regard to there are two difficulties — first, 
sign, and second, there are two different values. We 
will take first the question of sign, and for this we need 
not consider C especially, Qther points will do rather 
better. 

Take, for example, K. Then, looking to the left, 
Fk=+P, 


if we call upward forces plus. But to the right, 
Fk=+Q-W=:-P, 

so here again are the plus and minus values. 

The explanation is exactly as for bending : -f- P on 
the right and - P on the left constitute only one action ; 
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and if the beam be .cut, plainly “BC rises relative to 
AC ” is just as true a d^cription of what occurs as 
“AC falls relative to BC.” 

But look now at the point K'. Then, to the left. 


Fk'=+P-W=-Q. 

But to the right 

Fk'= + Q. 

Here then is an exactly opposite kind of action : - on 
right, + on left ; or we may say right hand falls, left 
hand rises, z.e. relative to each other. 

These two then constitute opposite or plus and minus 
shears, and we will take 

for definiteness the signs — — 

as shown in Fig. 192. — 

Double value of S. 

F. — We have found two values for Fc, 

-Q, or +P, 


and *we have to explain the reason of this. 

The explanation is, that we have taken W as applied 
at a point C. Now this is a 
physical impossibility, for W 
must cover some definite dis- 
tance, however small. 

\q Let then W cover the 


w 

XI 


Fig. 193. 


small distance C^C2j then 


Fcj=+P, 

Fc2= -Q, 

and between these it is intermediate. In taking C as 
one point we confuse the essentially different points C^ 
and Cg. Returning now to the usual statement, con- 
sidering C as one point, we should say that — In AC, 
F is -f P ; in BC, F is - Q ; while at C it changes from 
+ P to - Q. Remembering that “at C ” really means 
between C^ and Cg. 

Diagrams of B, M. and S. F. — The graphical 
method is very suitable for recording the values of B. M. 
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and S. F., by drawing in the usual manner curves to 
represent those quantities. 


D 



A K C K' B 


Fig 194. 


In the present case we 
have : — 

Mk'=Q.BK' (see Fig. 187). 

Set up then K'L' on a 
scale of moment, i.e. lbs. -feet 
to the inch, to represent 
e.g. if Q = 20 lbs., BK' = 2 ft. 


Then 


Mk'= 40 lbs. -feet. 


Then take say a scale of 50 lbs. -feet to i inch, on 
which will accordingly be represented by A inch. 
We should then make 

K'L' = | inch. 

Doing this for all points, and drawing a curve through 
the points L' so found, we should have a curve of B. M., 
the ordinate of which at any point would give us the 
B. M. at that point. 

We can, however, see what this curve will be without 
actual construction. 

For Q being constant, or K'L' is proportional to 
BK', So that L' lies on a straight line through B. 

This holds true for all points between B and C. But 
between A and C 

Mk=P. AK, 

i.e, Mk is proportional to AK. So the curve of B. M. 
here is a line through A. 

We have then the curve^as in Fig. 194, consisting of 
two lines BD, AD, meeting over C, because is the 
same from whichever side we start. 

To draw this curve then we only require to know the 
height 'CD or But this we already have, viz. 

Wadl{a-{-d) (page 283). 

The curve of B. M. then is a triangle of height 
V^abl{a-\-b\ and having its vertex directly over W or C. 
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To verify draw KL. 

Then the moment represented by KL is 


CD a+d AC * 

= Mk. 


Hence the curve gives the value of the B. M. Next 
for the S. F. 

This is very simple in the 
present case. For at any 
point K in AC, F is + P. 

Set up therefore on a scale 
of lbs. to the inch AE to 
represent P, and draw EF 
parallel to AC, 

Then EF is the curve of S. F. for AC, because its 
ordinate at any point is + P. 

In BC, F at any point is — Q. Therefore set down- 
ward BN to represent Q on the given scale, and being 
below the base shows the — value. Draw NM parallel 
to BC, then NM is the curve of S. F. for BC. 

Draw now MCF through C at right angles to AB, 
and this represents the change at C from + P to — Q. 

The whole curve of S. F. is then EFCMN. 

S. F. at Ends. — The S. F. at A is by the diagram 
4- P and at B — Q but A and B are the ends of the 
beam, and there can be no S. F. or B. M. or any other 
action on the free ends, such as A and B, of a beam. 
There is here then an apparent discrepancy, which is 
explained exactly as the double value at C. There can 
be no supporting force a point A, but only over some 
distance ; and in this distance the S. F. changes from o 
to -I- P. Similarly for B. 

Particular Caae. — When the point C is the centre, 
then we have the greatest B. M. at C, or 


1 



p 



■ 1 

c 
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Fig. 195. 
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And tfie S. F. is ±W/ 2 . 

Case II — Lever loaded at the Ends, and 
Tnmingr in a Pulonim be- 
^ ^ tween. — There is now no 

I need to examine this case in 
T detail, because it is only Case 
I turned upside down. P and 
Q are reversed, and P + Q, 
which must act at C, is simply W of the first case also 
reversed. The diagrams of Case I then need only 
turning upside down, thus 


A, , 

M V 

N 

g 

1 


C A 

B 

P 

i-. 

c 






D £ f 

Fig, 197. Fig. 198. 

Case III — Beam fixed at one End and loaded 
at the Other. — This is the case which we first used to 
explain B. M. and S. F. . 

Taking K any point what- ^ ^ ^ g 

|;=:fzi=q 

Fk = W, andMK = W.BK. jjy 

This holds everywhere, a K B 

hence j|^ | 

Fa=W, Ma=W.BA=W/. 

Now, does this contradict 

what we have said in Case I D £ 

as to there being no possible 

action on the free end of a 5 , 

beam ? The answer is No ! 

Because A is not a free end, 

nor is it really the end at all, for some part of the 
beam would be fastened into the wall.' AB is, however. 
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called the length of the beam, and A is spoken of as the 
end ; but we say it is not free but is acted on by the wall. 

In this case we must take the forces on the right of 
K ; because we have no knowledge of those on the left, 
i.e, the actions of the wall, except that they are such as 
to balance W, and so we cannot find all the forces in this 
case. The graphic construction is simpler than Case I. 

For at all points, as K, M varies directly as BK. 

So the curve of B. M. is a straight line BC, drawn by 
making AC represent on some selected scale W/ Ibs.-feet 
of moment, i.e. to represent M^. 

Then we can prove, as in Case I, that the ordinate 
KL represents 

The S. F. being everywhere equal to W, we take AD 
to represent W and draw DE parallel to AB. Then 
DE is the curve of S. F. 

Notice that the bending is now minus, so AC is below 
AB. The shearing is, however, plus everywhere. 

Case IV — Beam supported at the Ends and 
loaded at two Intermediate Points. — The loads 
are W^, Wg at C and D (Fig. 200). 

First to find P and Q. 

Take moments about B, then we have 
P. AB=Wi.BC+W 2 .BD, 

^_Wi. BC+W2. BD. 

• • AB 

Similarly 

Wi. AC+W2. AD 
AB 

Then for in AC (not marked in the figure) 

Mk, = P.AKj, .-. Mc = P. AC, 
and the curve is the straight line AE^ where 
CE = P. AC. 

Similarly for BD the curve is BF, where 

DF = Md=Q.BD. 

U 
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Now for a point K between C and D. There is no 


. f- r- . 

t ' ‘ ” t 



r — \ 

z' 

M j \ 


A G K D B 


choice of sides, suppose 
we take the left, then 

Mk=P. AK-Wj.CK, 

= P. AC + (P-Wi)CK(i>. 

If then we draw KL = 
Mr (Fig. 200), and draw 
EM parallel to AB ; we 
have 

KL = KM + LM = CE + LM. 
But CE = P . AC, 

LM = (P-Wi)CK (fromi). 


Therefore LM/CK or 
LM/EM is constant for all 
positions of K, so that L lies 
on a straight line through E. 

Evidently exactly similar 
reasoning would prove that 
L must lie on a straight 
line through F. Hence 
we conclude that L lies on 
EF, and therefore AEFB 
is the diagram of B. M. 

Commencing at A, between A and C, F is + P, and 
the curve is RS parallel to AC. 

Between C and D we have to the left of any point 
P — upward ; now we notice that in Fig. 200 we 
have drawn L above E, which assumes that P — 
is positive ; therefore F is + (P — W^) between C 
and D, and the curve is TV where CT = P — or 
ST = Wj. 

In BD we have P — (Wj + Wg), which is negative, on 
the left, or + Q on the right ; F then is - Q, and we set 
off Q downwards, the curve then being UX. Thus 
RSTVUX is the full curve of shear. 


u 

Fig. 2CK). 

Next for the S. F. 
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The student may for practice commence at B and 
work to the left ; he should thus obtain the same curve. 

We have worked this question by the preceding 
method simply to show how, by keeping strictly to the 
definitions, we are able to find the value, and hence 
draw the curves, of B. M. and S. F. at every point. 
Generally, however, the simpler way will be to use a 
method which will be explained in the next chapter. 


Examples. 

1. A plank is laid across an opening 12 feet wide. A man 
weighing 156 lbs. walks across it. Draw diagrams showing the 
S. F. and B. M. when he is 2, 4, and 6 ft. respectively from one 
end. Give the maximum values in each case. 

Ans. 130, 104, 78 lbs.; 260, 416, 468 lbs. -feet. 

2. A similar plank to that of (i) is broken by the bending 

effect of 3 cwt. placed 3 ft. from the end. What is the greatest 
load the man could safely carry across ? A ns. 96 lbs. 

3. The air pump of an engine is driven by a lever or rocking 
arm, total length 8 feet. , The air pump stroke is half the piston 
stroke. Find the greatest bending moment on the lever, when 
lifting the pump bucket 18 ins. diameter against an effective 
pressure of 16 lbs. to the square inch. Ans. 10,862 lbs. -feet. 

4. The speed of periphery of a spur wheel is 20 f.s. The 

teeth are in. long. Find the bending moment at the root of 
a tooth, for each H. P. transmitted, assuming only one tooth in 
gear at a time, and the whole pressure to come on the point of 
the tooth. Ans. lbs. -inches. 

5. A loaded truck weighing 10 tons rests on two axles. The 
axles are supported by the wheels 5 ft. apart, and the centres of 
the axle boxes are 4 ft. 4 ins. apart. Draw curves of B. M. and 
S. F., and give numerical values. 

Ans. B. M. — o at ends to 10 tons-inches at and between axle 
boxes ; S. F. — | ton from ends to boxes, o between 
boxes. 

6. The horse-power of an engine is 100. Stroke, 4 feet. 

Revolutions, 50 per minute. Find the bending moment on the 
crank arm at its junction with the shaft, the diameter of the 
latter being 6 ins. Ans. 14,437.5 lbs. -feet. 
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7. A beam, / feet long between supports, overhangs a ft. 
and b ft. at the two ends respectively. At the first end a load 
Wi hangs, and at the second a load W2. Show from the defini- 
tion that the bending moment midway between the supports is 

and is thus independent of /. Draw the curves of 
B. M. and S. F. 

8. The top of a combustion chamber 2 ft. 8 ins. deep is sup- 

ported by rows of three stays, each stay carrying a load of 6000 
lbs., spaced at equal distances apart and from the front and 
back plates. Each row is supported by a “girder” or “ dog,” 
the ends of which rest on the front and back plates. Find the 
bending moment on a girder at each of the three points where it 
carries a stay. Ans, 6000, 8000, 6000 lbs. -feet. 



CHAPTER XV 


B. M. AND S. F. UNDER DISTRIBUTED LOADS — PRIN- 
CIPLE OF SUPERPOSITION 

In the last chapter we considered the effects of loads 
acting at points, qualified by explaining that at a point 
really means over a small length. The work then applies 
to cases in which the load carried is concentrated on one 
or more small lengths of the 
beam, e.g-. a locomotive on a 
bridge. 

Here the total weight is 
concentrated at the twp points 
C and D, in proportions de- 
pending on the distribution 
of weights in the locomotive. In Fig. 201 the engine 
is of appreciable length compared to the bridge ; 
but if the engine were, say, on one of the spans of the 
Forth Bridge, then, for all practical purposes, it would 
be quite sufficient to consider the engine as one weight 
only, concentrated at its C. G. 

But now take the case in which a bridge is covered 
by a densely packed cfowd ; then the points of applica- 
tion of the loads are so numerous that practically there 
is a continuous load at every point of the bridge. One 
kind of load we can see is perfectly continuous, viz. the 
weight of the beam itself. 

Such loads as we have just mentioned are called Dis- 
tributed Loads ; and if they be so distributed that the 


n 



Fig. 201. 
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load on every unit length is the same, they are then said 
to be uniformly distributed. In the present work this 
latter is the only kind we shall consider. 

Intensity of Load. — The intensity of the loading 
is generally estimated by the load on each foot length, 
or running foot, of the beam ; so that it will be stated 
as so many lbs., cwts., or tons per foot run. 

For example, a bridge 20 ft. span, loaded with a uni- 
formly distributed load of 10 tons, would be said to be 
under a loading of \ ton per foot run. The word span 
here used signifies the length between the supports. 

We will now investi- 
gate some cases of such 
loading. 

Case V — Beam 
supported at the 
Ends, and loaded 
with w lbs. Per Foot 
Run. — Let the span AB 
be denoted by / or la — the latter being often useful 
to avoid fractions. These must be in feet. Then 


lllllll jlll 1 1 




Fig. 202. 


The total load on the beam = wl^ or zwa. 

This we generally denote by W, 

. • , W = wl, or 2.wa. 

First we must find the supporting forces. These are 
evidently equal, and each is, therefore, W/2 or wa. 

The uniform loading is represented by the small 
arrows, but its amount is not indicated in the figure. 

Take C the centre, and take any point K, K being 
defined by its distance CK from the centre. This dis- 
tance we call X, Then 


Mk = nioment of forces to the left of K about K, 

= wa . AK - moment of load on AK. 

This latter consists of an infinite number of small 
forces, blit we can find its moment, because, by a prin- 
ciple of Statics, 
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The moment about any point _ The moment about the point 
of a set of forces of their resultant. 

The resultant of the load on AK is a force w . AK, 
acting through the centre of AK. 

AK 

. •. moment of resultant = w . AK x about K. 

2 


. *. yiK — wa . AK- 
But AK = a-x, 

x)- 


7V . AK^ 

2 

w{a - xy^ 


2 ^ ’ 


We must here call particular attention to a constantly 
occurring source of error in these cases. 

In finding M we have to estimate the moment of the 
loads on AK by taking the moment of their resultant. 
Then the mistake is constantly made of putting the 
resultant in the figure, and treating it as if it actually 
could replace the loads. 

For example, we wish say to find M^. Then 

Me —7va . a-wa. 


\wa 


and then the resultant force wa is drawn in, as in Fig. 
203, and the problem is 
treated as if this force 
actually acted at E. Let 
us see now what result this 
would give us at K. We 
should have 


E K 0 


Fig. 203. 


Mk = wa . AK - 7ua . EK, 


a 

= wa . - , 
2 


which is of course wrong. 

The whole source of the error lies in supposing that 
the resultant of a set of forces can replace them for 
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all purposes, whereas it can only replace them for one, 
viz. the movement, as a whole, of the body acted on. 
Thus for Me, the body whose movement is prevented is 
AC, and so far as is concerned, wa may be spread 
over AC or concentrated at E. But for the body 
is AK ; and the part of wa which lies along CK does 
not act on this at all, so that it is plainly wrong to take 
a force wa acting at E. 

The student must remember that in abstract me- 
chanics the motion* of a body, as a whole, is generally 
the thing considered ; while here we are seeking to 
find the relative movements of the parts of the body. 

In all cases then in which we require to deal with 
a set of forces such as those on AK (Fig. 202), it is 
conducive to clearness not to draw in their resultant, 
but if it be desired to indicate in some way the set with 
which we are for the moment dealing, it is best to do 
it by drawing a bracket over them, and marking their 
total amount on it as is done in Fig. 202. Resuming 
now our calculation ; we had 


MK=|'(ff='-x2). 

F or the point C we put jr — o, whence 

TVT wa:* 


. *. Mk = Mc ~ 

We put it this way to facilitate the consideration of theshape 

of the B. M. curve (Fig. 204). 

„ ^ ^ , wc^ 

For set up CD = ’ 

and KL to represent Mk* 
Draw DM parallel to AB, and 
produce KL to M. Then 

ML=Mc -Mk = — ^ 

2 

Therefore L lies on a curve such that the distance of 
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any point in it from DM varies as the square of its dis- 
tance from CD. This curve is a parabola (page 6), 
And since 

Ma = Mb = o, 

the curve of B. M. is a parabola, on AB as a base, D 
being its apex. The height CD may be variously ex- 
pressed as 

wa^ wl^ W/ 

-T’ “-T’ “T- 

Looking at the latter value we see that the maxi- 
mum bending moment produced by a distributed load 
is only one half of that which would be produced 
if the load were concentrated at the centre of the 
beam. 

To actually draw the curve ADB, we first set up CD 
= LW/, and then use the 
method of page 6. 

Next for the S. F., 

Looking to the left 
(Fig. 205), 

Fk = w. a-w . AK, 

= %v . X. 

For C then the curve 
is a straight line passing 
through C and D, where 
D is found by making AD 
The shear at K 
being plus, we draw CD above AC. 

At a point K' in CB, at a distance x from C, we shall 
have 

Fk'= - w . BK' (looking to the right), 

= 7(JX. 

So it is the same numerically as F^, but being a case of 
right hand rising, its sign is minus. 


I . 0 . ^ 
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If then we produce DC to E, DCE will be the curve 
of S. F. for the whole beam. For 

BE= - AD= -wa=YB, 

and 

K'V=-wx=Fk'. 

[If we compare this curve with those in the preceding chapter, 
we see that we have replaced steps by a continuous incline, 
or succession of indefinitely small steps, this being the effect of 
the distribution of the load.] ** ’ 

Case VI — Beam loaded uniformly, fixed at 
^ One End. — AB is fixed at 

W 6 

I I I I I I I 'TTYT' ^ loaded with w 

^11111111111 lbs. per foot run (Fig. 206). 

c „ ’ Tl ^ have aow no sup- 

I ^ 1 porting force to find. 

Take then any point K. 
Let BK = x Then 

^ ^ Mk = IV . BK . (compare 

page 295), 


£ and the bending is. negative, 

£ the convex side being up- 

ward (page 2S4). Set off 

I KL=Mk = ^'. 

But we see now that KL 
has the" identical value which ML in Fig. 204 had. 

Hence then we say at once that L lies on a parabpja, 
whose apex is B and base parallel to AB. To find 
another point we find the value of Putting 

MA=-r' 


an4 is minus as M^; is. 
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So then set off AE downwards, then E is a point in 
the parabola, and it is then drawn by the ^rule given 
in the Preliminary Chapter. 

[Notice carefully the difference between this and the preceding 
curves. In the present case the base from which the moments 
are measured is not what in the Preliminary Chapter we called 
the base, nor is it the base as in the last case. In the present 
case the apex is on the base for measurements, and the convexity 
is tow^d^ that base ; while in the preceding the apex was above 
the measurement base, and the concavity was towards it.] 

The calculation of S. F. is very simple. For 
Fk=w. BK=wjr. 

Thus the shear at A is wl^ and the curve is the 
straight line BF, drawn by setting up AF = w/, since the 
shear everywhere is plus, and joining BF. Then 

KL=AB. j=a //. - = 
which verifies the curve. 

Platform Loads — ^Weight of Beam. — In most, 
perhaps all, cases the Toad is distributed not only along 
the length of the beam, but also in a direction per- 
pendicular to the beam — one or more beams being 
used to support a loaded platform. We should be 
given the load per sq. ft. of this platform, and we wish 
to determine from this the load per foot run on the 
beam. 

Take now the case of a bridge platform, span / ft., 
wfdth b feet, loaded with n lbs. per sq. ft. Generally such 
a platform would be supported by two beams of span /, 
one under each side. , . 

. Taking then one foot length of the bridge, its load 
will be divided equally between the two foot-lengths of 
the beams. Therefore, if ^ be the load per foot run on 
each beam, 

2W = »X I 
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. w=— lbs. per foot run. 

If, in addition, the beam itself weighed w' lbs. per 
foot run, we should have finally, 

w=^nd + w' lbs. per foot run, 

and we must use this value of w to find the B. M. and 
S. F, ' 

In the general, case, where a number of parallel beams 
support a loaded platform, the load on each beam would 
be found by supposing it to 
support the piece of platform 
which extends on each side of 
it, half way towards the next 
beam. Thus in Fig. 207 AB, 
CD, etc., are the beams shown 
in plan, and C D would support 
the piece of platform dotted ; 
and the total load on this piece, 
divided by the length of CD, would give the load per 
foot run. 

Floating Beams — Case VII. — In some cases the 
distributed loads may act upwards, or, in other words, 
the supporting forces may be distributed. Such a case 
is that of a wooden beam floating in water. 


D F 
Fig. 207. 


- Ill I I I I I I I H lg 

^ YtTY T-=r“= 


“TtTfTTtltrtTr"^^ 

Fig. 208. 


Taking the beam alone, there is on every foot-length 
a distributed load w' lbs., where w' is the weight of i 
foot. But the upward pressure of the water will also be 
Uniform, and must therefore be also w' per foot run. At 
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every point, then, there are equal and opposite forces 
acting, so there is no tendency to bend or shear. 

But now let us place a load W — w/ pounds on the 
centre of the beam, then the beam sinks until the 
increase in the upward pressure is sufficient to balance 
W or wL Since W is put on the middle the beam 
sinks evenly, and there is therefore a uniform increase 
of pressure over the whole 
length. 

[The case in which the load- 
ing is not symmetrical is out- 
side our limits.] 

This increase of press- 209* 

ure, then, is w lbs. per 
foot run. 

The beam is then in 
equilibrium under a down- 
ward load W lbs., an up- 
ward distributed load w 
lbs. per foot run, and equal 
and opposite distributed 
loads w' lbs. per foot run. 

Since these latter, how- 
ever, produce no B. M. or 
S. F., we can omit them, 
and we are left with the 
beam loaded, as in Fig. 

209. 

To make it more easily 
recognisable we turn it up- a 
side down (Fig. 210) ; this 
cannot affect the values of . £ 

M or F, and for their signs 

we can look to the original figure. We appear now to 
have a case quite different from any of the preceding, 
but by a little consideration we shall be able to make 
use of previous results. 





I 

A CW=wl B 
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For consider the part CB, then CB is a beam fixed at 
C, and loaded uniformly. Now this may at first sight 
appear a somewhat strange statement, but it is neverthe- 
less perfectly correct. In Fig. 206 AB is fixed to a 
wall, but then the question as to what sort of wall it was 
did not enter into our work ; what we require in order to 
be able to fix the end A is something which is capable 
of standing and F^ without giving way, and so long 
as it can do that we care nothing else about it. Now 
CB is fixed at C to the other half of the beam, and the 
fixing is strong enough to withstand and F^, because 
if it were not the beam would break, which we suppose 
it not to do. Hence then we treat CB as a beam fixed 
at C, and we can at once draw the curve for CB from 
Case V. We set up then CD (the bending being plus, 
see Fig. 19 1) equal to and draw the parabola 

DB with apex B. 

Then from symmetry a parabola AD will be the curve 
for AC, that being a beam also fixed at C. 

Hence ADB is the curve of B. M., CD being 
or W//8. 

In BC the shearing force is negative (Fig. 192), 
therefore from Case V set down 


CE = 7 £/.CB = — , 

2 

and join BE. 

In AC the shearing is positive (Fig. 192), therefore 
from Case V set up 

W 

CF= 7 e/.CA=— , 

2 

and join AF. 

Then AFEB is the full curve. 

[For the explanation of the drop at C see page 285.] 

The bending and shearing of a ship is a similar case 
to the preceding ; but there is an uneven distribution 
both of load and of buoyancy or upward pressure. 
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for the effect of which we must refer to the larger 
treatise. 

Principle of Superposition. — When a beam is 
loaded with more than one load, we can, as in Case IV 
of the last chapter, obtain the curves of B. M. and S. F. 
by strict adherence to the definitions ; this is also true if 
one or more concentrated loads be combined with a dis- 
tributed load. But the process can generally be con- 
siderably adopted by the use of Avhat is known as the 
Principle of Superposition. 

This principle may be generally stated thus : The 
effect due to a combination of causes is the sum of the 
effects which would be produced by each cause acting 
separately. 

This may, at first sight, appear to be a truism, but it 
is not so, for it is only true under certain conditions. 
To show this, and 

also what are the / 

conditions, we will ^ 
consider a case. 

Suppose AB a ^ a V; 

beam fixed at A, ^ sCbj 

and so thin that the ^ ^ 

hanging to B of a ^ 

weight Wj bends it^ ^ b( cJ 

as Fig. 2 1 1 (a), so ^ ^ 

that the distance ^ 

of B from the wall Ymw 

is perceptibly less ^ ^ 

than /, the original 

length. Similarly in (b) a weight Wg bends it, so that 
B is distant l^ from the wall. 

Plainly then if we put on both and Wg the dis- 
tance /g in (c) will be less that either f or l^. Now 

Ma due to Wi and W2=(Wi-h Wa)^, 
which is not the sum of and Wg/gj moments at 
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A produced by and Wg acting separately, but is 

plainly less. 

We see, then, that what 
is necessary for the prin- 
ciple to apply is that 
should be practically 
identical, and then they 
will also each be identical 
with L 

Generally we may say 
that all the separate effects 
should be very small. 

Now it is proved both 
theoretically and practi- 
cally that in all ordinary 
cases of bending, the bent 
lengths /j, /2, and /g (Fig. 
2 1 1 ) are indistinguishable from the original length /, and 
so the principle holds. F or 

MA=(Wi-hW2)/= 

Wi/+W/, 

= M due to Wi alone + 

M due to W2 alone. 

We will now illustrate 
the principle by using it 
for Case IV of the last 
chapter. 

Case IV Repeated. 

— We take first a beam 
AB supported at A and B, 
and loaded at C with the 
weight Wj. 

The supporting forces 
are P^ and Q^, and Fig. 

212 shows the diagrams 
of B. M. and S. F. from 
Case I, The values are 





Fig. 213. 
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Px=W..^, Qx=W,- 
and the height = 

AJj 

Next take Wg alone (Fig. 213). 

Then by again applying Case I we get the diagrams 
of Fig. 213. And 


and 


P2 = W2 


BD 
• AB’ 


AD 

Q2-W2.^, 


DF=W2. 


AD.DB 
AB ' 


Now combine the two sets of results, 
total supporting forces are given by 


p=ri + P2=Wi.^^+W2 

AT 

Q=Qi + Q2=Wi.^ + W2 


BD 

• AB^ 

• AB* 


Then the 


Compare these and also all the succeeding results 
with those obtained in the last chapter. 

Next, for the combined curve of BM, add the two 
curves together thus : — 

Draw AEB from Fig. 212; then at E set up EN = CG 
(Fig. 213); and at M set 
up MS=DF (Fig. 213); 
and then joining ANSB, 
the curve ANSB represents 
the sum of the curves AEB 
and AFB (Fig. 213). We 
add them together, because 
they are both positive, aind 
we obtain a positive result. 

A quicker way, however, is to set off AFB on the 
opposite side of AB to AEB ; and then obtain the 
moment at any point by measuring right across. Thus 
at K (Fig. 215) 

Mk=VU. 

X 
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We have now no base line, and no guide as to the sign of 

the bending, but this latter 
is generally quite plain 
from the original figure. 
Now for the S. F. 

B We have to add Figs. 
212 and 213. We draw 
then in Fig. 216, Fig. 212, 
dotted, and proceed to add 
to it Fig. 2 1 3. 

^^ 5 - Between A and C we 

have in each case + shear, so we set olf P^ above P^ ; 
also between B and D 
both are — , and so we 
set off Q2 below Q^. Be- 
tween C and D we have 
a -1- and - to add. So 
Qj being — , we add to it 
P2 + , by setting P2 up- 
ward, and P2 being 
greater than Q^, the sum 
is -t- ; this is shown by Fig- 216- 

the full curve coming above AB. This curve is exactly 
that on page 289, for the height along CD is now Pg- 
Qj. And P2 -Qi = (P-P,)-Qi = P-(Pi + Qi), 

= P-Wi, 

which is the height given in Fig. 200. 

In the curve just drawn all ordinates are measured 
from the base line AB. 
But we can add the curves 
of S. F. by drawing them 
on opposite sides of AB, 
and measuring across as 
we did for B. M. 

217* We thus get Fig. 21 7, 

and the S. F. at any point is given by the breadth of the 
shaded figure. 
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The second method of adding has the advantage of 
being automatic, but we lose our base line, so the curve 
does not indicate the sign of the shear ; also we can in 
this way add only two results together, while the first 
method is applicable to any number. 

The common form of error in the application of 
superposition is to first find P and Q, the total support- 
ing forces ; and then to use P, and Q as one set of 
forces, and P, W2, and Q as another set. This is of 
course erroneous ; because superposition requires us to 
examine the separate effect of each load, and the effect 


of Wj is not to pro- 
duce P and Q but 


production o?^P and lllilllllll I 

Q is a joint effect.' ^4 z > 

Case VIII.— We ^ \ 

will next consider a 
combination of dis- 

tributed load with » 

concentrated load. . ^ ^ 

AB is fixed at A, 
loaded uniformly, and ‘ 
also with a single y 

load at B. Fig. 218 ^ 

{a) shows the loading. ^ /? 

AC = ‘Z£//2^2, the par- o - — ^ [(cj 

aboia BC is the curve j 

of B. M. for the dis- 

tributed load only ; ' 

and in (c), taking 
AD=W/, the line 
BD is the curve of B. M. for W only. 

They can then be added, either as in (^) by drawing 
AD'B representing ADB inverted, and measuring 
across the shaded area, or as in (c), by keeping AB as a 
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base and adding the ordinates of CB to those of BD, 
thus obtaining the curve C'B. It is easy to show by 
actual construction that C'B is also a parabola, con- 
structed on C'C' as half base, and its greatest height 

from that base being at 
B (page 7). 

For the S. F. 

Fig. 219 (a) shows 
CB, the curve for the 
distributed load ; and 
(d) shows DE, the curve 
for W. Then in (a) 
the two curves are 
added by inverting DE 
as D'E' ; while in 
the ordinates of CB are 
added to those of DE, 
giving the total curve 

Innumerable other combinations can be made, but 
enough has been done to show the application of the 
methods ; and other cases will be left to the student 
to solve for himself, by one of the modes of the present 
chapter. 



Examples. 

1. A limber beam is 18 feet between supports, and is 12 ins. 
deep by 4 ins. broad. Draw curves of B. M. and S. F. pro- 
duced by its own weight, giving numerical values at each quarter 
span. Weight of the timber, 48 lbs. per c. ft. 

Ans. F=I44, 72, o, 72, 144 lbs. ; M=o, 483, 648, 483, o 
lbs. -ft. 

2. Allowing a bending moment of 6800 lbs. -ft., how far apart 

should such beams be spaced when supporting a floor loaded 
with 40 lbs. per sq. ft.? Ans. 3 ft. 9 ins. 

3. A balcony projects 6 ft., and is supported by beams spaced 
6 feet apart. Find the bending moment at each foot length when 
die balcony is loaded with 120 lbs. per sq. ft. 

Ans. 360, 1440, 3240, 5760, 9000, 12,960 lbs. -ft. 
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4. Obtain the results of questions 5 and 7, pages 291 and 292, 
by the principle of superposition. 

5. An oak beam 1$ ft* i ft* square, floats in sea -water 

and is loaded at the centre with a weight just sufficient to 
immerse it wholly. Draw the curves of B. M. and S. F., giving 
their maximum values. 35 c. ft. of sea-water weighs i ton. i c. 
ft. of oak weighs 48 lbs. A ns. 120 lbs. ; 450 lbs. -ft. 

6. If, in question 3, the end of each beam were supported by 
a pillar which carried one-third of the whole load on the beam ; 
find the results. 

y^ns. - 1080, - 1440, - 1080, o, 1800, 4320 lbs. -ft. 

7. The steel crank-shaft and pin of a vertical engine is 12 ins. 
diameter, each crank arm is 14 ins. by 8 ins., the distance from 
centre to centre of bearings is 50 ins., the crank pin length being 
15 ins., stroke 4 ft. The thrust of the piston rod is 45 tons, and 
may be taken as applied to the centre of the pin. Draw the 
curves of B. M. and .S. F., and give values at the centre. 

^ns. There is a continuous load due to the shaft and pin, 
plus the extra load of the arms. Take the latter as 
acting in the centre line of each arm. Then distrib- 
uted load is 380 lbs. per ft. run, load at centre 100,800 
lbs., extra load due to each arm 870 lbs., therefore 
maximum B. M. = 106,800 lbs. -ft. 

8. A bar of iron i inch diameter can only withstand a moment 
of .4 tons-inches. Determine the greatest length of bar which 
can just carry its own weight wheh supported at the ends. 

^ns. 141 ft. 

9. A piece of plate 8 ins. broad, 2 ft. long, is supported by 
3 stays, one at the centre, and one 8 ins. from the centre on each 
side. The plate is subject to a pressure of 130 lbs. per sq. inch. 
Assuming that each stay carries the same load ; find the bejiding 
moment at each stay, and draw the curve of S. F. 

^ns. 693^ lbs. -ft. 
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OPENWORK BEAMS— WARREN AND N GIRDERS 

The beams which carry the platforms of bridges, etc., 
may be solid, or, more generally, built up of bars and 
plates connected together by pins or rivets. They are 
then usually called Girders, or, when consisting of a 
network of bars, Trusses ; and since the manner in 
which the B. M. and S. F. are resisted, and the nature 
of these actions, is shown more clearly in open work 
than in solid beams, we will take them first in order. 

Fig. 220 shows such a girder in skeleton. There 



Fig. 220. 


are two horizontal members, AB and CD, called the 
Booms or Flanges. These booms are connected by 
cross bars AC, CE, etc., called the Diagonals, or collec- 
tively constituting the Web. 

In the figure the top and bottom booms are parallel, 
and hence the girder is called a Parallel Girder ; in 
many cases either CD or AB may not be straight and 
parallel, but these cases we shall not discuss at present. 

In the figure also the diagonals do not cross each 
other, or we say the web is a simple triangulation ; in 


CHAP. XVI 


OPENWORK BEAMS 


31 1 


many cases this is not so (see next chap.), but in the 
present chapter we shall deal only with such a simple 
triangulation. There are two main forms which the 
simple parallel girder takes, viz. the form of Fig. 220, 
the diagonals being inclined at 60° to the horizontal, 
known as the Warren Q-irder ; or the form shown in 
Fig. 221, with diagonals alternately upright and sloping at 
45°, known as the Linville or N G-irder. In this case 
the uprights are not usually called diagonals but verticals ; 
“diagonals,” however, may be used when we wish to 
denote generally any bar of the web. 

Pin Joints and Riveted Joints. — There are two 
distinct ways in which a girder may be constructed : 


A 

\ 



Z 

z 

z 

B 

1 


f 


Fig. 221. 


First, the booms may consist (Fig. 220) of separate 
bars — CF, FH, etc., and AE, EG, etc. — ^jointed by pin 
joints to each other and to the diagonals, no bar being 
continuous through a joint. Or — 

Second, the booms may be continuous bars, or the 
joints all riveted so as to make the structure practically 
one continuous whole. 

For reasons explained fully in chap. xxii. (page 
437) we shall confine our attention to the first case. 
Our girder then is supposed made up of separate bars 
united by pin joints ; the joints being supposed friction- 
less, so that they can offer no resistance to turning. 

Loads at the Joints. — In practically all cases the 
loaded platform carried by the girder or girders rests 
not on the bars of the girder but on cross beams, which 
cross beams rest on the boom or booms at the joints. 

Thus Fig. 222 {a) represents the plan of a bridge, 
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Fig. 222. 


this is carried by a pair of girders shown in plan by AB, 
A'B', one under each side of the bridge. Then ii\ 22/ 

33' represent in 
plan the cross 
beams which would 
carry the platform; 
these in turn rest- 
ing on the joints 
1,2, 3 of AB, shown 
in elevation in (<^), 
and the corre- 
sponding joints of 
A'B'. 

The girder then, 
as distinguished from the platform or the bridge as a 
whole, is loaded, not with a distributed load, but with 
loads concentrated at the joints. The loaded joints 
may be those of the top boom, as Fig. 222, or of 
the bottom boom, or of both ; also the girder may 
be supported at the two ends, or as in the case of a 
balcony, fixed at one 
end only. We will 
proceed to examine 
some of these cases. 

Warren Girder 
fixed to a Wall. — 

Taking a general case, 
let it be loaded as 
shown at the joints i, 

2, and 7, with the loads W. 
are denoted by numbers, which is found more convenient 
than using letters. 

We want now to find the stresses in the bars, and we 
must begin by finding for any given bar what duty it 
performs. The simplest way of doing this is to imagine 
the bar removed, and see what effect would be produced. 

Action of Booms. — Consider then the bar 34. 



Fig. 223. 

Wg, and Wg. The joints 
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Imagine it removed, then evidently (Fig. 224) the part 
to the right swings downward round the joint 8, i.e. the 
joint opposite to 34. 

It appears then that 
the duty of 34 is 
to prevent rotation 
round the joint 8. 

This it effects by pre- 
venting the separation 
of 3 and 4, which is 
necessary if the rotation take place. Since, when 34 is 
removed, 3 and 4 would separate, or the distance 34 
would increase, it follows that when 34 is in place there 
is a tendency to elongate 34. Now we know from chap, 
xiii. that such a tendency will be resisted by the internal 
stresses on the cross-sections of the bar, or that 34 tries 
to regain its original length ; and in so doing it exerts 
pulls on the pins of the joints at 3 and 4, these pulls 
being equal and opposite, and each representing the 
total stress on any section (page 262). Let us denote 
this total stress in 34 by Hg^, then 34 pulls at each of 
the points 3 and 4 with a force Hg^, and this is repre- 
sented in Fig. 223 by placing the arrows on the bar, 
these arrows pointing inward, and thus representing the 
force exerted by the bar on the joints. This is a point 
of the first importance, and the arrows should always be 
put in this manner ; if we wished for any reason to 
denote the forces acting on the bar, they would be put thus 

It is advisable to put the arrow near 

the joint on which the force it represents acts ; and always 
to put in the pair of arrows, not one only ; then the 
action of each bar is plain, e.g. 34 in Fig. 223 evidently 
pulls 3 to the left and 4 to the right. 

Next, consider the effect of removing a bar of the 
bottom boom, say 89. Then the right-hand part swings 
dowm round 4, the joint opposite to 89, 



314 


APPLIED MECHANICS 


PART II 


It appears then that the function of a bar in either 
boom is to resist rotation round the opposite joint. 

There is, however, a 
difference in the nature 
of the stresses in the 
two cases, for whereas 
34 elongated, we now 
find that 8 and 9 tend 
to approach and are 
thrust apart by the forces 
in 89 ; hence the arrows 
point outward, and is the resistance of 89 to com- 
pression. We see then that in this instance the bars 
of the top boom are extended, and of the bottom boom 
compressed. 

Next, we want to find the magnitudes of Hg^, Hgg, etc. 

Take now Hg^, then to find a connection between it 
and the loading, we must consider the equilibrium of 
some body on which acts. We have (Fig. 223) 
a choice of two bodies, one being the piece 8, 3, 
2, I, 6, 7, which pulls to the left, and the other 
the body 5, 4, 8, 9, 10, which it pulls to the right. We 
select the first because we know 
more about the forces acting on 
it. Fig. 226 shows the piece 
8316 taken out separately. 

This is now a body in equilibrium 
under W^, W2, Wg, Hg^, and 
the forces which act at the joint 
8. These latter we do not 
know, but we can avoid con- 
sidering them by taking moments about 8. This 
gives us 

Moment of H34 about 8 = moments of Wi, W2, and W3 about 8. 

But the quantity on the right-hand side is what we 
have defined as the B. M. at 8, and, moreover, this 





CHAP. XVI 


OPENWORK BEAMS 


315 


holds not only for our present loading, but for any 
number of W’s. If, then, we call the depth of the girder 
h (Fig. 226), we have 

H34./^ = M8. 

The work above applies exactly to 
any other bar and the joint opposite, e.g. 
take 23. 

Then H23 keeps 7261 in equilibrium, 
and taking moments about 7, 

H23 . /^ = moments of W] and W2 about 7, FiV 227 

= M7. 



Or, taking the bottom boom, Hg^ keeps 4168 in 
j j equilibrium, and taking 

about 4, 

H 89 . h = M4 . 

Hence, then, we say that in 
all cases 

where H is the stress in any 
bar, and M is the B. M. at 
the opposite joint. By the opposite joint we mean this 
one about which rotation takes place if the bar is 
removed, i.e, the apex of the triangle of which the bar is 
the base. In order to determine whether H be tension 
or compression, we must consider whether the bar keeps 
the joints at its ends together, or whether it thrusts 
them apart ; in the first case we have tension, in the 
second compression. 

Since we have not in the work used any distinctive 
property of the Warren girder, the result will also apply 
to any system of simple triangulations whatever. 

Action of Diag*onals. — Referring to Fig. 223, let 
us now suppose one of the diagonals, say 48, removed. 
Then the girder takes the form of Fig. 229. Hence the 
office of 48 is to prevent the part 8316 from falling 
bodily, keeping parallel to itself. The bar effects this by 



Fig. 228. 
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means of its resistance to extension, so that 48 exerts on 
the joints 4, 8 equal forces, say S^g, pulling the joints 



together. This we show in Fig. 223 by the arrows 
(compare page 313), and S^g is the tension in 48. 

For the magnitude of S^g, consider the equilibrium 
of 8316. 

[We may here notice that, although we suppose the girder to 
distort in order to see what sort of action there is, yet we must 
not take the distorted position to consider the equilibrium, because 
that is not the position in which the forces hold the piece, but 
they hold it in its original position. ] 


8316 is now in equilibrium under W^, Wg, Wg 


H34, H. 


and S. 


We have here six forces, but by resolving vertically 
^ we can get rid of the H’s ; representing the angle the 
diagonal makes with the vertical by d, this gives 
S48COS^ = Wi+W2 + W8. 


But Wj + Wg + Wg is the S. F. for any cross-section 
between 4 and 8, i.e. for any cross-section cutting the 
bar 48. We have then 

S48C0S^=F48, 


F^g meaning as just stated. 

We will now take a bar sloping in the other direction, 
say 27. 

Then on removal, Fig. 231 shows the form assumed, 
hence we see 27 is in compression, and by its resistance 
thrusts 2 and 7 apart. This is shown by the arrows. 
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For the magnitude of we have, by the same method 
as before, 

S27 cos 6 = Wi + W2= F27. 

0 is the same as before for the Warren girder, but 



it may in some cases be different for different bars ; this 
will not affect the equation. 

We see then that just as 

m=M 

gives the stress in any bar of the booms, so 
Scos^ = F, orS = Fsec 0 

gives the stress in any diagonal, noting, however, that 
M is at a point, while F is the value of the S. F. at any 
point of the length covered by the particular diagonal 
considered. 

[It is important to note this difference, because if we give F 
at a point where a weight acts, there comes in a difficulty as to 
the weight at the point. For example, what is F7? Is it 
W1 + W2 or Wi + Ws + Wg; or is Fg Wj + Wg or Wi only? 
These questions are not easily answered, but when we write F27, 
then that is plainly Wi + W2, because it is for any point between 
2 and 7. (See N girder, page 326.)] 

These two formulae give us the numerical value of 
the stress in any bar, and for its nature we study the 
distortion as already explained. 

We will now show the application of these formulae 
to certain definite cases. 

Gaae I. — Warren girder supported at the ends, 
loaded at any one intermediate joint. The figure shows 
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a girder of 5 divisions in the lower boom, loaded at the 
second joint from the left. 


13 5 19 



Fig. 232. 

Number the Joints as shown, and let the length of 
each division be a. Then 

y a ^ ,0 

h — -> tan 60 = - - • 

2 2 

First, we find P and Q, the supporting forces. 

Taking moments about A, 

Q X 5i3! = W X 2^2, Q = |W, 

and 

P=|W. 

Stress in Booms, — We will commence with the 
booms, and take the bars in order of the joints to which 
they are opposite, and we may say in commencing that 
much time is saved in these questions by working 
systematically. Then 

Hi3 • ^ = M2=P • Clj 

• /i=M3=P . 

2 

H35 • ^ = M4=P . 2 a. 

Now we will alter our procedure, since both P and 
W will lie on the left, so we look to the right. We will 
not, however, proceed farther with this mode of writing 
down the results, because it is best done as a part of a 
tabular method of calculation, by which greater speed 
and accuracy are obtained. Make out then a table as 
follows : — 
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Joint 

I 

2 

3 

4 

’ 1 

6 

7 



Bar 

0 2 

I 3 

1 

2 4 

3 5 ; 

i 

i 4 6 

1 

i 

6 8 

1 

7 9 

8 JO 

M 

P.^ 

2 

Pa 

p3^ 

2 

P . 

2 

1 

Q. 2 a 

0.3^ 

2 

Q.a 

Q-? 


P 

2 P 

3 P 

_4P 


4 Q 

30^ 

2Q 

Q 


1 ^ 


^3 

^3 

a/s 

v'i 

\/ 2 

3 

v': 


In the top line we write the joints in order, next the 
opposite bars, and by adopting the method of numbering 
of Fig. 232, i.e. running along the diagonals, we can 
quickly write down the bars, since the three numbers 

are in order thus ^ ^ 

Next, write down the values of M; and this we can 
quickly do, since they are in arithmetic progression from 
each end, only being careful to stop in each case at the 
loaded joint. 

Then the last line comes at once by multiplication by 
2, and division by VS) for 


M 2 
^ a\/ 3 a^/ 3 

2 


M. 


Then in any practical case the values of P and Q 
must be inserted and the square root taken out, the 
final results should not be left with surds in them. 

Now, for the nature of the stresses, we see that if any 


9 



4 6 


Fig. 233. 

top bar, say 57, be removed, the joints approach as Fig. 
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233. Hence all the top bars are in compression, and 
similarly all the bottom bars are in tension. 

. Struts and Ties. — One way of denoting the stress 
in a bar is, as we have explained, by arrows ; but this 
becomes complex when there are a large number of bars, 
and hence a simpler system is adopted, viz. by double 
lining all the bars in compression, as Fig. 232. Bars in 
compression are also distinguished from those in tension 
by a distinctive name, being known as Struts, while 
tension bars are called Ties. 

Stress in Diagonals. — Examination shows that all 
the diagonals leaning towards the weight are struts, and 
those leaning away from it ties. This we have shown 
by lining the struts. 

For the magnitudes of the stresses we have 

2F 

S = Fsec^=^-. 

V3 

The calculation is simple, for from o to 4 F is P, and 
from 4 to 10 F is Q ; we could then say all diagonals 
to left of load are stressed to 2V j \/3, and those to the 
right to 3Q/ V3. 

It is better, however, for a reason we shall soon see, 
to tabulate them ; and also we will in the table denote 
the nature of the stress, which we have not before done, 
using 4- for tension and -for compression. We get then 
the following table : — 


0.1 

1.2 

2.3 

3-4 

4-5 

5.6 

6.7 

7.8 

8.9 

9. 10 

p 

P 

p 

P 

Q 

Q 

Q 

Q 

Q 

Q 

1 

sP 

2P 


^3 

gQ 

/v/3 

V 3 

gQ 

^3 

^3 

sQ 


Suppose now we consider the effect which would be 
prpduced by loading another joint, in addition to 4. 
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Then, for the booms, this would produce compression in 
the top and tension in the bottom boom, whichever 
joint be loaded, and the effect would be an increase of 
stress in all the bars of the booms. 

For the diagonals, however, we cannot say this, 
because the effect of the new load will be to produce 
tension, or to tend to produce it, in some of the bars 
already in compression, and vice versA — e,g. let the new 
load be at 6, then it would produce tension in 56, 
but there is already compression in 56, so that we 
do not know whether the resultant effect will be ten- 
sion or compression, or perhaps even no stress at all, 
if the tension which the load at 6 would produce alone 
should be equal to the compression produced by the load 
at 4. 

We have here been using the principle of Super- 
position, andl this principle is well suited for appli- 
cation to the case in which a girder is loaded at 
more than one joint, because of the ease with ^ 
which by the tabular method the separate effects of 
each load can be found. As an example we will 
consider 

Case II. — A Warren girder, supported at the ends, 
carrying a uniformly loaded platform. First, to find the 
load at each joint (page 312). Let 

2w = load per ft. run of platform in lbs. 

Then, if as usual there be two girders, each one sup- 
ports a platform loaded with w lbs. per foot run. 

Take now any three consecu- 
tive joints of the boom on which 
the load rests. In this case we 
take the bottom boom. Let A, 

B, and C (Fig. 234) represent in 
skeleton the joints, and A'B'C' 
the platform resting on the cross girders. 

Then the piece of platform A'B' is supported at A' and B' 
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and loaded uniformly, so that half of the load on it is carried 
by B. Similarly half the load on B'C' is carried by B, 


. •. Load on B = 


w.A'B' + w.B'C' w.A'C' 


and we see that we have the general principle that 
the load on any joint is one half the load on the platform 
between the two joints on either side of it. If the joint 
be an end joint, then of course there is platform on one 
side only, and it carries half the load on the piece be- 
tween itself and the next joint, e,g, if A be an end joint. 

Load at A=|te/.A'B'. 

Applying this to our case, the girder is loaded as in 
235, and we must now dismiss all thought of dis- 


7 3 5 



2 

Fig- 235- 

tributed loading from our minds, because the load on the 
girder is not a distributed but a concentrated one, i.ei 
concentrated at the several joints, not of course at one 
point only. 

Loads at Points of Support. — A question must 
now be considered which often causes trouble. 

At o and 10 there are loads wal 2 , waj 2 . Now it is 
evident that no amount of loading at o and 10 can pro- 
duce any stress in the bars of the girder, because o and 
I o rest directly on the ground, and putting a load on top 
of the joint simply squeezes it between the load and the 
ground. Since these loads produce no effect we may, if 
we please, neglect them. But if we neglect them we 
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must do so entirely, and treat the question as if they did 
not exist ; it is, in fact, safer to draw a fresh figure as 
Fig. 236. 

The point where mistakes arise is in finding the sup- 
porting forces. Looking at Fig. 236, these are 2 'wa^ 
2 wa. But the total load on the bridge is not 
but and hence the supporting force at each end 
must be ^waj 2 ; how then can it be correct to take 2 wa ? 
The reason is, that although ^wa\2 must be the upward 
pressure of the ground, yet there is also the wa\2 at o 
and lo, and thus the resultant force at o is 2wa. It 
does not matter, then, which way we treat the question, 
the results will be the same, but what we must not 



do is to take 5w^/2 as the supporting force, and then 
neglect the wa\ 2 . To avoid confusion ^waj2 may 
be called the Real, and 2 wa the Virtual, supporting 
force. 

The preceding work will not, however, affect our 
method of proceeding, because we are going to treat 
each load separately, and shall not require the total 
supporting force, but it comes naturally after we con- 
sider loading at the joints, and hence we have here put 
it in. 

We will now then take each weight in turn, commenc- 
ing on the left, and of course omitting the waj2^ its effect 
being nil. We use the tabular method as below, taking 
first the 
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Booms; — 


Joint 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Bar 

0 2 

I 3 

2 4 

3 5 

4 6 

5 7 

6 8 

7 9 

8 10 

Load at 2 Z M 

4 wa 

5'^ 

Zwa 

jwa 

{nfTva!^ 

6 wa 

5^3 

{cTvefi 

5^3 

^Tva? 

47va 

^Tva^ 

3^3 

2 wa 

7va 

Load at 4 r M 

Pssfwtf, H 

ywa 

Vl 

^7va’^ 

670 a 

5^3 

(fua 

127Va 

5^ 

\^7va’^ 

io7va 

3^3 

^Tva? 

8wa 

3^3 

6wa 

5^3 

4 ‘wa 

27i!a 

Load at 6 -H 

7wa 

47va 

5^3 

67va 

5^1 

8wa 

5V^ 

lOTva 

Vi 

i 2 wa 

gTva 

s^i 

67va 

3^3 

3 wa 

5^3 

Load at 8 - H 

iwa 

27va 

5^3 

ywa 

4wa 

5'^ 

Iwa 

6wa j 
5^ 

jwa 

3^3 

8wa 

4wa 

~p3 

Total 

10 

20 

25 

30 

30 

30 

25 

20 

10 


The process appears long, but is in reality very 
quickly done, as after the first rows there is no need to 
put in the wa^ or ^ when working an actual 
example. Also for 6 and 8 we do not require M, 
because 6 and 4 being symmetrically situated the line 
of H's for 6 is simply 4 turned end for end ; the 
same applies to 8 and 2, as can in each case be seen 
from the table. 
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DiCkgonaJs. — We write the table as follows : — 



Bar 

0.1 

1.2 

2*3 



3-4 

4-5 

5-6 

6.7 

7.8 

8.9 

9.10 

Load at 2 < 

F=wax 

-8 

1 

+8 

* 

+2 

1 

-2 

i 

4-2 

* 

-2 

i 

4-2 

i 

-2 

4 

-fa 

i 

-2 


F= 7 mx 



i 

i 

i 



i 

i 

1 

Load at 4 ■ 

« wa 

-6 

+6 

-6 

+6 

4-4 

-4 


-4 

+4 

-4 

Load at 6 

S=-^^-x 

-4 

+4 

4 

+4 

-4 

4-4 

4-6 

-6 

+6 

-6 

Load at 8 

„ wa 

s=— rrrx 

5 ^ 

- 2 

+2 

- 2 

+2 

- 2 

4-2 

- 2 

4-2 

4-8 

-8 

Total S——T=X 

-20 

+20 

- 10 

4-10 

0 

0 

4-10 

- 10 

4*20 

- 20 


6 and 8 are again 4 and 2 reversed. The sign of F is 
not put in, because for the sign of S we look not to F 
but to the figure. 

The case can also be treated directly from the 
general formulae, and the student should in this way 
verify the results we have obtained by superposition. 

The N Girder. — The general treatment is identical 
with that of the Warren type, but there are one or two 
points which require examination. The figure shows a 


; 3 5 6 ' 7 a u 



fig- 237- i 

girder in six divisions, the sloping bars leaning away 
from the centre, as is always the case, and inclined, as is 
usual, at 4 s'*. Then for the diagonals, 


S=F sec45°=F\/2, 
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and for the uprights 

S = F seco'’=F. 

Let now the girder be loaded at, say, joint 4 of the 
lower boom. Then 

P=§W, Q=^W. 

Now the question is, What is ? 45 being directly 
over W, F there changes from P to Q ; but S45 must 
have a definite value, and so we have to inquire what 
value of F is there to be taken. 

We shall now have to examine 45 from first 
principles. Its duty is to keep up the end 4 of the body 




0134 (Fig. 238). This body is acted on by P, W, 
and Resolving vertically 

S45 + P = W, 

S45=W-P=Q. 

So it appears that F is to be taken as Q, and it is 
tension. 

If, however, W had been at the top joint 5, then we 
should have simply 

S46 = P5 

from the equilibrium of 0134, as before (Fig. 239), and 
S would be compression. 

This special examination must be applied to all 
vertical bars, which are directly under or over loaded 
joints. 

There is another bar which requires special considera- 
tion, viz. 66'. 
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If we remove 66', then without there be a load at 6', 
no effect at all is produced, for in theory the bar 57 can 
withstand either pull or thrust, even though it be jointed 
at 6'. Practically, however, we know that a jointed bar 
cannot take compression, because some slight accidental 
circumstance bends the joint a little, and then the 
strength is gone. This, then, is the reason for fitting 
66', that is, to keep 57 straight, and so enable it to take 
thrust ; and then 5 7 being straight, there can, from the 
equilibrium of the joint at 6', be no stress in 66' (see 
page 439). In any case we cannot calculate what stress 
is on 66', because it depends on accidental causes ; but 
we know it will, in the absence of a load at 6', be small. 
If there be a load at 6' then 66' must wholly support it, 
because the jointed bar 57 has no sideways strength 
(see page 439). 


Examples. 

I. A Warren girder 9 ft. long on top projects from a wall, 
the top boom being in three divisions. A load of two tons is 
placed at the end. Find the stresses in all the bars. 

Ans. Number as in Fig. 223, then the stresses are, in tons — 


Top boom 


Bottom boom 


Diagonals 


12 

23 

34 

Bar. 

1. 16 

3-47 

5-77 

Stress. 

$6 

67 

00 

Bar. 

-2.31 

- 4 ’62 

-6.94 

Stress. 

15 

S2‘ 

26 

63 

37 

74 

Bar. 

-2.31 

+ 2.31 

-2.31 

+ 2.31 

-2.31 

+ 2.31 

Stress. 


2. Obtain the above results when either of the other joints of 
the top boom is loaded, and hence deduce the result when a dis- 
tributed loud of f tons per foot run is carried. 
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Am. 


2 tons at 2. 



Top boom 


Bottom boom 


Diagonals 


2 tons at 3. 


12 

23 

34 

Bar. 

0 

0 

1. 16 

Stress. 

56 

67 

78 

Bar. 

0 

0 

-2.31 

Stress.| 

IS 

52 

26 

63 

37 

74 

Bar. 

0 

0 


0 

+2.31 

+ 2.31 

Stress.j 


The load at l will be only i ton, therefore halve the 
first results and add the last two for the distributed 
load. 

3. A Linville girder in 8 divisions carries a load of 25 tons at 
the joint next on the left to the centre of the lower boom. Find 
the ^tresses in all the bars. 
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A ns. 



Booms. 



Web. 


Bar. 

Stress. 

Bar. 

Stress. 

Bar. 

Stress. 

Bar. 

Stress. 

1-3 

-IS 

0.2 

0 

0.1 

-15 

1.2 

+ 21.2 

3 -S 

-30 

2.4 

15 

2.3 

-15 

3-4 

+ 21.2 

5 -I, 

-45 

4.6 

30 

4.5 

-15 

5.6 

+ 21.2 

7.8' 
8’.9 i 

-40 

6.8 

45 

6.7 

+ 10 

7.8 

- 14. 1 

8.10 

30 

8 . 8 ' 

0 

8.9 

+ 14. 1 

9. II 

-30 

10. 12 

20 

9.10 

- 10 

laii 

+ 14. 1 

II. 13 

-20 

12.14 

10 

11.12 

- 10 

12.13 

+ 14.1 

» 3 .«S 

- 10 

14.16 

0 

13.14 

15.16 

- 10 

- 10 

14.15 

+ I 4 -I 


4, What would be the effect on the results of the preceding if 
the load were placed at the top joint ? 

Ans. The stress in 6.7 would be 15 tons tension, 

5. A bridge 100 feet span is supported by a pair of Warren 
girders under the platform, which rests on the joints of the upper 
boom, which is in 12 divisions, and also, by struts, on the joints 
of the lower boom. The bridge is loaded with ij tons per ft, 
run. Find the stresses on the bars. 

Ans. 23 joints are loaded with 2|f tons at each, and each 
end joint with iff tons. '•The virtual supporting 
forces are, therefore, 30 tons almost exactly ; and apply 
the tabular method. 

Note. — The truss described in this chapter as an N girder is 
also known as a Linville, a Pratt, or a Whipple-Murphy girder 
or truss, after various designers, who have made small changes in 
details of construction. 





CHAPTER XVII 

LATTICE GIRDER — TRAVELLING LOAD — 
COUNTERBRACING 

At the end of the last chapter we saw that there was in 
the N girder one bar, viz. the central upright, on which 
the stress was theoretically zero ; but which was never- 
theless practically necessary, since without it the least jar 
would destroy the structure. , If we inquire further we 
shall find two more bars which are in this condition, viz. 
the end bars of the lower boom. 

For in theory the girder could stand as Fig. 240, but 



its equilibrium would be unstable, and the least shake 
would overturn it 

Redundant Bars — Lattice Girder. — Bars such 
as we have considered, not being in strict theory neces- 
sary, may be called redundant, but in the cases we have 
so far considered they are redundant only for particular 
kinds of loading, e.g. the centre upright is not redundant 
if there be a load at its top joint, and the end bars of 
the booms are not redundant if there be any force not 
exactly vertical. These bars, then, are necessary if the 
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girder is required to keep its shape under all kinds of 
loading, and hence the term redundant is not applied to 
them. 

But now consider the common type of girder shown 
in Fig. 241, and known as the lattice or trellis girder. 



Here in each space between two uprights, or bay, two 
diagonals are fitted, whereas one is quite sufficient to 
prevent any change of form except actual breaking. In 
this case the extra diagonal is truly redundant, and the 
structure is called a redundant structure. 

These structures are common, for reasons explained 
later in the chapter, hence we will examine this case to 
see how the stresses can be determined ; and the method 
pursued will be in principle applicable to all cases of 
redundancy. 

First, we shall find that our former rules fail, for — 

Number the joints, and suppose the girder be loaded 
with W at 4 (Fig. 241). Let 
P and Q be the supporting 
forces. We shall now find it 
impossible to obtain the stress 
in any bar by considering the 
equilibrium of a portion of 
the girder. For example take 
0132. 

Then we have acting P 
known, and four forces, Hgg, 

H24, S25 and S34 unknown. We have drawn the H’s 
as shown, since it is evident that all top bars are 
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compressed and bottom bars extended. The direction 
of the S^s can also be seen by imagining both 34 and 25 
removed, then the girder distorts as Fig, 243, 34 length- 
ening and 25 shortening, hence 34 is in tension and 25 
in compression. It is not necessary, however, to spend 



time over this, since if a force be put in the wrong 
direction no harm will result, but the answer obtained 
will be negative, and then the arrow must be reversed. 

Now we cannot, either by resolving or by taking 
moments, obtain a definite result for any of these forces. 
For vertically, 

P = S34 cos 0 + S25 cos ^ (i). 

(0 = inclination of bars to vertical.) 

Horizontally 

Hgg + S25 sin H24 "h S34 sin 0 (2). 

We can take moments about any point, either in or out 
of the body, and the best point to select is the inter- 
section of the S’s, that is (^) in Fig. 244, since the 
moments of the S^s then vanish, and we have 

Has" + H24~= moment of P about 

where A — height of girder. 

These equations then give 

S34 + S26 = P sec ^ {from(i)), 

= F sec $, 


( 3 ), 
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Since F = P, and it can^ be easily seen that this holds 
generally. For consider 1760, then we obtain 

S 69 + S 7 q=(W- P) sec 6=F sec 0, 
and similarly if there were any number of loads. 




m 


|n|n 

BfS 

B9 


pr 

1 i 






Fig. 244. 

Next (2) gives, 


and (3) 


II 35 — H 24 — (S 34 — S 25 ) sin 0, 




This latter can be shown also to hold generally by con- 
sidering 1 760 (Fig. 244). 

These equations are similar in form to S = F sec Oy 
= M ; but we have two forces S, and two forces H, 
connected by one more equation (2), but this is in- 
sufficient to determine them. 

The solutions then are not in themselves determinate, 
and we can only get definite results by obtaining some 
fresh relation between the forces ; and this relation must 
come from practical considerations, because we have got 
all we can from theory. 

We will commence now to examine further, and first 
notice that taking the general equation 

(H + H')^ = M. 

} 

H and H' being the stresses in two corresponding bars 
of the respective booms, M is taken about the inter- 
section of the diagonals. Now the diagonals would 
always be continuous bars, often connected to each other 
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by riveting, and in rare instaiTces by a pin joint. We 
shall, however, treat them as if they were actually jointed 
at «, £•, etc. ; those at for instance, being taken as 

four separate bars, 2b, 4 ^ J and we can now call 

b the joint opposite to 24 or 35, so M is still the B. M. 
at the opposite joint. 

[We must notice that the assumption here made is perfectly 
legitimate, because 34 being in tension would be just as strong 
jointed as not, while although jointing 25 may be supposed to 
impair its power of resisting compression, yet this is not so, 
because 3(5 and 4 ^ are there to keep it in a straight line, and it 
is then just as strong jointed as solid.] 

We are not, however, any nearer the determination 
of the forces, although the work can in many cases be 
simplified by treating a, < 5 , etc., as joints, so we must 
examine farther still. 

We shall have to consider a question which hitherto 
has been neglected, viz. the material of which the girder 
is composed — and we shall find that on this depends 
the question as to the extra relation between the forces ; 
also we shall see why these extra or redundant diagonals, 
or braces, are fitted. 

Consider the bay 2345 of the girder. Then 2345 
tends to change shape from (a) to (b). Now this change 
of shape can be resisted either by fitting a diagonal 34 



M (h) ^ (cj 


Fig- 24s. 

to take tension or 2 5 to take compression, and so far as 
we have seen at present it is quite immaterial which we 
fit. But now suppose the structure is of wrought- iron 
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or steel, and that F, the shearing force, which causes 
the distortion, is not very large ; then we should at once 
decide to fit 34 and not 25 ; because 34 need be only a 
slender rod, while across 25 a thin rod would be of no 
use, since a very little compression would bend it side- 
ways, and we should have to increase its dimensions 
considerably to prevent this. 

If, however, the stress were considerable, and the 
bays short, so that the transverse dimensions of the 
brace are necessarily large, while its length is moderate, 
then it would be immaterial which we fitted. In this 
case the brace is usually a flat bar. 

Take, however, now the case in which wood is the 
material. Then in the first place the transverse dimen- 
sions would generally be considerable, but besides this 
another question, viz. fastenings, comes in. In this case, 
not only is there no preference for fitting 34, but there 
is a great objection to it on account of the great diffi- 
culty of making a timber joint which can take tension ; 
in metals there is no such difficulty. We should then 
fit a brace across 25, and it would take the compression 
by its ends butting against the joints, fastening being 
required only to keep it in place. 

Now proceed further to consider what would be 
necessary if the girder were so loaded that 2345 tended 
to change shape to {c) and not {d), i.e. suppose the 
shearing force to be changed from -f to — . Then all 
we have said above must be reversed : if wrought-iron a 
slender rod would be across 25, if wood a strut across 

34. 

Combining the preceding we now see that if the 
bridge or girder be sometimes loaded so that the shear 
over the division 2345 is plus, and at other times so 
loaded that it is minus, then we should fit either two 
slender ties 2 5 and 34, or two wooden struts ; and it 
would be better to do this as a rule than to make, say, 
25, if of wrought-iron, thick enough to be able to resist 
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the change of shape in Fig. 245, or if of wood to attempt 
to make a tension joint. 

In the second case of wrought-iron, viz. the flat bar 
stay, one would be sufficient in many cases, but even 
here it is usual to fit two ; and, as before stated, in all 
these cases the braces are usually connected where they 
cross for the sake of stiffness; 

We shall see at the end of the chapter that bridges 
are subjected to loads which produce the change of shear 
spoken of above, ^nd hence we see why these redundant 
bars are fitted ; and we shall now see also that the same 
considerations which show us why they are fitted also 
assist us in determining the stresses on them. 

Consider the first case in wrought-iron, then 25 and 
34 are slender rods, practically useless against compres- 
sion ; hence when a tendency to change, as Fig. 245 (a), 
comes on the bay, 25, instead of resisting the change 
equally with 34, gives way by bending, directly it is in the 
least compressed, and so the whole work of resisting the 
change is practically thrown on 34. Hence, then, we 
say that — 

When the braces are long and slender y the question is 
to be treated as if only the one in temion were fitted. 

Evidently when we consider the case of wood, exactly 
the opposite is true, since the fastenings of the ends of 
34 will be loose enough to admit of an extension of the 
distance 34, without any stress being produced in the 
piece 34, hence 25 does the whole duty, and there- 
fore — 

In wooden structures^ consider only the brace in com- 
pression. 

Next, consider the intermediate case of the flat bar 
braces ; then these are equally capable of resisting ex- 
tension or compression, hence since 34 lengthens and 
25 shortens practically equal amounts, we divide the 
stress equally between them, and hence — 

In metal structureSy where the braces are not slender 
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compared with their lengths^ divide the stress e(^ually 
between the two. 

This latter is the most common in parallel bridge 
girders — the first case in metal structures applying 
chiefly to roof trusses — so we shall treat our parallel 
lattice girder in this way. 

Before proceeding, however, the student should notice 
that the determination of the stresses depends on questions 
of material, and also of workmanship as regards fasten- 
ings, etc., which did not enter into our original equations 
at all. We make certain suppositions of which we have 
given the three principal, but it is easily seen that there 
will be many cases in which intermediate suppositions 
must be made, e.g. the bar 25 may offer a decided 
resistance to compression, but yet not quite so much as 
34 does to extension, then we should make S2r, say a 
half of S34 instead of equal to it — this necessity for con- 
sideration of other than purely statical questions con- 
stitutes the great distinction between redundant and 
non-redundant structures. 

Proceeding now with our lattice girder, we had as 
general equations, for the four bars of any bay, 

( H -f- PL)" = M (about middle joint of bay) ( i ), 

’ S + S' = Fscc0 (2), 

(S-S')sin^ = H-H' (3), 

S and S' being the stresses in the diagonals, and H, H' 
those in the booms. These equations are simply those 
of pages 232 and 233, written in a more general form. 

We are now going to assume 

S = S', 

whence it at once follows that 

H = IT (from (3)), 

2 H.- = M, orH .4 = M, 

2 


and therefore 
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where H is the total stress in either boom bar, not in 
both (a common mistake). Also 

F 

2S = Fsec0, .•.S = -sec^. 

2 

These then are the general equations for all cases 
in which the assumption holds good, and we will now 
apply them. 
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and then 

H9.11 = H8.io = fW, 

Hii.13 = Hio. 12 = i W, 

sin<fe the M’s are plainly in arithmetic progression, 
whence so also are the H’s. For the diagonals 

Si2=So8=S34=S2s=?sec 0=^^^, 

2 3 

since F = P anywhere between o and 4 ; and for all the 
diagonals to the right of W, 

o Q a WV2 
S = — sec^= — 

2 6 

We have now the uprights left, and they must be con- 
sidered separately. 

First 01 ; this has to keep up the end of 21, being 
assisted in doing so by 31, and being vertical while 31 
is horizontal, 01 takes the vertical component of 
while 31 takes the horizonal component, 

•CO a 

• • ^01 == ^21 cos V = — , 

, 3 

and 9 being 7r/4 this will also be the value of which 
we have already found is so. 

Next 23 keeps up the ends of 03 and 34, but 03 
pushes 3 up as much as 34 pulls it down, since S^g = Sg^, 
hence there is no total effect, and 833 = 0, so that 23 is 
for this loading not needed (compare 66', page 327). 
Reasoning in the same way we find 

S 67 = S 89 = 8910 = 0, 

and 

W 

S12.1S = Sio.13 cos ^ 


We have left now 45 directly over W. This keeps 
down the joint 5, which is pushed up by 65 and also 
2 5 ; 35 and 5 7 being horizontal can neither push up 
nor down. 'Hence 
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S45 = Sss COS d + S26 cos By 


WWW 



and it pulls 5 down, so it is in tension. 

[This we should have expected, since at 4 it helps to support 
W, but it does not from that necessarily follow that it is in 
tension, and we must in all cases make sure by actual cal- 
culation. ] 

We have now found all the stresses due to a load at 
one joint, and by -the same method we can obtain them 
when any other joint or number of joints are loaded. 

Bridge Girder Loads — Permanent and Travel- 
ling. — We have shown that the reason why it was 
necessary to have two diagonals in one bay was to 
enable the bay to withstand either -f or - shear. This 
process of doubling the diagonal is called Counterbrac- 
ing, and we are now about to inquire how it is that the 
shear on some bays is sometimes + , and at other times 
— , and so renders counterbracing necessary. For this 
purpose we must consider what loads a bridge has to 
bear. 

The first, and in long spans most important, load, is 
the weight of the bridge itself, and of the platforms, 
rails, etc., which it carries. This load is always on the 
bridge, and is hence called the Permanent or Dead 
Load. 

Secondly, there are the loads due to the passage of 
bodies across the bridge. These loads, being continually 
coming on and going off again, are called Live Loads 
or Travelling Loads. 

The permanent load will be in all cases a distributed 
load, and for parallel girders may be taken as uniformly 
distributed. It is then equivalent to a set of equal loads 
applied at the joints of whichever boom the platform 
rests on. We can then in a girder so place the diag- 
onals that under the permanent load they shall be all 
in tension. 
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Fig. 247 shows the proper arrangement ; each joint is 
loaded with W, say, and there is one diagonal in each 
bay, which we can easily see is in tension, for — 

There is symmetry, and Sgg/ = o (page 326); there- 
fore 56 and 67 are in tension, since they support W. 
Then it follows that 45 and 78 are in compression, 



since they hold up the ends of 56 and 67 respectively ; 
and hence 43 and 89 are in tension, and so on. 

[We see here that although the diagonals are in tension, yet 
the uprights are in compression, and it may be asked, What is 
the gain ? It is this : that the uprights are shorter than the 
diagonals — in some cases considerably so — and are hence better 
suited to withstand compression, since they bend less. As a 
general principle we try to keep short bars in compression and 
long bars in tension.] 

Effect of Travelling Load. — ;We now consider the 
effect produced when a load, such as a locomotive. 



crosses the bridge. Let the weight of the locomotive be 
W', and we will treat it as a concentrated load, examin- 
ing its effect as it reaches each joint in order. Suppose 
it to come on from the left. Then (Fig. 247) we have, 
before it comes on. 
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Si.2=Sio.n = | Wsec 

S3.4 = Ss^ = I W sec ^ h all tension. 

S 56 =S 67 =lWsec^J 

Let W' come to 2. Then due 4 o W* (Fig. 248), 

Si.2=f W' sec 6 tension, 

S10.11 = §8.9 = Sez = W' sec 0 tension. 

But 

S56 =834=^ W' sec 6 compression, 

because they slope the wrong way for tension (see Fig. 
237, page 325). ' 

Now 34 had originally f W sec 0 tension, and hence if 
iW'>|W, 

the total effect when W' is at 2 is that 34 is in compres- 
sion, and 

834= (i W' - 1 W) compression. 

Therefore 56 is also in compression, for 
S56 = (i W' - ^ W) sec 6 compression, 

and if ^ W' - 1 - W is plus, much more will W' — I- W 
be plus. 

But 56 will be in compression if ^ W' be not greater 
than ^ W, so long as it is greater than ^ W. If then 
' JW'>fW, 

and we do not desire the braces to take compression, 
we must counterbrace both bays, 2354 and 456'6. If, 
however, 

^W'<fWbut>i W, 

we need, so far as we can see at present, only counter- 
brace 456'6. 

The effect of W' at 2 on the bars 1.2, 6.7, 8.9, and 
I o. 1 1 is to increase the tension in them ; but this does 
not, for our present purpose, comcern us, because we coun- 
terbrace not to decrease tension, but to prevent com- 
pression. Suppose finally that 
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then the stresses in 23 and 56 are reduced to 

S23=(|W-^W') sec(?, 
S56=(4W-iW')sec^, 

but they remain tensJbns, and thus so far no counter- 
bracing at all would be required. 

Next, let W' move to 4. Then due to W' at 4. 



S12 = S34 = I W' sec d tension, 

Sio.ii = S8.9 = S07 = 4 W' sec 6 tension. 

And we have only 56 with compression due to W', its 
amount being 

S 56=4 W' sec e. 

The total stress then in 56 is, total, 

S 56 = (4 W ~ 4 W') sec 0 tension, 
or 

(4 W' - 4 W) sec 0 compression, 
these of course being identical. If then 
4 W'> 4 W, 

there would be compression in 56, and we should 
counterbrace. All the other bars are in tension, so only 
this one bay needs counterbracing. If 

4 W'<4W, 

no counterbracing at all is required. 

Next, let W' come to 6. 

Then the only effect is to increase the tension in all 
the diagonals, hence no counterbracing is required for 
this position of the travelling load. 


344 


APPLIED MECHANICS 


PART a 


We have now traced the load half-way across, and 
we will summarise our results as follows : — 

When W' is at 2 it produces compression in 34, but 
not when at 4 or 6. When W' is^at 2 or 4 it produces 
compression in 56, but its effect is greatest when it is at 
4 directly under the end of 56, being then ^ W' sec 6 
against ^ W' sec 6 when at 2. 

The question whether 34 requires a counterbrace is 
then settled when W' is at 2, while for 56 it may be 
settled at 2 but njust be settled at 4. If 

JW'>fW, orW'>9W, 
doth 34 and 56 require counterbraces ; while if 
i W >1 W, or W but <9 W, 

only 56 needs it. 

We need not now go through the work while W' 
travels from 6 to 12, because of the symmetry. We 
shall have the counterbracing of 67 settled when W' is 
at 8, and it will be necessary if W'>|-W ; while for 89 
it is settled when W' is at 10, and is necessary only if 
W'>9 W. 

In no circumstances can 12 and 10. ii require 
counterbraces (though practically they would be fitted in 
most cases), while if 56 and 67 do not require counter- 
bracing, much less will 34 and 89. 

We can now then give a general method of proceed- 
ing for any number of bays based on what we have just 
seen, as follows : Commence at the centre bays, because 
if they do not need counterbraces, the outer ones will 
not do so. To decide whether the first bay from the 
centre needs the extra brace, consider the stress when 
the travelling load is at the outside extremity of that bay 
(from the centre outward), because it then produces its 
greatest compressive effect on that diagonal. If the first 
bay require counterbracing, go on to the second, taking 
the load at its extremity ; and so on till a bay is found 
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which needs no counterbrace ; and we can then be sure 
that none of the outer bays will need it either. 

The foregoing of course only applies to the case in 
which all the W’s are; equal, and the original bracing as 
in Fig, 248 ; for other cases the work should be gone 
through as we did in the first instance. 

The effect of the passage of a long distributed load, 
as a train, is rather more complex, and we must refer for 
it to the larger treatise. 


Examples. 

1. A lattice girder 20 feet span, 3 feet deep, in four divisions, 
is loaded at the top of the left hand quarter span with 5 tons, 
and supported at the ends of the bottom boom. The braces are 
stout flat bars. Find the stresses in the bars. 

u 4 /is. Counting from the left — uprights, - i| , - 2-L o, o, -|- 
tons; diagonals, =b 3.64, i 1. 21, i 1. 21, ± 1. 21 ; top 
boom, 3.12, 5.21, 3.12, 1.04 compression; bottom 
boom, same as top, but tension. 

2. Plow would the preceding results be modified if the braces 
were slighter, so that the compression brace only took half as 
much load as the tension brace ? 

Uprights, - 2^, - 3^, o, o, - f ; diagonals, +4.84, + 1.61, 
+ 1.61, + 1.61, - 2.42, - .81, - .81, - .81 ; top boom, 
- 4^5 - 5'lj r ; bottom boom, -P 2-/^, + 4!^, 

4 _ I 25 
^ ^ ‘BIT* 

3. Find the stresses produced when a bridge platform, which 
rests on the bottom booms of two girders, similar to that of (i), 
is loaded with ^ ton per foot run, 

^//s. Taking the bars in the same order as (i), - ff, +-|, o, 
+ dbi,82,±i.2i,±i.2i,±i.82 ; 1.56,3.66, 

3.66, 1.56 compression, and the same tension for 
bottom boom. 

4. Find the greatest stress in each bar of the bridge of ques- 
tion (3) when a travelling load of 10 tons crosses it. 

— 2 y§, - i- 3h ~ j i 

4=5.2, 4:11.5, 4:11.5, 4:5.2, for top and bottom booms 
respectively as before. 
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5. What would be the effect on the results of the preceding 
questions, if the trusses were made 4 feet deep instead of 3 ft. ? 

A ns. The stresses in the bars of the boom would be J of those 
found before. In the diagonals the stresses would be 
reduced in the ratio of 59 : 64 nearly. 

6. An N girder in 10 divisions is loaded with i ton at each 

joint. A load of 16 tons travels along it. Find which bays will 
require a counterbrace. A ns. The middle six. 

7. In the preceding find the stresses in all the bars, assuming 
the counterbraces equally efficient against tension and compres- 
sion when the load js at the centre. 




CHAPTER XVIII 


BENDING OF SOLID BEAMS 

We have seen that in a girder the bending is resisted by 
the booms, and the shearing by the diagonals, and this 
justifies our original separation of the effect of a load 
into these two actions, since they are resisted by distinct 
pieces, and H is independent of F while S is independ- 
ent of M. 

We can from the preceding obtain a preliminary idea 
of how one kind at least of solid beam resists bending, 



for — the above conclusions are true, no matter how long 
or short the bays may be ; thus they are equally true for 
girders either as (a) or (If), Fig. 2^0. And they would 
still hold even if we reduced the lengths of the bays so 
much that the uprights and diagonals actually came into 
contact with each other. This being so, we have only 
now to change simple contact into connection to obtain 
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a continuous solid beam consisting of two booms or 
flanges, united by a solid sheet of metal called the web, 
as Fig. 251. 

If then we assume that the connection of the bars 
into a solid does not 
materially alter the dis- 
tribution of the forces, 
we get as a first idea of 
the resistance of such a 
solid beam to transverse 
loads, that the flanges 
resist the bending, the 
stress in either being H, 
given by 

where M now will be the moment at the section at which 
we wish to find the value of H. Since the boom is now 
supposed to be made up of an indefinitely large number 
of short rods, for each of which the value of H is dif- 
ferent, there will be a continuous variation of H from 
point to point, and the opposite joint is now in the 
same plane as its indefinitely short bar, hence M is 
taken at the section as above stated. 

In a girder as Fig. 251 the top flange would be com- 
pressed and the bottom extended ; and at any given 
section KK we should have the forces H, H, and H, H 
as drawn. These forces we represent by arrows drawn 
in the opposite directions to those we used in the frame- 
work girders, because there we put the arrows on the 
bar and they represented the action of the bar on the 
rest of the structure ; here the bar is indefinitely short, 
and we cannot put arrows on it, so we put them as 
shown ; hence they represent actions exerted on the bar 
at K, or since this is simply a point, they represent the 
mutual actions of the two parts of the flange on each 
other (compare chap. xvi. page 313). We then have 




Fig. 251. 
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m = MK, 

H being the total stress at K in either flange, so that if 

At — sectional area of top flange, 

Ab~ ,, ,, bottom flange. 

Intensity of stress is, on top flange, H/A^; on bottom 
flange, H/A^,. Then, by our assumption, the shear is 
distributed over the sectional area of the web only, and 
hence, assuming it to be uniformly distributed, 

Fk 

Intensity of shear in web = — , 

Aw 

where sectional area of web. 


The assumptions here made give results for a 
beam of I section, useful for rough calculation ; but 


we can see at once that they will not be even ap- 
proximate for all beams. For example, some beams 
have no flanges at all, yet we know they can resist bend- 
ing, while the preceding formula would give them no 
resistance to bending. We must then proceed to a 
closer investigation for solid beams, and as usual we will 
consider one action only at a time. We will commence 
then with bending, and investigate the stresses produced 
in a solid beam when subjected to bending only, or 
Pure Bending. — If a beam be subject to pure bend- 
ing, the shear at every point must be zero, and we must 
first then see what kind of loading is necessary to pro- 
duce this result. 


Take now a beam 
CD (Fig. 252), loaded 
at C and D with equal 
loads W, and supported 
symmetrically at A and 
B. Then the support- 


r f 

^ A K B ^ 



Fig. 252. 


ing forces at A and B will be each W. 


Taking now any point K between A and B we have 


Fk=W~W=o, 



350 


APPLIED MECHANICS 


PART n 


so the part AB is everywhere free from shear. Also 

Mk=W. CK-W. AK, 

=W.AC 


So that not only is there pure bending but also constant 
bending all along the part AB. 

But to produce the above effect it was not necessary to 

consider equal loads at 
C and D, for let them be 
Wj and Wg (Fig. 253). 

Now find A and B 
such that the support- 
ing forces shall be 
at A, Wg at B. To 
have, taking moments 


i-' 


t», t' 


satisfy this 
about C, 


IVa 

Fig. 253. 

condition we must 


WiAC + W2.CB = W2CD, 
.-. Wi . AC = W2 . BD. 


And this is the only condition necessary, 
have for all points in AB as K — 


and 


Fk=o 

Mk = WiAC, or Wg. BD, 


We shall then 


so there is pure and constant bending all along the part 
AB. 

We can now see that in order to have F = o over any 
part of a beam, it is necessary that the forces outside 
each end of the part should reduce to two equal and 
opposite couples, one at each end ; as W^ . AC and 
Wg . BD ; and we shall then have as a necessary con- 
dition that M will be constant along the part. 

We have so far called AB a part of a beam, but we 
can if we please speak of AB as a beam, and consider 
the pieces CA, BD as outside bodies acting on it. If 
now we consider sections taken at A and B, then CA 
is in equilibrium under the couple Wj . AC, and the 
action on its end of the end of AB. Hence the action 
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of AB on the end of CA must reduce to a couple equal 
to Wj . AC, and therefore the action of AC on the end 
of AB must reduce to a couple Wj . AC, since the action 
between the ends of CA and AB is mutual (see page 
262). Similarly the action of BD on the end B of AB is 
a couple Wg . BD, and hence the beam AB is in equi- 
librium under the action of equal and opposite couples 
applied to its ends, which were present as in Fig. 254. 

And we say finally that — 

To produce pure or simple 
bendings a beam mtist be acted 
on by equal and opposite mO' 

7nents applied to its ends. 

Bending in a Circular Arc — Neutral Axis. — 
When a beam is under pure bending, M is everywhere 
the same, and since it is M which produces the bending, 
evidently any one point will be bent just as much as any 
other. But the only curve which is equally curved 
at all points is an arc of a circle ; hence we conclude 
that the originally straight beam bends into a circular 
arc. 

Next, What stresses will this bending produce ? To 
answer this question it is not sufficient to consider what 
happens to the beam as a whole, but we must examine 
the changes which take place in the small parts of which 
it is made up. Also we can only find an answer in the 
first instance for one particular kind of cross-section, or 



Fig. 254. 



Fig. 255. 

at least for cross-sections possessing a certain property, 
viz. symmetry about an axis in the plane of bending, 
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thus for beams bent in a vertical plane the sections must 
be such as (a) {b) or {c\ but not {d) or (e) (Fig. 255 ). 

Again, we cannot by considering the forces applied to 
the beam find the stresses on any section or the changes 
of shape of any small portion of the beam, simply by the 
use of the laws of Statics and Hooke’s Law, since 



B K L D 



even if we could obtain equations they would be un- 
solvable. We are then obliged to proceed in the reverse 
way as follows : — 

We assume a certain change of shape to occur — 
what kind to assume practical observation tells us — then 
we find the stresses which must accompany such change 
of shape, and finally we examine if these stresses and 
the external forces balance as they should do to satisfy 
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the laws of Sfatics. If the result is satisfactory accord- 
ing to the last test, then we accept it as the true result ; 
for in all these problems we know that there can be 
only one result, i.e, a certain beam loaded in a certain 
way will always bend into exactly the same shape ; 
hence a result which satisfies the above condition must 
be the result. 

ABCD (Fig. 256) shows a side view and {U) a cross- 
section, this being taken to be uniform all along the 
beam. 

Now imagine the beam divided up before bending into 
thin longitudinal layers as in {a\ PP being one and RR 
in (b) showing the cross-section of PP. Then, when the 
beam is bent from {a) to (c) by the* application of the 
couples M to its ends, all the layers will bend also. 

Now first we can see at once that they all have a 
common centre after bending, viz. O, for otherwise instead 
of fitting one another as they actually do they would lie 
as Fig. 257. 

Next we assume, that a plane cross-section such as 


KK in {a) remains also plane after the 
bending in (c). We could in a way prove 
this as follows : — 

Taking LL the central section this 
undoubtedly remains plane, since there 
can be no reason tending to bend it one 
way more than the other. But the B. M. 
being constant all along, the stress will be 
distributed in the same way on all parallel 
sections (compare page 264), and hence. 



Fig. 257. 


since this distribution of stress on LL leaves LL plane, 


it will also leave the other cross-sections plane. 


This proof, however, contains assumptions, and hence 
it is better on the whole to make the original assumption 


at once, and suppose that, as in {c) AB, KK, LL, CD, 
all remain plane, and consequently all pass through O. 
We require now one more datum before we can pro- 


2 A 
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ceed determine the distribution of the stress, which 
we ca^; obtain either by theoretical reason or actual ex- 
perimif^. First, by reasoning — 

is no resultant longitudinal force acting on the 
beam, and hence as a whole it can neither be lengthened 
nor shortened. The layer AA is longer than BB in (<;), 
and all the layers differ in length, but their mean length 
must be unaltered ; or there will be some layer towards 
the centre of the beam as SS, whose length will be 
unaltered, this being the layer whose length is the mean 
of all. 

By actual experiment also it is found that during 
bending AA extends while BB shortens, and hence, as 
before, some layer BS neither shortens nor extends. 

This layer is of the greatest importance in the theory 
of bending, and it is called the Neutral Surface (its 
thickness being very small, it is of course only a surface). 
The Neutral Surface is shown in Fig. 256 by its two 
sections SS and NN ; NN being its transverse section 
by any plane KK, and NN is called the Neutral Axis 
of the section. 

[Note carefully, the beam has a neutral surface but not a 
neutral axis ; often SS is taken as the neutral axis, being con- 
fused with the ordinary meaning of axis as a longitudinal line, 
but it is the section which has a neutral axis N N and not the 
beam at all.] 

Distribution of Stress. — Let now R = radius of 
neutral surface. Take a slice PP, cross-section RR, 
distant y from the neutral axis. 

Then PP was before bending {a) the same length as 
SS, but it is now longer than SS, and hence there must 
be a tension in PP. 

To find its amount we have 

Extension of PP= PP - SS, 

Strain of PP=£^^- 
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(Fig. 256 W), 

R+J' , 

R ^ 

. *. the strain ? 

1 

-L 

R 

If now PP were a simple thin plate not connected to 
the other layers, the stress produced would be given us 
by Hooke’s Law, and we assume that this is the case, 
i.e, the stretching of each layer is assumed to be hide- 
pendent of its connection with the other layers. 

Let then be the tension in PP, then 

/=E^=E.^. 

Had we taken PP below the neutral surface we should 
have had compression produced, and if we take E to 
have the same value in compression as in tension, which 
is practically true, then the one formula 


gives the stress at any point, / being taken negative for 
layers below the neutral axis, and the accompanying 
negative value for p indicating compression. We have 
now then obtained our first important result, regarding 
which we express in words thus : — 

The stress at any point of the transverse section of a 
bent beam varies as the distance of the point from the 
neutral axis of the section. 

Here for stress along the layer we put the correct 
expression, i,e. stress at any point of a transverse section 
of the layer. 

The distribution of stress we have found applies 
to all transverse sections, ' and therefore to the ends ; 
and consequently it follows that for our work to hold 
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true everywhere, the moment M should be applied to 
the ends of the ^eam, by f<»ces applied all over the 
ends varying as their distances from the neutral axis. 
Actually of course the moments not so applied, being 
originally derived from pressured bf'Weigtits and sttpports, 
hence very near the ends our equations do not hold ; 
but the lateral connection of the teyer;s causes the dis- 
tribution of stress rapidly to adjust itself to the kind we 
have found (compare page 264). 

Position of^lTeutral Axis. — We have found an 
equation for / at any point, but it depends on the 
position of the point /elative to the neutral axis, and at 
present we do not know where the neutral axis of any 



given section is — all we know about it is one of its 
properties : we proceed then to determine its position. 

Referring to Fig. 256 (^), the section KK divides the 
beam into two parts ; we will now consider the equilibrium 
of one of these, say KCDK (Fig. 258). 

KCDK is acted on by M at CD, and the stresses 
over the section at KK. 

Resolve now at right angles to KK. Then 

Resultant stress on KK= resultant force on CD, 

=0, 

since a couple has no resultant. 

Take now a small slice of the section. Fig. 258 (^), 
breadth thickness distance from NN Then 

Stress on slice 
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/. S%ess: W slice = t\. 


Dividing the whole are^ into such slices, we have 

Total stress on area=o, 

E EE 

*** R * + • . . +=0, 

b\t\ * y\-\-b<2t<i »j'2+ • • . + =o, 

i,e. the sum of the moments of all the strips about the 
neutral axis is o, for 

^i/i=area of strip, 

^i/ixji=its moment about NN. 

But this can only be true when the axis of moments 
passes through the C. G. of the section ; also we took the 
slices, of which the neutral surface is one, at right angles 
to the plane of bending, and hence — The neutral axis of 
a section passes through the C. G. of the section at right 
angles to the axis of the section^ i.e. the axis of symmetry, 

C. G. is the usual abbreviation for centre of gravity. 

We have now then the means of obtaining the stress 
at any point of the section of a beam bent into a circle* 
of given radius. The chief portion of the work will in 
most cases consist in the determination of the position 
of the neutral axis, and we will examine in what manner r^ 
this may best be done. 

Neutral Axes of Various Sections. — If the 



Fig. 259. Fig. 260. 

section 'be rectangular, circular, or elliptic, the neutral 
axis passes through the centre of depth (Fig. 259). 
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If the section be triangular (Fig. 260), the axis is in 
(a) at |- of the depth, in (d) at For a trapezoidal 

section, as ABCD (Fig. 
261), we must divide 
I up into parts, of which 
^ the C. G.’s are known, 
parallelograms and 
triangles. In the pre- 
sent case divide into a 
parallelogram ACBE, 

and a triangle CED. 

Then if NN be the neutral axis, and x its distance 
from AD, the area balances round NN, and we have 

ABCE 

whence in any given case x may be determined. 

For a T beam (Fig. 262) we divide into two rect- 
angles — flange and web ; the C. G. of each is at its 



Fig. s*6i. 



centre of depth, and we take moments about NN as 
above. 

Similarly the I beam (Fig. 263), or channel iron 
(Fig. 264), would be divided into three rectangles. 

In many cases beams are built up of plates and 
angle bars, sections of such being shown in Fig. 265. 
We must divide them up in the way which makes cal- 
culation easiest. 

In some cases calculation is facilitated by taking 
moments about some other line than NN. 

For example, take the case of the channel iron (Fig 
266), and take moments about the base,, then — 
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Fig. 265. 



Fig. 266. 


Moment of whole section = moments of parts. 

Let 

A = area of each web, 

B= „ „ flange, 

/= length of web, 

/= thickness of flange. 

Then 

2A^— + -f B • “= (2A + B)a*, 

whence we obtain x directly. 

Value of I Section. — When a bar is extended, the 
stress over any transverse section is uniform, and the 
whole of the fibres of which we may imagine the bar to 
consist help equally to resist the loading. We can thus 
have the limiting stress allowed, say fully reached at 
all points of a section. 

But in bending the foregoing does not hold, for the 
stress varies from o at the neutral axis, each way, to say 
Pi tension at one edge, and p^ compression at the other, 
and thus the full powers of resistance of the inner fibres 
are not developed. It is then advantageous to so shape 
a section that as little material as possible may be left 
with its resistance undeveloped, i.e. we should remove 
the bulk of the material as far las possible from the 
neutral axis. This accounts for the adoption of the I 
and other sections in which the metal is principally con- 
centrated in flanges. This we return to in the next 
chapter. 
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Beam of Equal Strength. — Continuing the above 
consideration, suppose first that the greatest stress 
allowed on the material either tension or compression 
is for definiteness, say, 4 tons per sq. inch. If the 
shape of the section be such that the neutral axis is at 
the centre of depth, then, when the beam is so much 
bent that there is 4 tons tension at one edge, there is 
4 tons- compression at the other, and hence the resistance 
of the metal on both sides of the neutral axis is developed 
as much as in befiding it possibly can be. 

But if the neutral axis were nearer the tension side, 
say, then, when the compressive stress was 4 tons, the 
tensile would be less, since 

/OCJ, 

but the beam must not be bent any more, otherwise 
the compression will be more than 4 tons, which is not 
allowed. Hence the metal on the tension side of 
the neutral axis has not its full resistance developed ; 
and the full power of the beam is not put forth. Similar 
reasoning applies if the neutral axis be nearer the com- 
pression side. 

It follows that the neutral axis should in this case lie 
in the centre of depth, and our sections should be shaped 
accordingly. 

If, however, the values of f for tension and compres- 
sion are as usual unequal, the best position of the neutral 
axis will not be at the centre of depth, but the same 
reasoning will show us where it should be. Let 
yj. = compressive stress allowed, 

/t = tensile ,, ,, 

^c = distance of compressed edge from neutral axis, 
yt= ,, extended ,, ,, 

Then, to fully develop the resistance of the metal, the 
neutral axis should be so situated that, when the bending 
is such that the stress at the tension edge is ft^ that at 
the compression edge should be when each part will 
be resisting as much as it possibly can. 
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This gives us at once the required position, for 
ft yt 

If then 

h = total depth of beam, 

^yc-^yu 

we have 

yc fc 
h-Mft 

and 

yt^ ft 
fc-^ft 

so the position of the neutral axis is determined. 

When the condition just found is satisfied, the section 



Fig. 267. Fig. 268. 


is said to be designed for equal strength. We will now 
apply this to the case of an I beam (Fig. 267). Let 

A = area of top flange, 

B= ,, bottom flange, 

C = , , web, 

^ = given depth, 

and we will suppose the beam bent as usual, so as to 
be convex below, and in consequence the top flange is 
in compression. 

In some cases the, flanges are thin compared with so 
their thickness may be neglected, and the section treated 
as if the flanges were simple lines (Fig. 268), giving 
them, however, their proper sectional area in calculating. 

Then, NN being the neutral axis for equal strength, 

y^Js. 

y-fi 
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But NN passes through the C. G., hence 
Total moment about NN=o. 


Now 


Moment of A = hyc. 


the moment of B is negative, since B is below NN. 


J. + = By„ 

A • y • A + cf— — =:B • 

/«+/< \2 /c+/< / /c+/t 

... a/„ + C’^ = B/„ 


which is the relation which must hold between A, B, 
and C. For the full determination of A, B, and C to 
resist a given moment we must wait till the next chapter, 
but we have investigated here the above relation in order 
to show clearly that it depends entirely on the relations 
between the stresses at different points of the section, 
and not on their absolute amounts under a given bending 
moment. This it certainly shows, for so far we have 
not seen how to find what these amounts are. 


Examples. 

1. An I beam i8 ft. span is 12 ins. deep over all. Each 

flange is 6 ins. by f in., and the web is ^ inch thick. Find 
the total stress in one flange under its own weight. Material 
cast-iron. Afzs. 1730 lbs. 

2. The beam in the preceding carries i ton at the centre. 
Find the greatest total stress in one flange. 

Ans. 1 1 810 lbs. 

3. In the preceding questions, find in each case the maximum 
intensity of the shearing stress on the web. 

^ Ans, 73i, 287 lbs. 
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4. A beam is 12 feet long, and is loaded with 4 cwt. ai one 

end and 5 cwt. at the other. Find the positions of two sup- 
ports 8 feet apart so that there may be pure bending between 
them. Ans. 2 ft. ; 2§ ins. from 4 cwt. 

5. Find the diameter of the least circle into which J inch 

steel wire can be coiled, the stress being limited to 6 tons per 
sq. inch. Ans. 45 ft. 2 ins. 

6. A steel ribbon, width 8 times its thickness, weighing the 

same per foot as the wire in the preceding, is bent into a circle 
J the diameter of the smallest coil there found. Find the 
stress produced. Ans. 7.7 tons per sq. inch. 

7. Find the position of the neutral axis of a T beam ; flange 
4 ins. by | in., web 8^ inches by J inch. If the beam be 
bent into a circle 4000 ft. diameter, the flange being nearest the 
centre ; find the greatest tensile and compressive stresses. 
Material wrought-iron. 

Ans. 1.9 ins. from centre of web ; 3J and i§tons per sq. inch. 

8. If the ratio of tensile to compressive stress allowed in the 

preceding be 5 to 3 ; find what should be the proper thickness 
of the web for equal strength. Ans. .583 ins. 

9. Find the neutral axis of an I beam. Top flange 6 ins. by 
I in., bottom flange 10 ins. by in., web 14 ins. by | in. 

Ans. 5.83 ins. from bottom. 

10. Find the position of the neutral axis of a channel iron. 
Flange 8 ins. by | in., each web 74 ins. by J inch. 

Ans. 2| ins. from outer edge flange. 

11. A beam is built up of a | plate 15 J ins. deep, to the top 
of which are riveted a pair of angle irons 3^ by 3^ by | inch, and 
to the bottom a pair 4 by 5 by | inch, the 4-inch side being 
riveted to the plate. Find the position of the neutral axis. 

Ans. 6.78 ins. from bottom. 

12. Find the neutral axis of a box girder. Top plate 14 
ins. by | in., bottom plate ^ inch thick; each side plate 16 
by i inch ; angle irons 3 by 3 by f in. 

Ans. 8 ins, from top. 




CHAPTER XIX 
BENDING {continued') 

In the last chapter we found a relation between the stress 
produced and the radius of bending. What we usually 
require, however, is the stress produced by a given 
moment, hence we now proceed to consider this. The 
figure (258) on page 356 is here reproduced (Fig. 269), 
and we proceed to inquire further into the equilibrium 
of the piece KCDK. 

In chap, xviii. we resolved the forces, so we will now 
take moments about some axis, i,e. consider its equi- 


D 

Fig. 269. 

librium against rotation. The axis we will select is N N, 
its projection in the plane of {a) being the point R, so if 
we thought of the forces as all in the plane of {a) we 
should speak of taking moments about R ; but since we 
know they are not all in the one plane we must not as in 
two dimensions speak of a point, but of an axis. We 
then have 

Moment of stresses on KK _ moment of couple M 
about NN about NN. 

But it is proved in Statics that the moment of a couple 
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about ^11 points in its plane — i.e, strictly about all axes 
perpendicular to the plane — is the same, 

. ; . Moment of stresses on KK about NN = M. 

To find the moment of the stresses, divide the section 
ujp into small slices parallel to NN as before. Let 

b\ = breadth, t\ = thickness, 

^1 = distance from NN 

of one of these slices. 

Then the intensity of stress on it is , and 
i *. Moment of stress on strip x^i, 

p^ is constant since is very small. But 

Pi==-^J'u 

E 

. • . Moment of stress on strip = ^ . 

Hence, taking all the strips. 

Total moment about NN 

= + ^^2^2 • ^2^ + ^^3^3 • /3" + • • • • 

[There is now no difference of sign between moments of stresses 
above and below, for they all turn clockwise ; this is alsd shown 
by all the ^’s being squared, so it is immaterial whether they be 
plus or minus.] 

We have then 

^ ^ ^ ^^2 ^ ^ 

The expression inside brackets is very similar to one 
we have met with b.efore (page 213); it represents the 
sum of small areas multiplied by the squares of their 
distances from an axis, while tha^ on page 213 is the 
same, substituting weights for areas. 

We denote the expression then by the same name as 
before, viz. — Moment of fnertia, and denote it by the 
letter I. So 
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h.4 « 2 . 2 * j Moment of inertia of area of section 

= 1 . 

[Notice this has nothing to do with force, but is a purely 
geometrical quantity.] 

Substituting then in the above equation, we obtain 

I = M, 
or 

' E_M 

R"* I ’ 
but 

(chap, xviii.) 

and hence 

/_E_M 
y~K~ I ’ 

equations giving us a complete relation between all the 
quantities involved in the bending of a beam as described 
in the last chapter. 

We ask now, Will these equations hold for ordinary 
cases of bending ? And first we must carefully remember 
that they have nothing to do with the breaking of a 
beam by bending ; as stated on page 267, the whole of 
our work refers to metal in the elastic state, and when 
the stress passes the limit of elasticity our work at once 
breaks down. We must .not then think that if /u be the 
ultimate strength of a metal in tension, the moment 
which will break a beam will be given by 

M = I 

y 

because there is then no such relation between M and f. 
We specially note this point, as it is one often seized upon 
by those who do not comprehend the true nature of the 
formulae, in order to throw doubt on their correctness. 

^ We pointed out on page 356 the effect of M not being 



CHAP. XIX BENDING OF SOLID BBAMS 367 

applied in the exact way necessary, and there remains 
only to consider the effect of M not being constant, or 
of the sectional area or depth not being constant. 

These we can consider together, for suppose Fig. 270 
represents a beam, in 
which all three quantities 
vary from point to point. 

Take now a section at K. 

Then, if we take a very 
small length of the beam 
at K, M will be and 
will not vary, and neither 
will the area nor depth. 

Now there was no 
restriction in our work 
on the length of the 
beam, and hence the 
equations hold for as 
short a beam as we please 
to consider. Therefore the indefinitely small length of 
beam at K bends into a circular arc of radius R^;, given 
by 

Rk Ik ^ 

and the stress at any point of the section at K is given by 

/_Mk 
y Ik 

R is called the radius of curvature at K, and both it 
and p vary from point to point along the beam, but at 
any section 

/_M_E 
/~I R’ , 

the various magnitudes being calculated at the section. 

When M varies, we shall always find that there is 
shearing as well as bending, but the effect of this is 
considered separately ; and then if the true effect be 
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required, the two separate effects must be compounded ; 
the method of doing this is outside our present scope. 
The equations above, then, are taken to be true in all 
cases of bending for beams of symmetrical sections (page 
351), and their truth can be verified by measurement of 
the curvature of beams bent by given loads ; such ex- 
periments amply prove the practical truth of the laws, 
and hence justify us in the assumptions with which we 
were obliged to commence. (See note at end of ch. xxi.) 

Moments of Inertia. — The calculation of I is an 
important part of the work to determine /, so we will 
consider now some points bearing on it. We have 

\ = hxhy^->cb^hyi->r , . 

an expression, as we have said, identical in form with 
that of page 213; hence the algebra of summing it will 
be identical with that of that page, and since there we 
put 

-i- + . . . 

here we can put 

ht\ • . y^^\ . . . =Kr^y 

since etc., are small areas, A representing the area 
of the section ; and r will be the radius of gyration of 
the section round the axis NN, since etc., would 

be the ^2, etc., of rotation round that axis. 

Hence the values of may be taken from the table 
on page 2 1 4. 

In this part of the work it is convenient to express 
in terms of — h being the depth of section — and we 
put for and then the fractions of page 214 give 

the values of n. Thus for a circular section ^ = etc. 

There is a difference between the axis of an orinary 
rotation, as that of a fly-wheel, and the axis about which 
our present moments are calculated. The axis in our 
present case is in the plane of the section, while in the 
case of a rotating fly-wheel the axis about which the 
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moment is taken is perpendicular to the plane of the 
wheel. The rotation which would give our present 
radius of gyration would be such as that of a circular 
throttle-valve, not of a wheel. 

There are certain properties connecting moments of 
inertia of sections about various axes which are useful 
and can be obtained without the use of calculus, and we 
will consider one or two of them. 

Polar Moment of Inertia. — First, consider a re- 
lation bearing on the point men- 
tioned above. 

Let the irregular figure (Fig. 2 7 1 ) 
be a plane area, a a small area 
forming part of it. Take O any 
point, and draw two axes OX, OY 
through it at right angles ; also . 
imagine a third axis through O 
at right angles to the plane of the 
paper. 

Join OP. 

Then about the third axis, 

MofIofa = «.OP2, 

= a{x^ -f = a:xP‘ + 

= M of I about O Y + M of I about OX. 

If then we take all the small areas making up the 
whole, we have, adding all the results, 

M of I of all the _ Sum of M of I’s about OY 
small areas about 0~ -fsum of M of I’s about OX, 
or 

I of whole area alx)iU; 0 = 1 about OY -1- 1 about OX. 

Here I about O stands for I about an axis through O 
perpendicular to the plane. 

This is generally called the Polar Moment of Inertia. 

Now OX and OY were taken in any direction, the 
only condition being that they be at right angles, and 
hence we have — 



2 B 
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The polar moment of inertia of an area about any 
point in its plane is equal to the sum of the moments of 
inertia about any two axes at right angles, through the 
point, and in the plane. 

Apply this, for example, to a circular section radius r. 
We have 

Polar moment about centre = A—. 

2 

From symmetry 


I about OX = I about OY, 

. I about any diameter = ^ polar moment, 

Ar2 A/z2 

= — , or — 

4 i6 

as given in the table. 

Moments of Inertia about Parallel Axes. — 

When we speak simply of the moment 
of inertia of a section without men- 
tioning any axis, the neutral axis is 
understood. This moment we denote 
by lo. 

Let now A (Fig. 272) be an area of 
any shape, NN its neutral axis, SS an 
Fig. 272. plane, parallel to NN and 

distant from it. We will calculate 

the I about SS. 

Divide A into strips parallel to NN as usual. Then, 
taking one strip, distant^ from NN, 



I of strip about SS = area of strip x iyo+y)^, 

= area {y^ + 2yyo+yo\ 

— area 'K^ + iyo'x^ area + area x^o®, 

= I of strip about NN + 2yo x moment of strip 
about NN + area of strip 


therefore, taking all the strips and adding up. 


I of A about SS = I of A about NN + 2^0 x moment of A about 
NN + Ax^A 
= Io-f A^/. 
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The second term being zero, since NN is through the 
C. G. of A. 

This expression is of great value, because knowing 
we can at once deduce the I about any parallel axis. 
Or in some cases it is easier to find I about some axis 
parallel to NN than about NN itself, and the formula 
then enables us to deduce 

For example, take a rectangle. Then 

I about one end = ^ 

distance yo between end and neutral axis = 

or we could have proceeded vice versd. 

Moment of Inertia of any Area. — The values of 
given on page 214, 
and the proposition just 
proved enable us to find 
the I of any practical sec- 
tion. Take for example 
the trapezoidal section of 
page 358. 

Find NN as explained 
on page 358, and then divide up as shown by the dotted 
lines. We have then to add together the Fs of two 
rectangles about their ends, two triangles about their 
bases, and two triangles about axes through' their vertices 
parallel to their bases. These are 

I of top rectangle = 7 be . c^, 

I of bottom rectangle = ^ 

I of two top triangles =2 
I of two bottom triangles =2 




Fig. 273. 
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We must now find x from 

x~b a-x 

~T “" 7 "’ 

the values of c and d are found on page 358, and we 
substitute. The section is not an important one, so we. 
will not conclude the calculation ; enough has been done 
to show the method. 

Beams of I Section. — We saw in the last chapter 
that the I sh^e of section was advantageous, but this 
is still more shown by the work of the present chapter. 
F or we now see that the resistance offered by the stress on 
any slice of a section depends on its moment about the 
neutral axis, and thus varies as the square of the distance 

jg 

of the slice from the axis, being We thus get 

a still weightier reason for removing the bulk of the 
material as far as possible from the axis, i.e. for the 
adoption of the I section. 

For example, consider a rectangular section, and let 
us vary its shape to the I shown 
.’.V’ri] in dotted lines, the shaded rect- 

a angle of material being moved 

__i to the new position also shaded, 

and the three equal rectangles 

, similarly treated. 

Then the shaded rectangle, 

area A, say, had in the rect- 
angular section a moment of inertia about NN, 

while in the new position its moment of inertia is some- 
thing more than and hence its power of resistance 
to bending is more than trebled. On the whole we have 
increased the M of I of the section by at least 4 (§ Kd ^) ; 
although its sectional area, and hence the amount of 
metal in the beam, is unaltered. 

The process of removing metal into the flanges is of 
course limited by other considerations. In the first 
place we must have a web strong enough to withstand a 
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large portion if not all the shearing. And the ^veb must 
not only be strong enough but also stiff, so that it may 
not give way under the compressive stresses which come 
on it, by buckling or sideway yielding; this effect is 
greater the greater the depth, and is in some cases, 
where the web is very deep, provided against by riveting 
angle bars at intervals to the web, as in Fig. 275, which 
shows what is 
known as a solid 
web bowstring 
girder, the verti- 
cal lines showing 
the stiffeners. 

In Fig. 274 we show the increase of resistance 
effected while the depth remains fixed ; but one way of 
increasing the distance of the metal from the neutral 
axis is by increasing the depth ; in this case, however, 
we are limited by the necessity for stiffness, and thus 
the most economical depth is limited. 

Again, the thinner the flanges the nearer is the metal 



Fig. 275. 



in them' to the outside edge, and hence the 
greater the moment of inertia, keeping their 
area constant. But again there is the 
necessity for stiffness in the compression 
flange to prevent buckling, and also, since 
the load is distributed over the width of the 


flange, it would, if too thin, bend as in 

Further, there are practical questions to be considered, 
such as strength to withstand forces which come on the 
beam during manufacture ; liability to blows, which 
necessitate local strength — e.g. a thin flange might be 
broken by a slight accidental blow, though quite strong 


enough when in place. Another consideration apply- 
ing to cast beams, is that below a certain thickness it is 
not possible to secure a sound casting. 

These questions we cannot here deal with, but we have 
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shown what considerations govern the question ; and the 
student will thus, when he has attained the necessary 
practical knowledge, know how to deal with them. 

Moments of Inertia of I Beams — Approxi- 
mate Methods. — The accurate calculation of the M. of 
I. of an I beam is sometimes rather long, and a quicker 
method is often of practical value. 

The most usual method of approximation is to treat 
^ the section as if all the 
metal of the flanges 
were concentrated on their 
centre lines. 

~ For example, take a 
section with equal flanges 
' ^ 6" by i", and web lo" by 
_ i" (Fig. 277, a); then we 
will treat it as if it were 
of the shape shown in (^), 
the flanges being represented as lines ; still using in 
the calculation, however, their actual areas. 

Then NN is the centre line, and from (d) 

I=j\{u X I)n2+(6x 

“Ti +3 xii’“=iii+363. 

=474. 

We will now see what error is made, by finding the 
accurate value ; and for this purpose we will use a 
method of subtraction, and not, as on page 371, of 
addition. 

The I is the difference between a rectangle 1 2" by 6", 
and two rectangles each 10" by 2^ ; and these all have 
the same neutral axis NN. 

I = ^(I2x6)I2--2Xx\(i0X2^)I02, 

= 864-4161=447!^. 

There is then a considerable discrepancy between the 
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results, and we shall find that this is due to our, having 
taken the web in (d) as if it extended between the centre 
lines of the flanges, z.e, length 1 1 inches. Let us now 
repeat the first calculation, but give the web its true 
dimensions, then 

1=^(10x1)102 + 363, 

= 83^ + 363 = 446^:, 

a result which is less than ^ per cent in error ; hence 
the second method should be followed in all cases if 
possible. 

We will now consider how we should proceed to find 
the stress produced. We have 




and for our section y — hj2^ where h is the total depth, and 
not the depth of the approximate section b. 

We can easily see that this is the proper value to 
take. F or, accurately. 


Mx6 

447-h 


( 0 . 


Using the approximate value of I, but taking 12" as 
the depth, 


^ Mx6 

446^ 


(2). 


While treating- the question as if (b) were the real 
shape, and hence 1 1" the total depth. 




Mxsi 

4467 


( 3 )- 


Plainly (2) is practically accurate, while (3) is not so; 
and, moreover, it errs in the wrong direction, since it 
makes the stress appear less than its real value. 

The latter inaccuracy would ^have been still worse 
had we found the value of I by the first method of ap- 
proximation given ; for this would give 


Mx5^ M 
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instead of 

Mx6^ M 
447i “74 • 5’ 

an error of 15.7 per cent on the unsafe side. 

We will examine the present case also to see what 
amount of accuracy can be obtained by the use of the 
formula = M. 

Here, if we take h the mean depth from centre to 
centre of flange — i.e, 1 1 ins. — we obtain 


Hxii = 
.-. H = 


M 


But H is the total stress on 6 sq. ins., i.e, 6p, 


6 /=^, 
^ II* 


and/=gg. 


an error of 1 1.4 per cent, but on the safe side ; the real 
p being less than this. 

If we take, however, ^=12, then we get 



which is practically accurate ; the small error of about 
3 per cent being again on the safe side. 

The natural depth in this case would be 1 1 ins., that 
being the distance between the resultant stresses on the 
flanges, and then the 11.4 per cent error shows the 
amount of help afforded by the web. In the second 
case above, this is partially corrected by taking the 
outside value of h. 

We have thoroughly examined the value of the 
approximations in this case, and from this the student 
will be able in any given case to judge of the best 
method. The approximations are of least use when the 
flanges are thick ; and of course they should be used 
only for rough or preliminary calculations, final values 
of the stress being always obtained by the exact method. 

We cannot always use the more correct approxima- 
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tion, because sometimes the areas are the quantities to 
be found, and we do not know the thickness of the 
flanges but only perhaps the total depth of the beam, or 
it may be the mean depth. In such a case we must of 
necessity treat the web as if its length were the full 
depth ; but we now know what sort of an error that 
causes, and hence how^ to allow for it. 

Resisting Powers of Flange and Web. — We 
can obtain a measure of the relative value 
of metal in the web and flai 
lows : — 

Fig. 278 represents an I 
approximate form being drawn. 

A = area of each flange, 

C= „ web. 


ige as fol- 

beam, the 
Let 


...1 


Fig. 278. 


Then for a flange 


For the web 



I = C 




Thus while A is multiplied by k^j 4 y C is only multiplied 
by 1 2, and hence area for area the metal of the flanges 
offers three times as much resistance as that of the web. 
By addition we obtain a simple approximate formula for 
Iq of the beam, 

lo — 2* A — +C • — > 

4 12 

-f(-B)' 

If we consider the error of the approximation we see 
that we underrate A and overrate C, so that the ratio of 
powers is something in excess of three (compare with 
derivation of I section from rectangular, page 372). 

Beams of Equal Strength. — We saw in the last 
chapter that for a section of equal strength or greatest 
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resistance the neutral axis (Fig. 268) must be so situated 
that 

A 

yt~Jt 

and hence 


yc 

N±. 


•^ /c ft 


Fig. 279. 


We can now proceed to see how these 
ai;pas A, B, and C can be calculated when 
we know the moment which the beam is required to 
resist. 

We must first find I, and since we do not know the 
thicknesses, we must in Fig. 279 take the approximate 
figure. Then about the neutral axis. 

I of top flange =Ay^y 
,, bottom flange = 

„ web „ + • Cy?, 

here we split C into two rectangles, each having the 
neutral axis as one end, and their areas are y^jh • C and 
ytjh • C. 

. • . I = ^ O'/ +y?)- 

Substituting the values of^^ froi'n page 362, 


4.1 r . JS^-LLL^k^ 


But 


‘ifk) 

T — 3^’ y ’ A * 


The equation here found, combined with the equation 
of page 362, is not sufficient to determine the four 
quantities A, B, C and k ; but, as we have seen, there 
are other conditions which limit the values of some of 
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these quantities, e.g-, h is limited as we have seen on 
page 373 ; then, if we are given a certain value of this 
limits the thickness of the web so that C would be deter- 
mined, and then the two equations would determine 
what should be the proportions of A and B ; we should 
call this the best beam under the given conditions. 
In wrought-iron the T shape is common, since this iron 
is strong against tension ; hence this gives us the extra 
condition B = o ; and so for other conditions, examples 
of which will be given. 

Beams of Uniform Strength. — If a beam be 
subjected to a constant B. M. 
should be the same ; but in 
ordinaiy cases the B. M. varies 
from point to point, and the 
beams are accordingly made 
deeper or broader where the 
greater B. M.’s come. Plainly 
this course is economical, for 
take the case of a beam AB 
(Fig. 280) carrying a single 
weight W at C. 

The diagram of B. M. is then 


its section everywhere 



Fig. 280. 

a triangle ADB, where 


CD’=W^^:j^ (page 286). 


The section at C then must be strong enough to 
withstand this moment. 

If then the section of the beam be uniform I andj 
will be constant all along AB ; so that at K for instance 
the stress will be only KN /CD times what it is at C. But 
there is no gain by having only this small stress at K, 
because the beam will be injured ' if the stress at C pass 
the limit allowed, quite irrespective of what may be the 
stress at other points. 

Moreover there is an actual loss by making the 
section at K larger than it need be for strength ; for the 
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weight of the beam itself must in actual cases be con- 
siclered, and hence there is a greater stress produced 
than there would be if the section at K were cut down 
to the least size necessary for strength. 

For the best possible result we should so vary the 
section that the maximum stress f allowed is reached 
simultaneously at every point of the length. We have 
then no superfluous metal or weight anywhere, since 
the reduction of „ any section would cause the stress on 
that section to rise above f. When the section is so 
proportioned the beam is said to be of Uniform 
Stren^h. 

We will now consider how the section should vary 
for a few simple cases. 

Beam loaded at one End, fixed at the Other. — 
We can only deal with simple types of section as rect- 
angular or circular. Let us take in the present case a 
rectangular section ; then there are two cases, according 
whether we vary the depth keeping the breadth constant, 
or vice versd. We will consider both these, taking first 
— Constant breadth. Let 

^ = constant breadth. 

Take any section of the beam at KN (Fig. 281), and let 



the depth at KN be h. Then at this section 
P _Mk 
yv. Ik 

y=\, Mk=W.BK, 


Then 



CHAP. XIX BENDING OF SOLID BEAMS 


381 


Now / must be the same for all sections, whence, since 


we have 


pb 


KN 2 (x BK, 

6W . . ^ ^ 

— p being constant. 

pb 

But this curve is, we know, a parabola with B as apex 
and AB as axis ; hence the profile CNB of the beam is 
a parabola. 

To find its actual dimensions, let 


Then 


W^= greatest load, /= stress allowed. 


6W 

. aB, 


which determines AC, and we then construct the curve 



Fig. 282. 


by the method given in the Preliminary Chapter. 

The profile may be as in Fig. 281, or as here shown 
(Fig. 282), the depth at A being equal to AC in Fig. 
281. 

Consider now constant depth. Then, as before, 


M-^.BK, 

P 

which, since h is now constant, gives 
3 ooBK. 


and hence the plan is a simple triangle, as Fig. 283 (^). 
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We will next consider the case of a — 

Uniformly Loaded Beam fixed at one End. — 
This is a common practical case in balconies. Take a 
rectangular section (Fig. 284), and, as is always the case 
in practice, b constant. Then at K 

w . BK2 
Mk = — ^ , 

BK2 

. w . 

. 2 

* * 


whence, since all are constant but h and BK, 
^2 = constant x BK^, 

. • . is constant, 

and the elevation is a triangle ACB. 


JUIUJjlll 



Fig. 284. 


In actual practice the beam would not be brought to 
a point at B, but would be of the shape shown in Fig. 
285, CD being straight. 

Lastly, we will consider one case of a beam simply 
supported, vi2. 



CHAP. XIX BENDING OF SOLID BEAMS 


383 



Fig. 285, 

Beam loaded Uniformly, supported at Ends. — 
AB is supported at A and B (Fig. 286), and loaded with 
w lbs. per foot run. Let its section be rectangular 
of constant breadth b. We require to find its elevation. 
The curve of BM is the parabola DFE of height 

T£//2/8. 

Take a section at K, of depth h. Then 
2 p I2Mk / 





H E 

Fig. 286. 

Let CK = .r, C being the centre of AB, and AB = /. 
Then 

Mk=MN=SN-SM, 

and 

DL LF^"" 




niir W/* WX^ 

... SM = -^x^ =— , 


Mk = 


wP 

"s’” 2 * 
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Substituting in the above equation for and making 
p constant, we obtain 


constant x 



This is the equation to an ellipse with centre C and 
major axis AB. Hence the elevation is either as Fig. 
286, ADB being an semi-ellipse ; or equally either of 



Fig. 287. 


the forms of Fig. 287. 

The depth at the centre is found by putting p—f and 
M = w/ 2/8, giving 

wP 


h'~ 



or 




w 


Examples. 

1. Obtain accurate results for questions i and 2 of the last 
chapter, thus showing what amount of accuracy is obtained by 
the approximate method there used. 

A ns. 1680 lbs. ; 11,400 lbs. 

2. In quesiion 5, page 291, find the necessary diameter of the 
axles that the stress may not exceed 3 tons per sq. inch. 

A ns. 4^ ins. 

3. In question 7, page 309, find the stress produced at the 
centre of the crank pin by the bending action. 

Ans. 5670 lbs. per sq. inch. 
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4. An I beam is 14 ins. deep, areas of bottom flange and web 
equal, each being fo^r times the top flange, the area of which is 
3 sq. ins. It is 20 ft. long, and supported at the ends. Find 
the greatest tensile and compiessive stresses produced by a load 
of 6 tons placed 8 ft. from one end. 

Ans. 2.06; 4.12 tons per sq. inch. 

5. An I beam has flanges 4 ins. by i inch, and web 9 ins. by 
^ inch ; span 10 ft. Find the greatest central load if the 
stress is limited to 5 tons per sq. inch. If the mateiial be steel, 
how would the weight of the beam aflect the result ? 

A ns. 7 tons ; the carrying power would be less by 208 lbs. 

6. Find the limiting span of a cast-iron pipe 9J ins. internal 
diameter, | inch thick, the weight being 100 lbs. per foot 
length, and the stress not to exceed 2 tons per sq. inch. 

Ans. 41 ft. 

7. Compare the resistances to bending of a wrought-iron I 

beam, flanges 6 inches by i inch, web 8 ins. by } inch, when 
upright and when laid on its side thus | 1. 

Ans. 4.6 : I. 

8. Determine the weight which may be carried at the middle 
of a wooden spar 6 inches diameter, 15 feet long, supported at 
the ends ; allowing a stress of 1500 lbs. per sq. inch. 

Ans. 707 lbs. 

9. In question 4, page 291, find the necessary width of 

tooth per H. P. Thickness at root inch. Stress allowed 
1000 lbs. per sq. inch. Ans. .2 ins. nearly. 

10. In questions i and 2, page 308, find the value of the greatest 

stress produced. Ans. 78.5 ; 850 lbs. per sq. inch. 

11. In question 3, page 308, the section of the beams is I 
shaped, equal flanges each four times as wide as it is thick, 
thickness of web one half that of a flange, and its area equal that 
of one flange. Find the necessary dimensions, stress not to 
exceed 3 tons per square inch. Neglecting the resistance of the 
web to bending, what shape should the elevation of the beam 
take, its width being uniform ? 

Ans. Thickness of flange in., and the others as given. The 
depth should vary as the B. M., hence the outline 
should be a parabola the same as the curve of B. M. 

12. In questions 7 and 8, page 363, compare the resistance to 
bending of the two sections, per sq. inch of sectional area. 

Ans. I : 1.24. 
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13. Find the moments of inertia of the sections given in 
questions 9, 10, ii and 12 of the preceding chapter. 

Ans. 968 ; 82 ; 1190 ; 1950 inch units. 

14. In the preceding, find the weight each could carry at the 
centre of a 20 ft. span. Material in (9) cast-iron, tensile stress 
allowed 2J tons, compressive 8 tons. In 10, ii, and 12, 
wrought-iron, tensile 5 tons, compressive 3J tons. 

A?ts. 6.9; .89; 8; 14.2 tons. 


CHAPTER XX 


SHEARING AND TORSION 

In dealing with bending, the compound nature of the 
action is so evident that it is not necessary or useful to 
assign a bendmg strength to a material, but the strength 
of a beam is deduced from the values of the tensile 
and compressive strengths. (See note at end of ch. xxi.) 

In the case of shearing, however, it is not so 
apparent that there is a dual action, and hence it has 
been, and still' is practically, treated as a single action of 
a nature different from either tension or compression, and 
a metal is said to have a shearing strength just as it has 
a compressive or tensile strength. 

We have seen in chap. xiv. (Fig. 185) the nature of 
the action called shearing, and how to calculate the 
shearing force on any transverse section of a beam. In 
the figure there given we have both bending and shearing, 
and it will be instructive to inquire what kind of forces 
are necessary to produce pure shearing, just as we have 
in the preceding chapter seen what produces pure 
bending. 

In order to have no bending 5 

moment at a given section a 

force must be applied in the line 

of the section, or indefinitely near 
to it on one side, as Pj (Fig. 

288). Then such a force can 
be balanced by an equal and opposite force Pg acting 




388 APPLIED MECHANICS part ii 

indefinitely near to the section on the other side. In 
the figure we have drawn and Pg palpably out of line 
to show on which side of the section KK each is supposed 
to act, but each is supposed indefinitely near to KK, 
whence they are also indefinitely near each other, i.e. 
are in the same line and hence balance. The beam 
is now said to be in pure shear, and the shearing force 
is Pj or Pg. 

Then, considering the equilibrium of the right-hand 
piece, it is in equilibrium as shown under 
^ Pj (Pig- 289), and the total shearing 
stress on the section KK, shown by 
A the arrows, and plainly differing from 

1^ tension or compression, being a sort 

Fig 289. frictional action between the two 

surfaces at KK resisting relative sliding, instead of a 
direct pull or push acting normally to the surfaces. 
Hence 

Total shearing stress on KK=Pi» 

And assuming it to be uniformly distributed over the 
section, if 

q — intensity, A = area of section, 

?A=P„ qJ-i- 

Pure shear is extremely rare in practice, e,g. in the 
shearing machine, bars after being cut can be plainly 
seen to have bent ; the reason is that it is impossible to 
bring the forces P^ P2 indefinitely near each other ; the 
jaws of the machine have a certain clearance, and in this 
distance the bar bends. 

If the bar be both bent and sheared, we still have, 
referring to Fig. 289, 

Total stress on section = F the shearing force, 

but the value of is altered, as we shall explain farther on. 

Shear on Rivets. — The most usual example given 
of pure shear is that of a rivet connecting plates exposed 
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to a longitudinal pull. Fig. 290 shows a section and 
plan of a single riveted lap 
joint. Looking at the plan ^ 
we see that the centre rivet 
shown must support the piece 
of plate between the dotted 
lines, which are half-way 
between that and the next 
rivet on each side. Each 
rivet has to support an 
equal strip, and hence we 
will consider the actions 
on one such strip and its 
rivets. Let 

Fig. 290. 

/= distance between the rivet centres or the Pitch. 

Then p is the width of the piece of plate also. Let 

P = pull on the strip, 

/= thickness of metal, 
d ~ diameter of rivet, 

<7 = shearing stress on rivet, 

these letters we will use right through the work. 

Then, if the rivet Jit its hole tightly^ it will be under 
nearly pure shear at KK, and hence, its sectional area 
being Trd^j^, 

P 



4 


Why now must we insert the condition as to tight 
fitting ? To answer this, consider how the forces P are 
applied to the rivet. They will be distributed over the 
rivet surfaces from A to K, and from B to K, so that the 
resultant forces P P will act roughly through the centres 
of AK and BK. But this being so, there will be a 
bending moment at KK, equal to P . AK/2 or P . BK/2, 
and consequently not pure shear. Now if the rivet bend it 
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must move in the holes, but if it fit tightly there will be 
great friction resisting such a motion ; and this friction, 
if sufficient, Will supply a friction moment equal and 
opposite to P . AK/2, and then at KK there will be pure 
shear. This we in all cases assume to be the case. 

Pin Joints — Inequality of Shear. — In a pin 
joint Xl^ig. 291) the pin is subject to shear of total 



amount P over the two sections KK, KK ; since, if it 
give way by shearing of the pin, both sections must be 
sheared, as shown in Fig. 292. But the pin will also be 



bent, as shown exaggerated in the figure, because the 
fit of the pin in the holes, and of the eye between the 
jaws, is a working fit, i.e. there is clearance in each of 
these. If the work be good the clearance will be small, 
but this will only lessen the amount of bending ; in 
every case there will be some bending. Now the im- 
portance of the action lies not in the extra stress caused 
by the bending — which will as a rule be small — but in 
the fact that directly there is any bending at all, the 
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distribution of the shearing stress over the section is 
altered in a manner which can be theoretically deter- 
mined. This determination we cannot enter into here, 
but the effect is that the stress at the centre of the 
pin, where it is greatest, is ^ of the mean stress on the 
section, so that when the limit of elasticity is not exceeded, 
Shearing stress at centre _ 4 
of pin 

p 

— ^ (there being two sections). 


If then f be the greatest shearing stress allowed on 
the metal, we must put 

P 

/'-I ^ 


gives us the necessary diameter of pin to withstand the 
pull P. 

Had the stress been uniform we should have found 


The effect here considered also holds in beams, the 
effect in a rectangular section being that 


^ maximum - 


For other sections the ratio must be calculated by 
methods outside our present scope. 

Riveted Joints. — For a full discussion of the 
proportions of riveted joints we must refer to works on 
the Design of Structures and Machines, to which subject 
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it properly belongs, but we may glance briefly at one or 
two questions concerning them. 

Figs. 290 and 293 show examples of the two great 
classes into which these joints may be divided, viz. 
Lap (Fig, 290) and Butt (Fig. 293) Joints. 

In the lap joint the two plates lap over each other, 
being connected by one row of rivets, as Fig. 290, or 
by two, three, or more rows (Fig. 297). To break such 



Fig. 293. 


joints by shearing the rivets we have to shear each rivet 
across one section only, so that if there be n rows of 
rivets there will be n sections to be sheared for each 
strip of plate of width p. These rivets are said to be in 
single shear. 

In the butt joint there may be double covering plates, 
or straps, as C, C, Fig. 293, or only a single one, as Fig. 




294. In the latter case we have simply a lap joint be- 
tween the covering plate and each plate, so we treat it 
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as such. But with double straps there is the important 
difference, that each rivet must be sheared across two 
sections, or is in double shear (Fig. 295). If then there 
be ft rows of rivets connecting the covering plate to 



each plate, it is clear that 2w rivet sections must be 
sheared. 

Let now P be the pull for one strip of plate, then we 
have, for lap or single strap butt joints, 

One row, or single riveted q 


Two rows, or double riveted q 


Three rows, or treble riveted q 

And so on, but there are rarely more than three rows. 

For double strap butt joints, ^ = one half the above 
values in each case. 

In designing a joint we require to compare its resist- 
ance to shearing with |;hat to direct tearing of the metal 
of the plate ; and then, by making these equal, the joint 
will be just on the point of giving? way to each at the 
same instant, and will be as strong as possible. 

Consider then one strip of plate ; this will, if torn, give 
way across the section through the rivet hole, that being 
its weakest section. This we could also see by consider- 
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ing the whole plate : it would plainly give way as in 
Fig. 296, 


d ) P 


Fig. 296. 



Thus we must consider the strength of this section, 
the area of which is (/ — d)L If then 

/= tensile stress allowed, 

/x 

This is independent of the number of rows of rivets, 
for all that is necessary in order 
that a joint may break is that 
either plate give way along the row 
of rivets farthest from its edge 
(Figs. 296 and 297). It will not 
give way along any other row, 
because then, in addition to tearing 
the plate, one or more rows of rivets 
would be sheared. If now 

/’^ = shearing stress allowed, 

and the number of rivet sections 
to be sheared be determined as 

we have seen, then 

n x/'x-^/2=p. 

4 

Whence, equating the two values of P, 



or 




the equation which gives the pitch when d and t are known. 
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The value of t will be one of the data, and d is then 
determined almost entirely by constructive reasons, into 
which we do not enter. Also in some cases the pitch 
thus found cannot be used if the joint is to be water- 
tight, but this again is a purely practical consideration. 

Eflacienoy of Joint. — By cutting a rivet hole 
through the plate, the strength of each strip is dimin- 
ished from pty.fX.o (/ — d)t x/or in the ratio p — d-^p. 
Hence the strength of the joint is {p - d) --p times that 
of the solid plate, and this ratio is called the Efficiency 
of the Joint (see page 273). Evidently it is advantage- 
ous to have / as large as possible. 

Normal and Tangential Stress. — Our next step 
would be to consider the change of 
shape produced by shearing, and its 
connection with the stress. But it is 
convenient first to examine a little more 
closely into the nature of tangential or 
shearing stress. 

Fig. 298 represents a bar of rect- 
angular section, thickness t at right 
angles to the paper, subject 
to a load P. If we take 
a section AB transverse, 
then there is compress- 
ive strength of intensity 
P/(AB-f-/) over that sec- 
tion. 

But now take an inclined section as 
BC (Fig. 298), making an angle d with AB. 
Then, consideringthe equilibrium of the piece 
EFBC (Fig. 299), the, stress on the section 
BC must be parallel to P, and its total 
amount equal to P ; also it will be uniformly 
distributed (page 264), hence 

p 

Intensity of stress on section BC = — » 



Fig. 299. 
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and its direction makes an angle 0 with BC, so it is 
neither normal nor tangential. 

We can, however, resolve this stress into two com- 
ponents, one tangential or shear along BC, and the other 
normal or direct compression on BC. 

For this purpose resolve the total stress P along 
and perpendicular to BC, The first gives 

Total tangential stress on BC = P sin 0. 

* . . P sin ^ 

. • . intensity, or 

P sin B 

~AB sec B . t 

And the second gives 

Total normal stress = P cos 
^ Pcos0 

p » 


Now P/AB . t is the intensity of the stress on the 
section AB, which section it is purely normal; hence, 
denoting this by /, we have 

/«=/ cos^ B, pt=p . sin ^ . cos By 

for the normal and tangential stresses on a section 
makij^g an angle 0 with the section AB on which the 
stress is nonnal. 

The normal stresses are here compression ; if P had 
been tensile the work would have been the same, but 
the signs of the nonnal stresses would have been altered, 
so they would be tensions ; also the shearing stress 
would be in the opposite direction. 

If we take a section at right angles to BC, the stresses 
P't 01 ^ it will be obtained by writing 7r/2 - ^ for 
hence 

p’n = p sin® By p't^p s cos B . sin By 
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so that p\ —pt^ or the tangential stress on planes at right 
angles is equal, a fact of great importance in the theory 
of strength of materials, to which we shall again recur. 

Pure Shear. — In Fig. 300 ABCD is a block of 
material of thickness /, and 

we apply to it a compress- 1 hi 1 hi 1 i 
ive load of intensity p ^ J . : ; — ! — L-.Ifl 

on AD, and therefore on , — yA. ^ 

BC to balance, and a tensile — \/ Nv/ -A- 

load of equal intensity p ’ — ^ 

on AB and CD. Then on ' f /' 

all sections parallel to AD ~~ g I t i ' t i 

there is pure normal stress iKj t t t^t t 
of intensity /, and on all p. ^ 

sections parallel to AB pure 

normal stress of intensity the negative sign denoting 
tension, as opposed to compression, which we will consider 
positive. 

Draw now on the side of the block a small square with 
sides inclined at 45° to the sides AB, BC, and consider 
what action takes place on this small square of material, 
supposing it to extend through the whole thickness A 

Produce the sides as dotted. 

Then, first, due to the compression /, there is, on 
each of the sections along the dotted lines, and thus on 
each side of the square, 


Tangential stress = 


sm — . cos — = — , 

^4 42’ 


Normal stress cos^ - 
4 - 

as shown in Fig. 301. 

Second, due to the tension /, 

Tangential stress 


(compression), 


Normal stress = 


(tension), 


as Fig. 302. 
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The total effect of the tension and compression is 
now obtained by adding the separate results, whence we 
obtain the stress shown in Fig. 303, since the normal 




tttf 

Fig. 301. 


li M 


Fig. 302. 




-1 




s 






1 

f 


Fig. 303 - 


stresses cancel, while the tangential //2,^/ 2 being in each 
case (Figs. 301 and 302) in the same direction, produce 
a tangential stress of intensity p along each side of the 
square. 

Here then we have the square under pure shearing 
stress, and we see that this is of a dual nature, requir- 
ing for its production the existence of equal and opposite 
normal stresses in two directions at right angles, viz. 
directions parallel to AB and BC respectively ; and 
hence in all cases of pure shear these two stresses p 
compressive and p tensile necessarily accompany it. 

[We have started with the -f and - stresses /, and proved 
they produce pure shear, because this shows a practical way in 
which it may be produced ; but we can if we please start by 
assuming pure shear along the edges of such a small square, and 
then taking sections of the square parallel to AB and BC, it will 
be found that the stresses on them are pure tension and pure 
compression respectively.] 

Equality of Shearing on Planes at Right 
Angles. — The preceding work proves the equality 
of shear on planes at right angles, which we have already 
noticed. For no other set of forces than those of Fig. 
300 can produce pure tangential stress of intensity / on 
any side of the square, but this set produces equal tan- 
gential stress on all sides, which proves the result. 

This being an important point we will consider it in 
another way. 
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Take ABCD, a small rectangle of material, thickness 
/, to which shear is applied along the edges AB and CD 
as shown (Fig. 304), the shear along 
CD being necessary to balance that 
along AB. Then if pi be the in- . I 

tensity of the shear, there is a moment | t 

pt X (AB X /) X BC, i 

tending to turn the piece clockwise. ‘ 1 

Now this cannot be balanced by | 1 

the application of uniform normal 
stress to any of the faces, since the 
resultant stress on each face will pass 
through its centre. Hence to prevent the turning we 
must apply shear of intensity p' t along the edges BC 
and AD. This will produce a turning moment 
p't X (BC X /) X AB, 
and since the two moments balance, 

pi X (AB X /) X BC X (BC x x AB, 




Distortion due to Shearing. — We can now see 
what change of shape or strain accompanies shearing, 
for, referring to Fig, 300, the block will, under those 

stresses, elongate in the 
direction AD, and contract 
equally in the direction AB, 
hence taking the form of 
3^5 > which the 
change of shape is shown 
in an exaggerated form. . 

Hence the square of Fig. 300 now distorts into the 
rhombus of Fig. 305, the lengths of its sides remaining 
unaltered. 


D 



Fig. 305. 


[The student must remember that all these changes of shape 
are extremely small ; otherwise the last statement would not 
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hold, because if the side move sensibly, the stress is no longer 
pure shear along it, and changes of length will occur. ] 

Since the effect of pure shear is to produce distortion 
only, and no change of length in the direction of the 
shear — i,e, along the sides of the square — it is called a 
pure distorting stress, and its effect is measured by the 
angle of distortion, i,e. the angle through which the sides 
of the square move relatively to each other. If be 
this angle — Le. the angles of the rhombus are 77/2 - (j^), and 
77/2 + — (jf) may be called the strain due to shearing, just 
as e is the strain due to tension. Also, just as we have 
the equation 

p~^e 

proved by experiment to hold in tension, so we have 
the equation 

pt or y = C0 

proved by experiment to hold in shearing. 

This equation then connects together shearing stress 
and the strain produced by it, C being the modulus as 
E is, and being called the Modulus of Distortion, or 
of Torsion (why, we shall see directly), or the Coefficient 
of Rigidity, because it is a measure of the power of a 
material to keep its shape. 

The value of C for wrought-iron and steel is about 
10,500,000 for q in lbs. per sq. inch, and </> in circular 
measure. 

[It is instructive to compare the preceding work with that of 
chap. xvii. on the shearing force in girders ; the combination of 
tension and compression is identical in each case. 

We also see now the necessity for stiffness in the web of an I 
beam irrespective of the bending stresses. For, taking sections 
at 45" to the shear, there is compressive stress in one direction, 
which will bend the web if it be not stiffened against it, just as 
the compressive brace (page 334) would bend if it were too 
thin. ] 

Torsion. — The chief value perhaps of the preceding 
work lies in its application to the principal practical case 
of pure shear, viz. torsion. 
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When a bar is considered as a whole torsion may 
properly be spoken of as a distinct kind of action, form- 
ing with tension, compression, bending, and shearing 
the five straining actions. Considered as an action on 
the particles of metal, however, only the first two are 
really distinct, and torsion is simply a case of shear. 

[It hence finally reduces to tension and compression ; but we 
do not follow it out to this, because we have treated shear as a 
distinct action, obtaining the equation 
g-Ctp 

for it experimentally, instead of attempting to deduce a relation 
from the extension and compression accompanying it.] 

Let Fig. 306 represent a thin tube, fixed at AC, and 
having a twisting moment 
T applied to its end BD, | 
the axis of T being that of | 
the tube. 

Then, taking any trans- 
verse section, at KK say, ^ 
the section will from sym- 
metry remain circular, and the effect of the moment 
would be, if the tube were cut at KK, simply to turn 
KBDK round its axis. In such a motion the surfaces 
at KK would simply slide over each other, and hence 
there is a simple tangential or shearing stress over the 
sections. We might equally consider a solid cylinder, 
we can easily see there is simply shear over a trans- 
verse section ; but in the case of the thin tube we can 
now go on to consider the change of shape produced. 

Torsion of a Thin Tube. — First, for the stress 
produced by T. Let 

r=mean radius, 

if = thickness (which is small), 

^ = intensity of stress over any section KK. 

Then KBDK is in equilibrium under two sets of forces, 
as shown in Fig. 307 {a) on KK and {d) on BD. 

2 D 
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[The moments appear to be in the same direction, when they 
could not balance, but this is because we are looking from 
opposite ends,] 

The total stress on KK is 

q X 27rr/, 

and since each small stress is 
at right angles to the radius, 
the total moment is 

X ^Tvrt X r 

(the arm r being common to all the stresses) about the 
axis of the tube. 

This balances T on BD, 

. • . qXs ZTCf^t— T, 

and 

T 

gives the stress on any transverse section. 

Next, for the change of form, draw on the tube before 




distortion a number of equidistant section lines as shown 
between AC and KK (Fig. 308). 

[We take two for clearness, but there should be a great 
number.] 

Also draw two lines abcd'E^ and 1234F longitudinally, 
and such that ai = ab^ thus forming a number of squares 
aJb\^^ bc 22 „ etc., which being very small may be con- 
sidered as flat. 
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Then the small square abi'i is under shear q along 
b2 and la^ and hence it is under equal shear along ba 
and 1 2. The square then distorts into a rhombus ab'2'i^ 
and the angle baU or is given by 

q = or0=^. 

[The distortion being small b’ still remains in the line bz^ for 
ab' and ab differ only by an indefinite small quantity. ] 

The next square <^^73 2 also distorts equally, but its 
side b2 is moved to ^'2' by the distortion of ^2:^12, so 
that it takes up the new position b'c'^'2'; b^d making the 
same angle </>, as above, with be. 

Similarly moves to ^V'4'3', c'd' making an angle 
(fi with cd. 

We see then that the original straight line ^^E be- 
comes distorted into a curve having the property 
that each small piece of it is inclined at the constant 
angle to its old position ; the shape of dE' is therefore 
that of a screw thread or helix. The same holds for i F, 
which becomes the helix iF', and for all lines originally 
parallel to the axis. 

If we look now at the end view, we see that E having 
twisted round to E', the radius OE has twisted through 
the angle EOE'. This angle is called the Angrle of 
Torsion, and is denoted by /. 

We can now easily determine the relation between 
q and /. For let 

/= length of tube. 

Then, remembering that is a very small angle and EE' 
a very small distance compared to I, we have 

EE' =^Eax<p = l<f> (from Fig. 308, a), 

EE' = rxf (from Fig. 308, b), 


also 



404 


APPLIED MECHANICS 


PART II 


or 

._ql _ Tl 
Cr 2 C . 

So we have found the stress and the twist produced by 
a given moment T. 

Effect of Slitting a Tube. — Returning to the con- 
sideration of the small squares a^i 2 , etc., we have seen 
they are under pure shear. 

Hence it foUpws that in the directions of the diagonals 
there are tensile and compressive stresses q. There is 
tension along a2 which stretches to a2\ or tension across 
the section lA Similarly along ib^ or across the section 
<22, there is compression. 

Suppose now we cut a slit along <22, then this would 
not interfere with the power of the square to resist the 
compression across this section, this simply forcing the 



Fig. 309. Fig. 310. 


sides of the slit together. This also applies to all the 
small squares of which the tube is made up, since they 
are all identical as regards stress. If then we continue 
^z2, cutting across each little square in succession, we 
get a helical slit at an angle of 45“ all along the tube, 
and it appears the tube is not weakened as regards 
resisting T. 

We could equally well cut another slit, and so on till 
we divide the tube up into a number of helical ribbons 
(Fig. 309), and yet its strength its unimpaired. 

But now suppose we cut a slit in the opposite direc- 
tion, Fig. 310, then the small squares would be unable 
to resist the tension across the cut section, and the 
resistance of the tube would be utterly destroyed, and if 
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a series of these slits be cut the tube would on the 
application of T open out into disconnected ribbons. 

It is not, however, necessary to cut the slits across 
idj etc., to destroy the tube; for if we cut the slits 
longitudinally as ^E, iF (Fig. 308), then there can be 
no resistance offered to the shear along ab, 12, etc., and 
hence the tube is destroyed just as much as if we cut it 
through KK. 

[The question just considered has a practical bearing in deter- 
mining the relative importance of flaws in a shaft. If the shaft 
always rotate in one direction, it appears that a flaw lying in 
one direction will hardly weaken the shaft, while one at right 
angles entirely destroys the resisting power of the space it covers. 
For intermediate directions — e.g. longitudinally — although theo- 
retically there is no resisting power, yet if the sides be held 
together by the rest of the metal, friction may be developed 
sufficient to withstand the shear. It would not of course do 
to rely on such actions as this.] 

Thick Tube. — Fig. 31 1 shows two views of a thick 



(a) (h) 


Fig. 3n. 

tube or hollow shaft ; external diameter or radius ; 
internal diameter or radius 

This shaft we conceive as made up of a large number 
of concentric thin tubes, one of which, radius r, small 
thickness /, is shown in the end view. 

If now the shaft be twisted, all these tubes will be 
twisted, and since they form one solid shaft, we naturally 
assume that they will all be twisted through the same angle. 

Distribution of Stress. — We will now see what 
distribution of stress will be produced. 
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Taking the one tube shown. Let 

^ = shearing stress on it, 
/= length of shaft, 
z= angle of torsion. 

Then 



But i is constant for all the tubes, hence if be the 
stress at the outer surface, and that at the inner sur- 
face, we have 

(anywhere over the section ), 
or 

n r2 r 

Thus qjr is constant, ox q ^ r. 

If now the moment T be applied to the shaft by 
forces varying in this way, our assumption above holds 
good, and the stress is distributed in this manner over 
all transverse sections. But if not, then near the end 
the law of distribution will not be ^ oc r, but it will tend 
towards this law, and when we get a little way from the 
end the law will be found to hold good (compare Ten- 
sion, page 264, and Bending, page 356). 

Connection of Stress and Moment. — Let now 
Fig. 3 1 1 {U) represent a section through KK in {a). 
Then KBDK is in equilibrium under T, the twisting 
moment applied to the end BD, and the stress over the 
section at KK. 

Taking now the ring of radius r. 

Resisting moment of ring= 27 rr^^^ (P^Lge 402), 

and 

r n 

where q^ is the external, and therefore the greatest, stress. 
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* Resisting moment of ring = 21^7^ t -r, 

= — (27r;'/ X ;'2). 

ri 

But 27 rr^ X is the area of the ring multiplied by the 
square of its radius ; that is, it is the polar moment of 
inertia of the ring about the centre of the section. 


. Resisting moment of ring = ^ x I of ring. 

And hence, adding the resisting moments of all the 
tubes together* 

Total resisting moment < 71 / r tj r • \ 

of section (sum of I s of rings), 

= 21 1 , 

n 

where I represents the polar moment of inertia of the 
section about its centre. Hence the greatest stress on 
the section is given by 

21i=t, 

n 

since the resisting moment of the section balances T. 

If the stress at any other point be required we find it 
from 


For the value of I we have 

I = I of circle of radius - I of circle of radius fg, 
= IrAi ri^ - iA2r2- (page 2 14), 

= 4^ - ^2^), or ^ {di* - 4 ^), 

= ti-, or —gi — 

2 ri 16 ai 
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If the shaft be solid then or — o, and 

ox ^qidi\ 


We may now drop the suffixes, remembering that q 
is the greatest stress and d the outer diameter, and we 
obtain 



the usual formula. For the hollow shaft the suffixes 
should be retained. 

Comparison of Solid and Hollow Shafts. — 

Comparing the formulas 


7-r 


and 


£-1 

r~I* 


we see that the same remarks which applied in bending, 
as to removing the bulk of the metal away from the axis 
as far as possible (page 372), will also apply in the pre- 
sent case. The present is, however, simpler, because, 
the section being always circular, we have only one way 
of removing the metal away from the axis, viz. to make 
the shaft hollow, and there is no question similar to the 
ratio of flanges to web, etc., in bending. 

To see what we gain by making a shaft hollow, let 
us compare together the resisting powers of two shafts 
of equal sectional area, and therefore equal weights, one 
solid the other hollow. Let 


diameter of solid shaft, 
di = external diameter of hollow shaft, 

^/2 = internal ,, ,, ,, 

y= greatest stress allowed 

(so q at the outer edge is to be f\ 
T = resisting moment of solid, 

T'= ,, ,, hollow. 


Then 
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‘ * T“ d^.d'^ ‘ 
Also the sectional areas being equal, 


4 4 

whence 

T d^d dx'^df^i' 





So that the nearer approaches to the greater is the 
gain, the limiting value being 2 ; but for this d^ = d^^ or 
the thickness is zero, hence the diameter must be 
infinite. 

In actual practice the thickness d^ - d^ is limited by 
considerations of local stiffness, similar to those limiting 
the thinness of flanges and webs (page 373). Hence 
the ratio • ^1 is limited. Taking the value i : 2 we get 


T'_i+i 

T~ V| 


1.44, 


so the shaft is nearly half as strong again. (For the 
same elastic strength, see note at end of ch. xxi.) 

Equivalent Solid Shaft. — It is for many purposes 
convenient to express the strength of a hollow shaft by 
giving the diameter of a solid shaft of the same material 
which would be equally strong ; this is called the equiva- 
lent solid diameter. Let 


= actual external diameter, 
d2= „ internal ,, 

</= equivalent solid diameter, 
/= stress allowed. 
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Theii 

Resisting moment of actual shaft = , 

10 U \ 

and of equivalent solid = ^ /• Whence 



Diameter of Shafting to Transmit a given 
Horse Power. — An engine of given I. H. P. runs at N 
revolutions per minute ; it is required to find the neces- 
sary diameter of its shafting. First let 

T^=mean twisting moment of engine in tons-inches. 

Then 

Work done per revolution = T»„ xiir inch-tons. 

But 

Energy exerted per_IHP x 33000 

revolution N *’ ’’ 

= IiiP^33oo^i5ineh.tons. 

N X 2240 

Whence, equating energy and work, we obtain 

T 33 000 X 12 

N 2240 X 27 r ’ 

But in chap. ix. we proved that the twisting moment 
does not remain constant at its mean value, but varies ; 
the ratio of maximum to mean twisting moment depend- 
ing partly on considerations there discussed, viz. number 
of cylinders, and connecting-rod crank ratio, and 
partly on other considerations, into which we cannot 
enter. The effect is then that if 

T = greatest twisting moment, 


T=KT,„, 


we have 
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where K is a constant greater than i, depending on the 
foregoing considerations. A mean value for a pair of 
cylinders would be about i| for the propeller shafting 
and 2 for the crank shaft. The greater value in the 
latter case includes an allowance for the very severe 
bending to which a crank shaft is subject. 

But the shaft must be designed to be strong enough 
to withstand T, whence taking a solid shaft 


whence 




_ K. 1 HP 33000x12 
N 2240 X 27r ’ 




IHP 

N 


very nearly (/in tons), 


which gives the actual diameter in inches of a solid shaft, 
or the equivalent solid diameter if we use a hollow one. 
In the latter case we have 



whence, being given the ratio we obtain the values 
of d^ and d^ Usual values of the ratio are from ^ to |. 
Or we may be given that d^ — d^ is not to be less than a 
certain thickness, say for large shafts about 3 ins. ; then, 
using this value, we obtain the two diameters. 


Examples. 

1. If the greatest shearing stress allowed on the pin of a pin 
joint be f of the tensile stress allowed in the metal of the rods 
joined, show that the diameter of the pin should very approxi- 
mately equal the diameter of the rod. 

2. A single riveted lap joint in J inch plate is subject to a 
load of 3 tons per square inch of the plate section through the 
line of rivets. The rivets are | in. diameter, pitch i| in. Find 
the shearing stress on the rivets, and the efficiency of the joint. 

Ans, 3.8 tons; .6. 
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3. The steel plates of a girder are | in. thick, riveted with i 

inch rivets. The joint is treble riveted, double butt strap, and 
the shearing strength of the rivets is ^ the tensile strength of the 
plates. Find the pitch. Ans. 6^ ins. 

4. A square bar of steel is under a tensile pull of 4 tons per 
sq. inch along-its axis, and a compressive stress of 2 tons at right 
angles to the axis. Find the direction of a plane on which there 
is a pure shearing stress, and its amount. 

Ans. At an angle tan"^— ^ with the axis. 

V2 

5. Find the greatest twisting moment a steel tube 12 ins. 

mean diameter, ^ inch thick, can withstand, shearing stress 
allowed 4 tons per sq. inch. If the length be 6 ft. find the 
angle of torsion. Ans. 113 tons-ins. ; 5.86^ 

6. Find the diameter of a solid steel shaft to transmit 6000 

H. P. at 1 16 revolutions per minute, the maximum twisting 
moment being 1.3 times the mean, and stress allowed 10,000 
lbs. per sq. inch. Ans. 12^ ins. 

7. Find the size of a hollow shaft to replace the preceding, 
diameter of hole § the outside diameter. Estimate the saving 
in weight in 50 feet of shafting. 

Ans. I2| ins. outside, 8 ins. inside diameter ; 8170 lbs. 

8. The angle of torsion of a cylindrical shaft is required not to 
exceed one degree for each 5 feet of length, and the stress not 
to be greater than 12,000 lbs. per sq. inch. Determine the 
diameter of shaft above which the second condition, and below 
which the first condition, fixes a limit to the greatest twisting 
moment which may be applied. 

Ans. 8 inches ; a T. M. of 540 tons-inches then produces 
both the limiting torsion and stress. Below this the 
torsion at 12,000 lbs. stress would be more than 
allowed, and above this the stress aFthe given torsion 
would be more than 12,000 lbs. 

9. If the modulus of rigidity be 4800 in ton-inch units, what 
is the greatest stress to which the material of a shaft should be 
subjected, in order that the angle of torsion may not exceed one 
degree for each length of ten diameters. 

Ans. 4.2 tons per sq. inch. 

10. In renewing the engines of a ship, the speed of revolution 
is increased by one-third, the horse power is doubled, the ratio 
of maximum to mean crank effort is altered from 1.5 to 1.25, and 
the strength of the material used for the shaft is greater by 25 
per cent. Show that the size of the shaft is unaltered. 




CHAPTER XXI 

EXPERIMENTAL FACTS — ELASTICITY — STRENGTH — 
RESISTANCE TO IMPACT 

In all the preceding chapters we have assumed that 
materials obey certain laws connecting together the 
stress in a piece and the alteration of fonn produced. 
The laws we have assumed are 

/ = Ej, or Ee, 

and 

q = Q<t>, 

which may both be, in words, stated as follows : — 

Stress varies directly as the corresponding strain. 
These laws are the result of experiment, and they are 
satisfied, within certain limits, by the principal materials 
we have to deal with, allowing for the small irregularities 
which we always find in actual practice. 

Elastic State. — In most materials, if stresses less 
than a certain amount be applied to a piece, it is found 
that the laws above are satisfied ; and that, when the 
stress is removed, the piece returns exactly to its original 
condition. The material is then said to be perfectly 
elastic or in the elastic state ; by elasticity being meant 
the power of resuming its original shape and size. 

Proof Stress. — If, however, a certain stress de- 
pending on the nature of the material be reached, it 
will be found that, when released, the piece no longer 
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resumes its original dimensions, but a permanent altera- 
tion of form has taken place, or there is a Permanent 
Set If we apply stresses greater than the above, it is 
found that the simple laws connecting stress and strain 
no longer hold. We say then that the elastic state is 
passed ; and the limiting stress, above which these 
changes occur, is called the Elastic Limit or Proof Stress. 

It must not be supposed that there is a sharply de- 
fined limit alvi3.ys the same in all cases for the same 
metal or material — in fact in some materials, cast- 
iron for instance, there is, as we shall see, no perfectly 
elastic state ; yet in most cases a limiting or proof 
stress may be found, below which the material is jl)rac- 
tically perfectly elastic, and above which it deviates 
entirely from perfect elasticity. 

Now in all practical cases we want a piece of 
material not only not to break, but also to keep its 
dimensions unchanged, omitting the elastic stretching or 
change of shape necessarily accompanying stress, and 
which disappears when the stress is removed. Hence 
the examination of material in this state is of the most 
practical importance, which explains why the whole of 
our preceding work has been confined to this. It is 
however necessary, for the purpose of determining, for 
one thing, the elastic limit, and also for investigating 
the manner of resistance to certain actions not hitherto 
considered, that we should examine how material behaves 
under stresses of any magnitude up to those which 
actually break it. We are now therefore going to de- 
scribe what is actually found by experiment to occur ; 
the results have been partially anticipated by what we 
have just been saying, but the preliminary statement 
which has been made will be found, probably, useful, by 
showing beforehand the principal points which have to 
be considered. 

Testingr Machines. — When a piece of material is 
tested the load should be applied gradually, for reasons 
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which will hereafter appear, and the change of form 
which takes place should be continually measured, while 
the corresponding load is noted. The loads to be dealt 
with are large, so that if they be applied, for example, 
in tension, by hanging weights directly on to a rod, very 
heavy weights have to be manipulated. Again, the 
changes of length produced are, especially inside the 
elastic limit, very small, so that if they are to be 
measured by ordinary means, the bar experimented on 
would need to be very long. In an experiment by 
Hodgkinson, a bar 50 ft. long of T" diameter was used, 
and the bar was loaded by successive loads of 5 cwt. 
being placed in the scale pan at one end. 

Testing. is now so much resorted to — not for scientific 
purposes so much as for commercial ones, very little 
material being now bought without tests being specified 
for — that special machines, in which the application and 
measurement of the loads can be easily carried out on 
specimen pieces of moderate size, are used. These 
machines are principally 
fitted for tension experi- 
ments, these being the 
chief experiments carried 
out ; but they can be also 
used for applying’ com- 
pression, bending, or 
torsion, by means of 
special fittings. We 
cannot here enter into 
the details of fittings, 
but must confine our- 
selves to a simple ex- 
planation of the prin- 
ciple on which the 
majority of these 
machines act. 

BAG is a lever supported on a knife edge at A, FD 


IV 
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is the piece to be tested connected by a shackle on 
to the point B of the lever, and by a shackle at the 
bottom to the ram of a hydraulic press E. The tension 
is applied by the hydraulic press, so that it is applied 
steadily, while the lever is kept balanced between two 
stops, shown at the end C, by running out the weight W 
by means of a screw which moves it along AC ; the 
position of the jockey weight at any instant also measures 
the amount of^pull, for if P be the pull in the position 
shown, 

Px AB=Wx AK, 


The distance AB is in the actual machines very 
small — in the machine used at the Central Institute by 
Professor Unwin it is 4 ins., the length AC being 200 
ins. — so that W need not be a very heavy weight to 
produce a heavy pull. Thus in the above case the 
jockey weight of i ton can produce a pull of 50 tons. 
If the greatest pull of the jockey weight is not sufficient, 
then the end C can be initially loaded before the jockey 
is run out* 

We now have the load applied and measured, and we 
require next to measure the extensions produced. For 
this purpose the specimen piece should have a fairly long 
part of constant sectional area, and which will thus 
extend evenly (this we shall also see is necessary for 
another reason) ; then if two points be marked on this, 
their distance apart can be measured by some special 
measuring instrument, and so the extensions of this 
given length recorded. 

Tension — Qraphic Representation — Stress- 
Strain Curve. — A test having been made, the loads 
and the corresponding extensions can be written down 

* Fig. 312 is the diagrammatic arrangement given by Professor Unwin in 
his book, The Testing of Materials of Construction^ where full descriptions of 
all varieties of testing machines are given. 


/ 
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in tabular form ; but the nature of the law connecting 
them is not shown clearly by tables, and so recourse is 
had to a graphic representation : the extensions are 
marked oif as abscissae, and the corresponding loads as 
ordinates, then a curve drawn through the tops of the 
ordinates is called the Curve of Stress and Strain. 

We will first describe the general nature of such 
curves, and afterwards give particular values (page 435). 
The figures are not drawn to scale. 

Fig. 313 shows the shape of the curve for a material 
such as wrought-iron or mild steel. 

Initial Strains. — We must first notice that when a 
bar of metal is tested for the first time the extensions are 



more or less irregular, and permanent set may be pro- 
duced with small loads. This effect is believed to be due 
to irregularities or initial strains caused during the manu- 
facture, since the irregularities nearly disappear after the 
bar has been stretched by a moderate load and released. 

Elastic State. — Commencing now to consider the 
curve, we see that the portion AB is straight, i.e. the 
extension varies as the load, and also it will be found 
that in this state practically no permanent set is pro- 
duced. The bar is then in the elastic state. 

After passing B the curve bends slightly away from 
the straight line, so the piece is not now perfectly elastic, 
but the deviation is small. 
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Breaking - down Stress — Proof Stress. — We 

now reach the point C, and here a sudden change occurs, 
the piece suddenly elongating to a considerable amount 
(comparatively), so that CD is parallel to the axis. This 
point is always well marked, and can be easily detected 
by the outer scale on the bar becoming detached. Now 
it is difficult to decide exactly what is the true limit of 
elasticity or proof stress; but there is no doubt that a 
marked change in the properties of the bar takes place 
at C, a decided permanent set being now produced ; 
hence C is called the breaking-down point. 

We now go on increasing the load and corresponding 
extensions, and also, if we remove the load, we find we 
increase the permanent set or elongation, until the point 
E is reached, where the load reaches a maximum ; but 
after passing E up to F, where rupture takes place, we 
have the apparent anomaly of increasing length caused 
by a decreasing load. 

Change in Cross-Section. — In order to explain 
the point just mentioned we must go 
back and inquire how the cross dimen- 
sions have altered, if at all. We shall 
find that the following changes have 
occurred. Up to the point B, both 
length and cross-section have altered 
very little ; but after passing B the 
increasing extension has been accom- 
panied by a decrease in cross-section, 
this decrease continuing fairly uniform 
over the length of the plane part of 
the piece, as shown exaggerated in Fig. 

3 1 4 by the dotted lines. 

This holds true up to the point E, 

Fiff. 314- and here it is found that some point, 
being weaker than the remainder, be- 
gins to draw out more rapidly, so that the piece assumes 
the shape of Fig. 315. 
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Now the diagram shows the connection between Load 
and strain, not Stress and strain ; but what determines 
the question of drawing out is not load but stress ; and 
the section at KK becoming reduced below the original 
section, the load may and in fact does produce on it an 
increasing stress as the section diminishes, even although 
it (the load) be also diminishing. For example, suppose 
the ordinate at E that at F, while the section KK 
meanwhile diminishes to of its size at E. Then 

X T- Load at E 
Stress on section at E = r; — 

.Section at E 

4.- ^ TT Load at F 

Stress on section at F = ^ 

Section at F 

_ f load at E 
~ f section at E ’ 

so that, although the load is reduced, the stress per sq. 
inch of the section is increased in the ratio 5 to 4. 

Apparent and Real Ultimate Stress. — It is 
clear that any large deformation of the parts of a 
machine or structure is practically inadmissible, and we 
are therefore certain that the proof stress must be less 
than the stress at C, the breaking-down point, though 
it may in reality be much below this limit. But it is 
also of interest to know what stress actually breaks the 
material. 

Now the breaking load usually found will be the 
ordinate at E, say tons, and if A be the original 

sectional area of the piece in sq. ins., then the ultimate 
or breaking stress is said to be Pe/A tons per square 
inch. But this is not the real stress across the section 
which broke, for if that section be A', the stress at the 
instant of breaking was Pp/A' tons per sq. inch. It is 
often said that Pe/A is the Apparent Ultimate Strength , 
of the metal, and Pe/A' the Real Ultimate Strength. It 
does not, however, follow that this so-called real is a 
better measure than the apparent strength. For suppose 



420 


APPLIED MECHANICS 


FART II 


a I inch square bar broke under a load of 26 tons, say, 
while the broken section was only .6 sq. ins. Then the 
Real Tenacity, as it is sometimes called, is, when thus 
estimated, 

26 

— =431 tons per sq. m. 

But the real load (Pp) at the instant of fracture was 
much less than 26 tons (Pp)? say only 21 tons, and the 
real stress only 21/. 6 or 35 tons per sq. in. And so it 
is perhaps on the whole better to say the tenacity or 
ultimate strength is 26 than 43^ tons. There are objec- 
tions even to regarding 3 5 tons as the true tenacity. 

Shape of Specimens. — We said (page 416) that 
there is a reason for having a fairly long piece of uni- 
form section other than for measurements of extension, 
and this reason is connected with the question we 
have just been considering. Suppose, instead of having 
a long straight part, we make a groove in the specimen 
piece, as Fig. 316, then we have practically no length at 
all for extension to take place in j and if we 
experiment on such a piece we find that it does 
J not draw out at all, but finally breaks across at 
vv broken section being very little less than 

the original one, the original one at KK ; the 
groove is now the bar, the other parts being its 
ends. Also the breaking load will be found to 
be much higher than for a bar of section KK 
throughout ; and consequently the apparent tenacity of 
the metal will be higher than it would be if obtained by 
breaking a specimen of the ordinary dimensions. The 
real tenacity will, however, be found to be much the 
same as for the ordinaiy specimen, the whole of the 
difference in the results appearing to be due to the 
difference in the broken sections. Now it seems clear 
that a grooved bar cannot really be stronger than one 
of uniform section KK — ^in fact we shall show that for 
certain kinds of load the grooved bar is actually the 
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weaker, — consequently we say, either that the true 
tenacity should be taken as a measure of the actual 
strength, to which we have seen there are objections, 
or better, that specimen pieces should have fairly long 
parts of uniform sectional area, as we have already 
stated they now always have. 

Plastic State — Flow of Metals. — Returning to 
the consideration of the curve ABCDEF (Fig. 313), we 
see that up to E it is necessary, in order to produce 
extension, to continually increase the load and the stress. 
But after E it appears that a considerable amount of 
extension can bfe produced with a decreasing load, which 
may cause, as we have seen, a constant or slowly in- 
creasing stress on the weak section. The metal has 
now properties directly opposed to its elastic properties. 
For within the elastic limit strain is proportional to stress, 
whereas in the present case strain is nearly independent 
of stress. 

There are certain materials, e.g. clay, which are 
practically always in this latter state, for if we press a 
piece of clay we can change its shape, i.e. produce strain, 
to any extent, by keeping up the pressure long enough, 
without increasing it at all. Materials of this kind are 
called Plastic, and a perfectly plastic material would be 
one in which a given stress could produce any amount 
of strain, depending only on the time of application. 
Since the metal appears during EF to be nearly in 
this condition, we say it is in the plastic state. The 
change of form produced in the plastic state is 
often called Flow, and the effect is called the Flow 
of Metals. This effect is of importance in many 
industrial occupations, one case which we may mention 
being the operation of wire-drawing. Here a bar of 
metal is pulled through a hole of smaller section than 
the bar, and' the metal flows, forming a smaller bar ; 
this process being repeated with continually diminishing 
sizes of hole, we finally obtain a wire. The effect is 
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complicated by the pressure of the sides of the hole, and 
so is not a case of simple tension but is similar somewhat 
to that shown in Fig. 300. The manufacture of lead 
pipes, or solid-drawn copper pipes, depends on the same 
phenomenon. 

Effect of Stress beyond the Elastic Limit. — 
When a bar is subject to stress within the elastic 
limit, on removal of the stress the bar returns to its 
original form,*and retains all its original qualities. But 
if the stress be increased beyond the elastic limit and 
then removed, the bar in the first place does not return 
to its original length, but has a permafnent increase of 
length or set ; and secondly its properties are altered. 


£ 



Let a bar be stretched, its stress-strain diagram being 
as in Fig. 317, till the point b is reached. Remove 
the load, then the bar contracts, and the relation between 
load and strain is shown by the line ba ; A<2 shows the 
amount of permanent set, and ba is almost exactly 
parallel to AB. 

Now let the bar be stretched again, when it will 
extend according to the line ab^ and will remain perfectly 
elastic not only up to the same elastic limit as it origin- 
ally had, but right up to the point and we say the 
elastic limit is raised up to the stress which was origin- 
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ally applied. There will now be a period of imperfect 
elasticity bc^ a new breaking -down point c, and so on, 
as shown in the figure. The effect can be repeated any 
number of times, so long as the point E of Fig. 313 has 
not been reached. 

Since the elastic limit of a bar can be increased in 
the above way, it may be thought that the bar is 
strengthened, and so in a limited sense it is ; but for 
practical use it is not strengthened but weakened, for 
reasons which we shall now see. 


Effect of Impact. — We have so far supposed pieces 


of material to* be gradually loaded, but 
in very many cases the loads which they 
have to bear in practice will be applied 
to them suddenly, or may be brought 
against them with a certain velocity. 
We will now see what effect this will 
have. 

AB is a rod fastened at A, a weight 
W encircles the rod, and is let fall from 
a height ^ on a collar at B. AB will 
then stretch to a length AB', shown ex- 
aggerated ; if this be the utmost extension 
the weight W will then be at rest. 

Consider now the period from the 



B' R C 
Fig. 318. 


moment W was let go until it stops at B'. Then 


and 


Initial K. E. =0, 

Final K. E. =0. 

. *. Energy exerted _ work done 

(by gravity) “ (against resistance of rod). 


We will now consider two cases : — 

Case I. — When W and h are such that the rod is 
not stretched beyond the elastic limit. 

Let R be the final resistance of the bar, i.e. when it 
is stretched to AB'. 

Then, setting off B'C = R, and joining BC, BC will be 
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the curve of resistance, since within the elastic limit load 
varies as strain, and when the load is applied gradually, 
as in the testing machine, there being no K. E. developed, 
the load and resistance at every instant balance, there- 
fore resistance varies as strain. 


.*. Work done = area of BB'C, 

= ^RxBB'. 

But if A be the sectional area of the bar, 
^ = final stress = E 


And 


= E. 


BB' 

AB* 


'ixr 1 J ir* E AB 
Work done= JR ^ ^ x -£~> 


i— 

^AxE 


AB. 


Energy exerted = W(^ 4- BB'), 
R 


W + 


R 

AxE’ 


=w(^, 

)= 


h 4- 


.AB 


AxE 
R2 


,AB' 


*AxE 


.AB, 


an equation which will give us the value of R, and there- 
fore of R/A, the final stress produced, when W and h are 
given. 


[Compare with the foregoing chap. xiii. page 271.] 

One case gives a simple result, viz. when A==o, so 
that the load is suddenly applied, although not with any 
initial velocity. This gives 


or 




R = 2W, 


so that by sudden application the effect of a load 
is doubled, and this explains why it is necessary when 
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testing to apply loads gradually and not suddenly. Also 
we see that if we do not wish a material to be strained 
beyond the elastic limit, we must not apply suddenly to 
it loads which would produce, if applied gradually, more 
than half the proof stress. 

In many cases we can simplify our preceding work by 
omitting from the energy exerted the term W.BB', for 
BB' is a small quantity. The equation then becomes 
simply 

W-4 = ^R,r (putting X for BB'). 


Also the impact may be effected on a bar lying 
horizontally, thS weight W being by some means given 
a velocity V f.s. say. 

In this case 

WV^ 

Initial K. E..=— , 

Final K. E. = 0 . 

Energy exerted = 0 , 

whence 


o=iRx+o , 

2 ^ 


a form which is often used for such cases as a blow from 
a hammer, even where the rod is vertical, because x is 
negligible. The equation is of course identical with 


Rx . V2 

— =\VA. since — 

2 

WV2/2^ is called the Energy of the Blow. 

In chap. xiii. we have calculated the resilience of a 
bar, or the greatest amount of work which can be done 
on it without exceeding the proof stress, and from our 
present work we see that we may now define the resili- 
ence as the greatest amount of energy which can be 
applied to a bar without injuring it, or at least altering 
its properties. 
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A very convenient way of stating the resilience of a 
material is by giving the height from which a piece may 
fall without injury. 

For this we have simply 

P 

W/i = resilience x volume, 

2E 

W being the weight of the piece itself. 

. • . W= w X volume, 

where w is the* weight of unit volume. 

is called the height 
‘ ‘ ^ ^ 2 Ew ^he resilience). 

This will be found on calculation to be for most 
materials very small, e.g, for wrought-iron it is about 20 
ins. only. We see then that when such materials with- 
stand blows they will generally be strained beyond the 
limit of elasticity. We proceed then to examine 

Case II. — The resistance now can 
only be shown graphically, since it 
follows no law which can be expressed 
algebraically. AB is the bar, broken 
in the figure, since its length must be 
considerable compared with the exten- 
sions. Produce AB, and draw the 
load-strain diagram BCM'M. BC is 
very nearly vertical if drawn to any 
ordinary scale. The slope which we 
have given it in former figures was 
for clearness. Let the blow be such 
as to cause the extension BB'. Then 
B'M is the equivalent steady load 
Avhich produces the same stress as 
the actual blow, and we have from the 
principle of work 

Energy of blow = work done, 

= area BCMB'. 
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Now of this area the resistance inside the elastic limit 
only provided the very small portion BCN, and hence 
we see that materials having curves, such as we have 
here drawn, resist impact chiefly by being strained 
above the elastic limit. 

Ductility. — The materials of which we have just 
spoken have the property of extending considerably 
before breaking, to which property, when combined with 
tenacity, the name Ductility is applied, and the materials 
are called Ductile Materials. ‘ Wrought-iron, mild steel, 
and copper are the chief examples. 

Effect of raising Limit of Elasticity on Resist- 
ance to Blows. — We can now explain the statement 
on page 423, relative to the effect of stress beyond the 
elastic limit having in many cases a weakening effect. 
For in Fig. 319 we have stress beyond the elastic limit, 
and consequently the load-strain curve of the bar will now 
be, as shown, dotted. Let now a second blow of equal 
energy be struck, then the bar must extend to B'" such 
that — BCMB', and the effect produced is 

equivalent to the application of a steady load M'B". In 
the figure we have taken such dimensions that M' is 
the point of maximum load and development of local 
contraction, and it consequently follows that the second 
blow has practically destroyed the bar, owing to the 
raising of the elastic limit caused by the first blow. The 
effect here shown also explains how by continued blows 
a piece of material will be finally broken, although it 
may be able to withstand one, two, or even a large 
number. 

Coefficients of Strength — Factors of Safety. 
— In former times, when the strength of materials had 
not been so thoroughly investigated, and testing machines 
were rare, very little about materials beyond their ultimate 
strength was known, and this strength being given, the 
working stress allowed was taken less than this in a certain 
ratio, called a Factor of Safety. This factor was taken 
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empirically, and depended on the nature of the loads 
tQ which the piece was subject, being usually about 6 to 
8. The method still holds to a very large extent, but 
with better knowledge of the strengths its value is not 
determined so - purely empirically, and also the true 
nature of the ratio is better understood. 

The name factor of safety is a bad one, since it gives 
the idea that, when it is, say, 6 for a given bar, the 
bar is for safety^ 6 times stronger than it need be. But 
now take the case, say, of a wrought- iron bar, ultimate 
strength 54,000 lbs. per sq. inch (apparent is always 
understood); then the working strength*' is 9000 lbs., 
and a bar which was to be exposed to a working load of 
9000 lbs. would be i sq. in. in sectional area, but 
would not be 6 times stronger than necessary. For 
probably the load would be applied suddenly — as in a 
piston-rod at each end of the stroke — and will thus stress 
die bar up to 18,000 lbs. per sq. in.; and this 18,000 
will be about the limit of elasticity, which, as we have 
seen, is the point beyond which the metal is injured. 
Hence, then, in this case, instead of being six times too 
strong, the bar is only barely strong enough ; because a 
continuous repetition of suddenly applied loads a little 
above 9000 lbs. would in time break it. If, however, 
the load 9000 lbs. were to be applied once for all and to 
remain constant, then the bar would be twice as big as 
necessary, and there would be a true factor of safety of 2. 

The ratio of working to ultimate strength should 
then depend on the ratio of proof to ultimate, and to 
the manner in which the load is applied. It is generally 
6 for piston-rods and similar pieces, or perhaps a little 
greater to allow a small real safety factor. For bridges 
in which most of the load is constant but some is vari- 
able, i.e. the loads which cross, 5 is the usual value ; 
while for the shell plates of a boiler, subject to a gradu- 
ally applied steady steam pressure, 4 and slightly under 
is allowed. 
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It is, however, probable that in the future proof stress 
will be the determining factor and not ultimate stress. 

Compression of Ductile Material. — We have 
taken the case of tension at great length, because it is 
the case of which most is known, and the results are 
most clearly defined. All the work as to the effect of 
impact of course applies equally to all cases, also the 
effect of stress beyond the elastic limit, so we shall not 
need to consider other cases so fully. 

In the present case, referring to chap, xiii., there is a 
difference between the results obtained from long pieces 
and those from short ones. The former being the more 
important we will first consider them. 

Long Pillars^ — Q-ordon’s Formula — All Mater- 
ials. — When a long pillar is loaded, as Fig. 320, then, if 
the load were right in the axis and the pillar perfectly 
straight and homogeneous, it would remain straight, and 
the stress on the section would be W/A, A = area of 
section. 

Actually, however, these conditions are never ful- 
filled, and thus the pillar bends, and as the load increases 
the bending also increases, and the pillar finally gives 
way by the combined effects of compression and bend- 
ing. 

We cannot here enter into the analysis of these 
effects, but must simply. give the empirical formula con- 
structed by Gordon and modified by Rankine to repre- 
sent the results of an extensive series of experiments by 
Hodgkinson. 

This formula gives the breaking load W for a pillar 
of length I as follows : — 

A = sectional area, coefficient of strength. 

n is the constant in the formula l = nPJi^ (page 
h is depth of the pillar in the plane of bending, for a 
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circular pillar h = and for a rectangular pillar h = least 
breadth, since that is the direc- 
tion the pillar will evidently 
bend in. 

r is a constant depending on 
the manner of connection of 
the ends of the pillar, which we 
can see will affect the bending, 
for, looking at Fig. 320, in (a) 

. we have a pillar with both ends 

free to turn, and it bends accord- 
ed) ip) ic) ingly into one large arc, the 
Fig. :j 2 o. bending moment at the centre 

being Wx Then in (<^) one end of the pillar cannot turn, 
it bends into two arcs, and W.r the greatest B. M. is 
less, since is less. The decrease is still more in (^r), 
where neither end can rotate, x being less still. 

The values of f and c are as follows ; — 



Wrought-iron 
Steel (mild) 
Cast-iron 
Dry Timber 


/ 

C 

(«) 

(b) 

{c) 

36.000 

42.000 

80.000 
7,200 

1 

9,000 

9,000 

1,600 

750 j 

18,000 

18,000 

3,200 

1,500 

36,000 

36,000 

6,400 

3,000 

1 


We have here also given the results for cast-iron and 
timber, which are not ductile ; but the formula applies 
to these as well as to the ductile ones ; and it is the 
practical formula which in nearly every case is used, 
because pieces so short as not to bend at all are not 
often used compared with the longer pieces. 

Working Strength of Pillars. — The value of W 
given by Gordon’s formula is the crushing load, and 
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hence in calculating the size of a pillar for a given load 
a factor of safety ” must be allowed. This is a case 
in which accidental circumstances may produce large 
stresses, e.^. a pillar may be a little bent when set up, 
and then there is at once a bending moment produced 
at the bent part, hence the factor of safety should be 
large, and it is usually taken at 8 or more. To find then 
the size of a pillar to carry a load of 10 tons say, we 
should put W at least 80 tons. 

Crushing of Short Pieces of Ductile Material. 
— When the length of a piece is not more than about 
I J times its diameter, it will not give way by bending 
but in a manner we will explain. 

In the first case, the elastic limit and modulus of 
elasticity are practically the same as for tension. 

When the elastic limit is passed, then we have per- 
manent set, and an increase of cross-sections, as opposed 
to the decrease in tension ; and this increases with in- 
creasing loads, the stress per sq. inch on the section 
also increasing up to a certain point (see page 4 1 9). 

After a certain stress is reached the load increasing 
produces an increase of section such that the stress 
remains fairly constant (page 419). And finally, when 
a certain compression is reached, the metal gives way by 
cracking round the circumference, as Fig. 321, which 

represents the compression of a block ^ . 

of steel experimented on by Sir W. 

Fairbairn. 

There is nothing corresponding to 
the local contraction in tension ; the 
bulging of the block in the middle 
is not due to any local cause, but 
partly to the friction of the pieces by which the pressure 
is applied holding the ends together, and partly probably 
to another cause somewhat outside our present scope. 

The curve of stress and strain is very similar to that 
for tension, but the results are not so definite. The 
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ultimate strength appears to be somewhat less than for 
tension ; but since giving way is due to the formation of 
cracks, there is an accidental character which causes in 
some cases considerable discrepancies. This, however, 
is not of much consequence, because elastic strength is 
what we want in practice. 

Ri^d Materials — Tension. — Rigid materials are 
those possessing opposite characters to ductile materials ; 
so they can neither be drawn out nor hammered out, but 
break before any appreciable change of 
shape can be produced. A typical ex- 
ample is cast-iron. 

Fig. 322 shows the shape of the 
stress-strain curve, and it differs, we see, 
entirely from the case of ductile material. 

In the first place there is no real 
elastic stale at all, for permanent set is 
produced by all stresses except very small 
ones. Also, except for very small stresses, 
Fig. 322. we have not 



but 

p — ^e (i - ke) 


p=Ee, 

{k being a constant average value 209). 


Against this, however, we set the fact that this imper- 
fectly elastic state continues right up to the breaking 
point, so there is no breaking-down point and no draw- 
ing out locally, the . bar breaking across practically the 
full original area of section. There will be little error, 
however, in taking cast-iron to be perfectly elastic up to 
about one-third of the breaking stress, which is about 
16,000 lbs. per sq. inch; so below 5300 lbs. per sq. 
inch the metal may be assumed to be elastic. Cast-iron 
is very variable in quality, so this can only be taken as 
an average value ; but it is in all cases much weaker in 
tension than the ductile wrought-iron. 

Cfompression of Rigid Materials. — Long pieces 
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we have already considered, so far as practical strength 
is concerned, but there is one point of difference which 
must be noticed, as compared with ductile material. 
There is an absence of perfect elasticity, and we have 

/ = (i ~^e), 

but, moreover, whereas in ductile material E is the same 
in tension and compression, in rigid material E for com- 
pression is less than for tension (see table, page 435). 
Also the value of k is now about 40 instead of 209. 

These results were obtained by Hodgkinson, long 
bars being compressed, and prevented from bending by 
enclosure in a frame. 

For actual crushing we must have recourse to short 
blocks, as for ductile materials. 

The load-strain curve is then found to be similar in 
shape to that for tension, but the breaking 
load is very much higher, being five or 
six times greater. 

The blocks finally give, as shown in 
Fig. 323, by shearing or splitting on 
oblique planes. 

The characteristics just mentioned are 
common to all rigid materials, and hence 
apply to the crushing of stone and of 
brick. For numerical results see the 323. 

table at the end of the chapter. 

Fibroiis Materials — Wood and Ropes. — We 
have given considerable space to the metals on account 
of their importance, hence we can only briefly glance at 
the present kind of materials. 

Wood consists of fibres arranged longitudinally, but 
they are united together loosely ; hence wood is strong 
against tension, the fibres each taking a full share, but 
can easily be split or sheared longitudinally, and under 
a compressive load gives way at a comparatively low 
stress by splitting. 

2 F 
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The strength of wood is also affected by its condition ; 
seasoned wood being elastic nearly up to the breaking 
point, while in green wood the elasticity is imperfect and 
the strength much less. 

Ropes have the fibres arranged spirally, and when 
under tension, the fibres being pressed together, friction 
is developed sufficient to prevent their sliding over each 
other. One effect of this is, however, to weaken each 
individual fibre, so that a rope is not so strong as the 
fibres separately would be ; nor is a cable so strong as 
the smaller ropes of which it is made up. The size 
of ropes is usually expressed by their girth, and hence 
the breaking load is also expressed in terms of this 
quantity. Thus 



where 

T = breaking load in tons, 

C = girth in inches, 
k — constant. 

k depends on the material, and also somewhat on the 
size, small ropes being, as we have seen, stronger com- 
paratively. Thus, for 

Hemp, ^ = 3-3 ordinary, and a little less for small ropes. 

Iron wire, ^ = i, or rather more if C>6. 

Steel wire, -^=.5 or even less. 

This gives the breaking load, and the “factor of safety” 
may be 5 for wire ropes and 6 for hemp. 

Table of Stren^h and Weight. — The following 
table contains numerical values of the various physical 
constants referred to in Strength of Materials for some of 
the principal materials used. Working stress is omitted, its 
determination being explained on page 428, and its value 
not being constant but varying according to the factor of 
safety employed. 
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Table of Strength and Elasticity in Tons per square inch, 
and Weight in lbs. per cubic foot. 


Material. 

Ultimate 

Strength. 

Elastic 

Limit. 

Young's 

Modulus 

E. 

Coeffi- 
cient OF 
Distortion 
C. 

Weight. 

Tension. 

Compres- 

sion. 

Shearing. 

Tension. 

Compres- 

sion. 

Shearing. 

Cast-iron . 

7.8 

42 


4.4 

9.4 

3 'S 

*6,250 

2800 

450 

Wrought-iron . 

25 

22 

22 

10.5 

10.5 

9 

13,000 

4700 

480 

Steel Boiler Plates 

29 

t 


9 

9 

7 

11,500 

4200 

487 

Mild Steel . 

35 



15-5 


11.8 

13,200 

4900 

480 

Tempered Steel . 

.. 



85 


64 

16,000 

5800 

4B0 

Copper 

15 

26 


1.9 

1-7 

1.29 

6,700 

2300 

550 

Gun-metal . 

16 



2.8 


1.8 

4,870 

1650 

546 

Pine . 

5.8 

2.9 

•3 




625 

40 

36 

Oak . 

6.7 

4.4 

I 



.. 

670 

36 

48 

Leather 

1.87 



i 



n 




* This value is for tension, for compression E is 5800. 


Note.— Very various estimates maybe made of the elastic strength of a material, 
xording to the definition adopted of the elastic limit, and according to the character of 
le load. On this question advanced students are referred to chap. xix. of the larger 
eatise, including the Additional Notes given in the second edition (1890). The 
lets are fully detailed in Professor Unwin's excellent treatise on the Testing of the 
iateriaU of Cojistruction. The results given above are chiefly taken from tables by 
rofessor Unv in. 



CHAPTER XXII 


FRAMEWOllK STRUCTURES — SIMPLE TRIANGULAR 
FRAMES 

In chaps, xvi. and xvii. we have investigated the 
stresses in the bars of a certain class of structures, built 
up of bars jointed together, but the methods there used 
applied only to the special class dealt with ; so we now 
proceed to consider a more general treatment. 

The meaning of the word structure is well known 
and requires no definition ; the only point requiring notice 
being, that we shall use the word to denote a construc- 
tion of bars which is not intended to move, but to keep 
its shape under certain loads. A roof then is a structure, 
while a steam engine is not. 

For “framework,” however, we shall require a little 
more consideration. The general meaning of framework 
is a structure built up of bars connected together in any 
way ; but the meaning we shall in the present work 
attach to it is very much more limited. 

Looking back to chap. xvi. we find that at the com- 
mencement of the work certain suppositions were made 
as to the nature of the connections of the various bars, 
these being — ist, the bars are supposed to be connected 
together at their ends by frictionless pin joints ; 2d, no 
bar is to be continuous through a joint. 

Now it is to structures which satisfy the preceding 
conditions that we shall confine the meaning of the word 
framework ; actual structures, which, in most cases, fail 
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to satisfy these conditions, being known as girders, 
trusses, etc. 

We now proceed to show why the preceding limita- 
tions are necessary ; and we will assume in the first 
instance, in all cases, that the loads are applied directly 
to the joints of the structure by bearing on the pins 
which connect the bars together. 

Direction of Stresses on Bars. — From what we 
have just been saying, it follows that the only forces 
which act on any bar of a framework are those applied 
to it by the pins which pass through its ends. 

For if AB (Fig. 324) be any bar, there is no load 
applied to it between A and B, nor does it pass through 
any joint by the second assumption. From this and the 
first assumption follows a very important proposition, 
viz. The force exerted by any bar of a framework^ on the 
pin through its end^ is in the direction of the axis of the 
bar. This we proceed to prove. 

Let AB be any bar of a loaded structure ; then each 
pin exerts some force or forces on 
the bar, and these forces together 
keep the bar in equilibrium. Now 
the resultant action of the pin B 
must be a single force, say P, passing 
through its centre ; because, there 
being no friction, the forces exerted by the pin on the 
sides of the hole are all normal (Fig. 325), 
thus they all pass through Og, the centre of 
B, and therefore so also does their resultant. 

Fig- 325- p then must be balanced by the action on AB 
of the pin at A. But as we have drawn it this is im- 
possible, because one effect of P * is to tend to turn AB 
round A, and to this the pin, being frictionless, can offer 
no resistance. It follows then that P can only be 
balanced by the action of A when its direction passes 
through (Fig. 326), and in that case the action of A 
must be an exactly equal and opposite force P. 
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Putting it slightly differently we may say that the 
actions of A and B, being each single forces through 0 ^^ 
and Ob respectively, can balance in two ways only ; they 
must be equal and opposite and in the same line, i.e. 
Oa, Ob, and either both outward as Fig. 326 {a\ or both 
inward as {b). 

■ The forces we have just drawn are those exerted by 
the pins on the rod; and it follows that the forces exerted 
by the rod on* the pins must be as Fig. 327 (<2) and {b) in 
the two cases respectively. 

The line Oa, Ob we call the axis of the bar. If the 
bar be straight then Oa, Ob will be its axis ; but the 
truth of the foregoing work will not be affected if the 
bar be — as it is sometimes in practice — curved ; in that 

~9 

9 ^ ^ 9 ''*'' 

Fig. 326. Fig. 327. 

case, however, by the axis we must be understood to 
mean Oa Og, and not the geometrical axis. 

We shall now be able, by use of the principle just 
proved and of the principles of Statics, to determine the 
stresses in the bars of very large classes of structures. 
Our results will be practically exact in all cases in which 
the joints are actually pin joints, the only deviation from 
perfect accuracy being due to the friction of the joints, 
which should be small. If, however, the joints be 
riveted, or bars continuous through joints, then our 
results, although they may differ considerably from the 
truth, yet furnish us with a first approximation to the 
correct results ; and’ we then proceed to consider how 
they must be corrected. This latter we shall, however, 
not be able to enter into. 

Before proceeding to consider actual examples, it 
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will be well to consider why the preliminary work has 
been necessary. Let A be the centre of a pin and W 
the load on the joint (Fig. 328). Now 
there cannot be less than two bars 
meeting at the joint ; let these be CA 
and BA, representing them simply by 
their axes. 

We have now the pin at A kept 
in equilibrium by three forces, viz. 328. 

W, the action of BA, the action of CA. Now from 
the preliminary work we know that these latter 
are forces in *the directions of BA and CA respect- 
ively, and hence we can find their magnitudes. But 
without our suppositions we should have known neither 
the directions of the forces nor their magnitudes ; hence 
we should have had four unknown quantities, and only 
two equations — got by resolving in any two directions — 
connecting them, so that we could not have determined 
them. 

We will now commence our examination of actual 
examples with 

The Simple Triangular Frame. — ACB is a simple 

E 


K 


F 

Fig, 329. 

triangle of bars, which may, for example, be used to 
support a small roof (Fig. 329). 

Let this be loaded at C and supported at A and B. 
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[Loads at A or B need not be considered, since they would 
bear directly on the supports, causing no stress in the bars.] 

The principle which we shall almost exclusively pro- 
ceed on will be to consider the equilibrium of the pin 
at one or more joints of the frame. 

We will then commence with the pin at C. This is 
in equilibrium under the load W and the actions of AC, 
BC, these being in the directions of AC, BC respectively, 
and denoted J^y T^c? ^3^* For clearness we have in (a) 
drawn the pin separately with the forces on it. Evi- 
dently they are both thrusts. 

Graphic Method — Diagram of 'Forces. — We 
shall now find the values of T^^) graphic con- 

struction, based on the application of the proposition of 
Statics known as the Triangle of Forces. C the pin is 
kept in equilibrium by three forces, hence if a triangle 
be drawn with its sides respectively parallel to these 
forces, the lengths of the sides will be proportional to 
the forces. 

In (d) we have drawn EFG such a triangle, and 
hence we have 

EF : FG : GE=W ; Tac : Trc- 

But the triangle, as we have drawn it, represents rather 
more than this. 

For evidently any number of triangles can be drawn 
having their sides parallel to the three forces, differing 
in size but not in proportion. Let us then draw our 
triangle of such a size that EF is not only proportional 
to W, but actually on some convenient scale represents 
W — this we can do by choosing our scale and then 
drawing the side EF first, of the proper length — then 
on this same scale it follows that FG and GE represent 
T^c and T^^ respectively. 

We now then state our method thus : Choose a 
convenient scale of force or weight. Draw EF parallel 
to W, and of such a length as to represent W on the 
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scale selected. From E and F draw EG, FG parallel 
to Tbc, Tab respectively. 

With the given scale measure EG, FG, and their 
values give T^b respectively. 

For example, in the figure (Fig. 329), suppose W be 
5 cwt. ; EF as - there drawn is i inch long, so the force 
scale is 

I inch =5 cwt. 

If now EG be measured it will be found to be ^ inches, 

• •• Tbc=^x 5 cwts., 

, =3. 9 cwts. 

And FG is inches, whence 

Tab=H X 5=4. 6 cwts. 

We have now one bar left, viz. AB. To determine 
the stress in this we must consider one of its end joints. 
We will take A. Then at A we have again three forces, 
viz. Tac> F the supporting force, and T^b* Of these we 
know one, viz. T^c ; arid so by drawing a line to repre- 
sent Tao and then completing the triangle of forces for 
the joint, or pin, at A, we can determine the other two. 
But we have already a line drawn representing Aac, viz. 
FG ; we will then utilise this line, and complete the 
triangle for A by drawing GK parallel to AC, meeting 
FE, which is already drawn parallel to P — z.e, vertical 
— in K. FGK is now the triangle of forces for A on 
the same scale as EF was originally drawn to represent 
W. Hence Hac = GK on the force scale. 

[We use H here, the bar being horizontal.] 

Also 

P = FK. 

But 

P + Q = W = EF, 

.-. Q = KE. 

And we have now determined, purely by measurement 
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without any necessity for calculation, the stresses in all 
the bars of the frame and the magnitude of the support- 
ing forces. 

The figure (d) as a whole is called the Diagram of 
Forces for the frame, and it will on examination be 
found to contain a triangle of forces for each joint. Two 
joints we have considered, the third B not being ex- 
amined, since we had obtained all possible results without ; 
if we look, however, at the triangle EKG, we see at once 
that it is the triangle of forces for B, its sides being 
parallel to Q, and T^^ respectively, and, as we have 
already -seen, represent them on the scale of force. 

The graphic method of calculation, of which we have 
just had an example, is of great value, and is now very 
much used. In some cases, such as we have just con- 
sidered, the result can be easily obtained by pure graphic 
work ; but in some cases a little preliminary calculation, 
such as finding P and Q in the ordinary way by taking 
moments about B and A (Fig. 329), very much shortens 
the work ; also in many cases the use of a purely graphic 
process tends to make the student lose sight of the prin- 
ciples underlying the subject, the process becoming almost 
purely mechanical. We shall then leave the study of 
pure graphic work to works dealing specially with the 
subject, which can be perused with most profit after the 
student has thoroughly mastered the principles which 
govern equally all methods. 

With regard to the simple cases we shall deal with, 
one or two points must be insisted on. 

ist. The student should always commence by drawing 
accurately to scale the structure itself, and draw on it 
the directions of the load or loads on it. Then the force 
figure should be drawn with its lines accurately parallel 
to the corresponding lines in the structure ; and it should 
be drawn, not as a whole, but triangle by triangle ; bear- 
ing clearly in mind as each triangle is drawn what joint 
it belongs to. In no case should the force figure be 
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drawn by use of the given dimensions of the frame with- 
out first drawing the frame itself. 

For example, suppose the slopes are given as 30° 
and 45°. 

Then it is a common practice with beginners to take 
(Fig. 330) EF equal to W, and draw GEF = 60°, GFE 
= 45°; and so obtain the figure. 

This gives the correct figure, and will save perhaps a 
few seconds ; but in cases only a little more complex it 
would be quite impossible to proceed in this way ; and 
hence the student should accustom himself from the 
commencemenf to the use of correct methods for even 
the simplest cases, and they will then come naturally to 
him when dealing with more complex questions. 



2nd. Always keep the force diagram quite separate 
from the figure of the frame. For example, to econo- 
mise time, CD (Fig, 331) is utilised to represent W, and 
CDEF drawn as the force diagram. This should never 
be done — ist, for similar reasons to those just stated ; 
and 2nd, because it leads to a confusion of scales. CD 
is so many feet long and is drawn on a linear scale ; if 
now we take CD to represent W, then, in the first 
place, the scale of W will not be a scale at all in the 
proper meaning of the word; e.g, if CD, say inch 
long, represent W, say 30 cwt., then the so-called force 
scale will be 

in. =30 cwt., 
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or 

i6 X 30 o 

I m. = ^=28.23 cwt., 

17 

which is not a scale at all ; by a scale we mean such as 
I in. = I cwt. or 5 cwt. or 10, 12, 20, etc., but not odd 
numbers and decimals. Next, there will always be a 
likelihood of measuring some line on the wrong scale, 
confusing feet with pounds, and vice versd. 

It is instructive to examine the stresses in the 
triangular frame by the ordinary methods of Statics, 
viz. resolving the forces on the pin instead of drawing 
a triangle. This we will leave to the student, recom- 
mending him to solve the questions at the end of the 
chapter by both methods, and he will then see their 
relative advantages. One result, however, can be put in 
a simple form for calculation, by examining the diagram 

the thrust of the 

BD = ^, and CD 


We will now consider some practical examples of the 
use of the triangular frame. 

Triangizlar Roof Truss. — In this case the slopes, 
i.e, the angles CAB, CBA, are usually equal. AC, BC 
are the rafters, and AB a tie-bar (Fig. 332). 


of forces, viz. H^b, called sometimes 
frame. 

Looking at Fig. 329, let AD = ^, 
the height = h. Then 

H_GK_BD 
K“EK“CD’ 
b 


H = Q. 


h' 


and 


But, taking moments about A, 

Yiab 


Q= 


H = - 


{a -h b)h * 

A formula which is often useful. 



CHAP. XXII FRAMEWORK STRUCTURES, ETC. 


445 


The load is due to the weight of the roofing material 
which rests on the rafters. Let then 

X = distance apart of consecutive rafters along the roof in feet, 
weight per sq. ft. of roofing in lbs. 

Then the load on AC is 

7 ax . AC lbs. 

And this rests half on C and half on A. Similarly the 
load on BC is 

20X . BC lbs., 

resting half at C, half at B. Hence 

Total load at Q — wx , 

2 

which applies generally, whatever be the slopes. 



{a) Fig. 332. (^) 


Thus for equal rafters each I ft. long, the load at 
C is wxl (Fig. 332). 

We have here drawn an extra bar, viz. CD ; such a 
bar is usually fitted, helping to take the weight off the 
ceiling, which hangs to AB ; the portion of such weight 
which is carried by CD then becomes an additional 
load on C, to which CD hangs, and must be added to 
the other load, and the diagram of forces then drawn in 
the usual manner. 
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If W' be the load on the bar CD, we have 


Total load at C=W' + wx/, 


and (d) then represents the diagram of forces, EF being 
made equal to W' + wxL 

Thrust of the Roof. — In some cases the tie-bar 
AB is omitted, and then the resolved parts of T^g, Tg^ 
must be balanced by inward thrusts of the walls, these 
thrusts being equal to GK in the diagram of forces, 
i.e. to what H^^g would be if there were a tie-bar. 
The roof then thrusts the walls outward with forces 
equal and opposite to H^g, the magnitude of each 
being called the Thrust of the Roof ; and the 
walls must be made strong enough to withstand this 
thrust. 

In the particular case of equal slopes the expression 
for the thrust is simple. For we have, on page 444, the 
formula 

_W^_ 


If now I — span of roof, 


Whence 


a=b~~, 

2 


W? 

H= 

Ik 4* 


Bridge Truss. — Fig. 333 represents the preceding 
type of truss inverted and used to support a bridge 
platform. The inversion of the truss does not affect the 
shape of the force diagram, i.e. the magnitudes of the 
stresses in the bars, but it inverts their natures ; thus 
AC, BC are now ties, and AB a strut. Also the bar CD 
is now a necessary part of the structure, since the load 
rests primarily on the platform, and is transmitted to the 
joint C by means of the strut CD. 
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acts as a strut, aud is not in 



The platform AB 
practice jointed at D, 
but for our purpose 
we must assume such 
a joint or our method 
of calculation fails. 

This assumption 
credits AB with no 
power in itself of sup- 
porting a load, and 
hence errs on the 
safe side so far as the 
values of the longi- 
tudinal stresses in the 
bars are concerned. 

1st Case. — Let a single load W rest at D. 

Then considering the joint D, 

Tcd=W. 



(^) 


[Actually the stiffness of AB would make Tcd less than W ] 

But Tqj) is the load at C, hence C is loaded with W, 
and (d) (Fig. 333) gives the diagram of forces. 

2d Case. — Uniformly distributed load, w lbs. per 
foot run, on platform. Then 


T- , , AD + BD w/ 

Toad at D = 7a = — , 

2 2 

. rr. Wl 

, . TcD = — . 


And the diagram {/?) is drawn for this load at C. 

The supporting forces as found from the diagram are 
each instead of w//2, which we should naturally 

call the supporting forces for a total load wl ; the dis- 
crepancy is due to the fact that there is a load wl\^ 
at each end, in addition to wlj 2 slID (see page 323 for 
a full explanation). 

If the strut CD be short, then it will be found difficult 
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to dfetermine the correct position of the intersection of 
EG and FG, and in such cases the calculation method 
is preferable- 

Denioks and Cranes. — Fig. 334 shows the 
triangular frame used as 
a derrick. 

AB is a portion of a 
mast ; BC is the jib^ 
jointed at B to the mast; 
and AC is a rope which 
can be used to raise or 
lower ther jib, and is 
called the Topping Lift. 
The load hangs at C. 

Fig. 335 shows an 
There is now no mast, so a 



ordinary portable crane. 

Crane Post AB must be provided, and this being short 



compared with the height of a mast, AC slopes upward, 
and is now called the Stay. 

The diagram of forces for the joint C is shown in the 
two cases, and we see that the effect of sloping AC 
upward is to increase both T^^c 

Let us now leave the joint C, and examine the actions 
on the joint A. We have T^c acting on A, which may 
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be resolved into a vertical and a horizontal component ; 
the former of these produces a longitudinal stress in 
AB, and the latter tends to overturn the mast or crane 
post by turning it round B. The overturning effect can 
also be seen by considering the triangle ABC ; for there 
is a moment W x x in each case tending to rotate the 
triangle as a whole round B. There are various 
methods of preventing the overturning, and in this 
lies the chief difference between various types of crane. 

In the case of the derrick the mast is securely fastened 
to the deck, and by the stays, and so does not overturn. 

In Fig. 33 y overturning of the post is prevented by 
the backstay AD, which is attached to A, and to a 
point D in BD, the platform of the crane. This would 
still leave the crane liable to turn over as a whole, 
although the post could not turn relatively to the plat- 
form j and so to prevent this it is necessary to load the 
platform at D with a weight W'. 

We will now proceed to determine by a diagram the 
stresses in backstay, post and platform, and the magni- 
tude of the balance weight required. 

Considering the joint A, the forces are 

Tac, Tab, Tad. 

And T^c is already represented by EG. ^ 

Draw then EK parallel to AB, and GK parallel to 
AD. Then 

Tab = KE, Tad=GK. 

We could not now see, a prio^i^ whether T^g would 
be a thrust or pull, but we can determine this from the 
figure. For the sides of the triangle of forces represent 
the directions of the forces which keep a body in 

equilibrium if we go round the triangle in the same 

direction^ i.e. forces represented by 
EG, GK, KE, 

or by 

GE, EK, KG, 

2 G 
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would be in equilibrium, but not those represented by say 
GE, KE, GK, 

since here we do not go round in one direction only. 

Now, to apply this, we note that the which acts 
on the joint A is represented by EG — not by GE, GE 
representing the T^c which acts on C — we must go 
round then in the first way above, i.e. 

* EG, GK, KE, 

which shows that T^b or KE is an upward force on the 
joint A, which we are considering, so that it is a,, thrust. 
Also Tad or GK acts to the left and is a pull, but this 
we could see at first, whereas the direction of T^b is not 
so easily seen, depending on the slopes of AC and AD, 
and it may in some instances be a pull. 

We will now proceed to the joint at D. Forces 

Tad, W', Tbd. 

And T ad on D is represented by KG, so we draw 
GL parallel to BD, and KL parallel to W'. Then 

Tbd=GL, W'=LK. 

We have now found all the stresses, and considered the 
equilibrium of all the joints except B. If we examine 
our diagram, however, we shall find that a triangle 
showing the equilibrium of B already appears in it. 

For the forces acting at B are Tbd, Tab, Tcb, 
the upward thrust T^, say of the pivot at B, on which 
the crane turns. 

Of these Tab in one line, so their result- 

ant is T^ “ Tab upward, and taking this as one force 
we now have only three forces. 

But we have already a triangle, viz. LFG, with sides 
parallel to these three, and of which two sides, LG, GF, 
have already been seen to represent TgD and Tbc ; hpnce 
the third side FL must represent T^ - Tab* 
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From this we have 

Tp-Tab=FL, 

Tj,=Tab + FL, 

=KE + FL, 

=KL+FE, 

=W'+W, 

and this must evidently be correct, since the pivot sup- 
ports the whole weight resting on the crane, Le. W + W'. 

In practice, a large part, or the whole, of the counter- 
balance is provided by the weight of the boiler and engine 
used for driving the lifting winch. 

Fixed Cranes. — In the crane just described, the 
jib, stay, and backstay are always in one plane, since 
the platform turns carrying the whole with it ; there is 
then no tendency to turn the crane over sideways when 
the load hangs quietly ; and although when the crane is 
turning there is a tendency to pull it over sideways, it is 
but small, and is provided against by the stiffness of the 
pivot and the resistance of its bearings. 

If, however, the crane post be simply pivoted in a 
bearing fixed to the ground, then if a single backstay 
only were provided, this could 
only balance the overturning 
effect of the weight when it was 
in the same plane as the jib and 
stay, as shown in plan by Fig. 

336 (^)j and then, when the jib 
was turned to a new position, («) 
as (c), there would be an over- 
turning moment Wjt, which the 
backstay could not prevent from 
overturning the crane. (c) 

To overcome this difficulty it 
is usual to have two backstays, 
as Fig. 337, AE, AD being the 
stays, always equal, and fastened to the ground at D 



Fig. 336. 
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and E. The combined action of the two then renders 
overturning impossible in any 
direction. 

We wish now to find the 
stresses in these stays, and 
we have a different case from 
any before dealt with, because 
the bars are not all in, or 
parallel to, one plane. 

We shall require to draw more 
than one view of the structure, 
and we will first consider the 
plan (Fig. 338). A is the crane 
points to which the stays are 
fastened, AE, AD a plan of the stays, AC the given 
position of the jib. 

N ow to prevent any overturning of jf 
the post, what is necessary is that ' \ 
the resultant action of the two back- / ^ 

stays should be in the same plane 
as the jib and stay, i.e. if we pro- 
duce CA to F, then the plan of the ^ 
resultant of T^e and must lie 
along AF. There will then be no force causing overturn- 
ing at right angles to FAC. 

We may express this by saying that the two back- 
stays must be equivalent to a single backstay, which lies 
along AF in plan. 

" But now the resultant of T^d, T^e must be in the 
plane of AD and AE, so that it must be the line joining 
the top A of the crane post to the point F on the ground, 
this being the only line which is at once in the plane of 
jib and stay, and also in the plane of the two backstays. 
We say then that AD and AE are equivalent to the 
single backstay AF. 

If then we replace AP and AE by AF, and then find 
the stress R in such a backstay, this stress R represents 



post, E and D the 
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the resultant of and we can then find its resolved 

parts, which will give us the required results. 

We proceed then as follows : Draw a correct plan 
of the crane in the given 
position (Fig. 338), join 
DE and produce CA 
back to cut DE in F. 

To determine R, draw 
a side view of the crane 
and the single equivalent 
backstay (Fig. 339). 

To^ constrtict this 
figure : 

Draw BA, the crane 
post ; AC, the stay ; and 
BC, the jib. 

Next, from Fig. 338, 
take the length AF and set off BF equal to it at right 
angles to AB, i,e, along the ground. 

Finally, join AF. 

Fig. 339 is a correct side elevation of the crane and 
equivalent backstay. 

Draw the diagram of forces (a)j giving the value 





Fig. 340. 



of R. 

We have now 
to resolve R 
along AD and 
AE, for which 
purpose we re- 
quire a correct 
view of the back- 
stays in their own 
plane (Fig. 340). 

For this con- 


struction draw in 


(a) AB the crane post, and make BD equal to AD in 
Fig. 338. Then joining AD we have the correct length 
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of each backstay. We take then DE from Fig. 338 in 
{b)y and make DA, EA each equal to AD in {a). Also 
mark from Fig. 338 the position of F and join AF. 

Then Fig. 340 {d) is a correct view of the backstays 
and the equivalent single backstay in their own plane. 

We now then draw in {c) MN equal to R from 
Fig. 339, and drawing MK, NK parallel to AD, AE 
respectively, we have finally 

Tad=MK, Tae=KN, 


which are the required results. 

The point F (Fig. 338) may come afiywhera^jn the 
line DE, and as AC revolves it will fall outside the 
backstays. In this case it can be easily seen that one 
of the stresses T^d, T^e niust be compressive^ and hence 
the stays must not be chains, but solid bars or spars. 
This is actually the case in practice. 

Sheer Lege. — In this case (Fig. 341) there is no 
Q post, but the stay is prolonged 
to meet the ground, thus hav- 
W ing stay and backstay in one. 
A nut is formed at the end 
A, which works on a screw, 
the rotation of the screw 
running A in or out and so 
raising or lowering C. 

Overtifming sideways is 
now prevented by replacing 
a single jib as CB by two legs, DC, EC, pivoted at D 
and E respectively. 

To find the stresses we proceed in an exactly similar 
manner to the preceding. The actual legs are imagined 
replaced by the single leg BC, which is now always mid- 
way between them, since the vertical plane through AC 
and W bisects DCE. 

We then find the stress for AC and BC by drawing 
the triangle of forces for C. And, finally, resolve T^c 




cHAP.xfcii framework structures, etc. 


455 


into its two components, T^d, T^e exactly as in the 
previous case. 

By considering the joint A we can determine the 
thrust along AB, the axis of the screw and the upward 
pull on its bearings being respectively the horizontal and 
vertical components of 

Tension of Lifting Chain. — We have hitherto con- 
sidered the load W as 


simply hanging to C, 
but this is not the case 
in practice, W being 
alwa^^upportfcd by a 
tackle, the rope* or 
chain of which passes 
over a pulley at C and 
hence to a chain barrel. 

In Fig. 342 we 
represent such a case, 
CL being the chain. 

Let now the force 
ratio of the tackle be 
n (page 115). 

Then 



Tension of chain = - 


. , Now C is loaded with two loads, W and W/;?, and 
we must first find the resultant load at C. 


We draw then in {d) 


EF=W, FG=-^ 


these being parallel to W and CD respectively. Then join- 
ing EG, EG is the resultant load at the joint; and we now 
draw EK, GK parallel to AC, BC respectively, these giving 
Tac, Tjjc, and proceed with the diagram of forces as before. 

In many cases the chain runs on pulleys on the stay, 
so that its direction is that of the stay. In this case the 
ordinary diagram for W alone, is drawn (Fig. 335), and 
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then Tj^c is qomp^i^(libf the real tensi6n in AC and the 
tension of the chain which it. Hence 

Tension in AC = Tag (from diagram) 

If the chain were led down the jib, its tension 
would increase the thrust on the jib, and we should have 

W 

Thrust in BC = T bc (from diagram) + — • 

Bending *of Crane Posts. — In small cranes back- 
stays are often omitted, the crane 
post being made ^ stiff and sup- 
ported in bearings. Fi§^ 343 
shows the post prolonged, B and 
D being the bearings. 

Each bearing then exerts a 
horizontal thrust P, and the 
moment P. BD balances W;r, the 
overturning moment, 

.-. P.BD=Wtr, 

and 

BD’ 

In addition D supports the weight 
of the crane and load. 

The preceding considers the crane as a whole ; but 
now consider the post alone. Then the overturning 
forces are the horizontal components of T^c, T^c, these 
being equal (Fig. 335), and each equal to Q say. 

Then (Fig. 344) we have two couples, Q . AB, P . BD, 
keeping the post in equilibrium. So that 
Q.AB = P.BD=Wdz. 

The post is now subjected to bending and shearing, 
due to a load P -f Q at B, supported by P at D and Q 
at A. Whence 

_ (P + Q)AB.BD 
Mb- , 
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and the figures {a) and (^ shoW fife curves of B. M, and 
S. F. . 

Fig. 345 shows aUothCr method of supporting the 
post, there being a be^ng at each end. In this case 
there is practically no bending or shearing. 

There is a very large variety of types of crane, but 
space will not permit of our examining any more 



examples ; in all cases the methods used in the present 
chapter will be found to apply. 


Examples. 

1. A simple triangular truss, 24 feet span, 3 feet deep, is sup- 
ported at the ends, and carries a load of 3 tons concentrated in 
the middle. Find the stress on each member. 

Alts. 6.2 ; 6 tons. 

2. The span of a roof is 15 ft., length of rafters 9 ft. and 12 
ft. respectively. The rafters are 2 ft. apart along the roof, and 
the roofing material weighs 15 lbs. per sq. ft. Find by con- 
struction the thrust of each rafter and the stress in the tie bar. 

Ans. 189 ; 252 ; 151 lbs. 

3. A pole 40 ft. long is used as a derrick. One end rests on 

the ground, the other is supported at a height of 30 ft. from the 
ground by a chain at right angles to the pole. If the chain will 
safely bear a pull of 3 tons, what weight can be lifted by the 
derrick ? Ans, 4^ tons. 

4. The jib of a derrick is inclined at 45" to the vertical, and 



4S8 


APPLIED MECHANICS 


PART II 


the topping lift is attached to a point vertically over the foot of 
the jib at a height equal to its length. Find by construction the 
pull on the topping lift and thrust of the jib when lifting 4 tons, 

A ns, 3. 1 ; 4 tons. 

5. The horizontal member of a simple triangular truss 10 ft. 
span, 3 feet deep, is loaded with 2 tons, uniformly distributed 
over half the span, and is supported at the ends. Find the 
stresses in the bars. A ns. i ; .83 ; .97 tons. 

'6. A crane has a vertical crane post AB 8 ft. long, and a 
horizontal tie BC 6 ft.'long, AC being the jib ; it turns in bear- 
ings at A and B, and the chain supporting the load passes over 
pulleys at C and A, passing from A to the chain barrel at an 
angle of 30° to AB. Find the stresses in the bars and thrusts 
on the bearings when raising i ton at a uniforn^ rate. 

A 71 S. Thrust on jib ton. 

7. The crane post AC of a crane is 8 ft. high, AB the jib is 
21 feet long, and there are two tie bars CB each 16 ft. long. 
The load of 5 tons is supported by a pair of two-sheaved blocks, 
the chain passing to the chain barrel bisecting AC. The back- 
stay is inclined at 45° to AC. Find the stresses in all the bars, 
and the magnitudes of the balance weight at the foot of the 
backstay. 

Ans. Jib, I3f-; stay, 9f ; post, 4 tons; backstay, 11.8; 
counter-balance, 8i. 

8. In a crane, the jib is twice as long, and the stay one and a 
half times as long, as the crane post. The backstay is parallel 
to the jib. The crane post turns in bearings at its foot, and is 
produced below the ground to a distance equal to its height 
above where it turns in the foot step bearing. The end of the 
platform, where the backstay meets it, is stayed to the end of the 
crane post at the footstep, there being no balance weight. Find all 
the stresses and thrusts on the bearings, when loaded with 10 tons. 

9. A fixed crane post is 20 feet high, the stay is 20 ft. long, 
and the jib 32 feet. There are two backstays each 24 feet long, 
their plan being a right-angled triangle. Find the stresses when 
lifting 10 tons, the plane of jib being midway between the stays, 
and show how the stress on the backstays changes when the jib 
has swung through 45® and 90® from its first position. 

Afzs. Jib, 16 ; stay, lo tons. 

10. A pair of sheer-legs are 60 ft. high when upright, each 
leg being 52 ft. long. The back leg is 90 ft. long. The front 
legs swing round pivots 3 ft. from the dock side. Find the 
greatest stress in each leg when placing a boiler weighing 20 
tons on board a vessel of 40 ft. beam, the hatch being in the 
middle line of the ship. Ans. Back leg, 16 ; front leg, i6i tons. 
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CHAPTER XXIII 


HYDRAULICS 

WHE5P**^a forcS is applied to a solid body a certain 
definite change of shape (omitting cases of actual 
breakage or deformation) is first produced, and the body 
then moves as a rigid body, the particles of which it is 
composed maintaining their relative positions unchanged. 
Finally, on removing the force, the body returns to its 
original shape. 

In the case of liquids, which we are now about to 
consider, we have the exact opposite to the above ; there 
is no definite amount of change of shape produced ^vhen 
a given force is applied, but the amount is anything we 
please, depending entirely on how long the force is 
applied. Also the small particles do not keep their 
relative positions but move freely about among one 
another. 

If then we attempt to determine the motion of a 
fluid or liquid by simple application of the principle of 
work and the laws of motion, we should have to inquire 
into the motions of these small particles. This is done to 
a certain extent in the branch of mechanics called 
Hydrodynamics. 

The results of hydrodynamics can be rarely made 
available for practical purposes, and hence we must call 
actual experiment to our aid. We then treat, not of the 
motion of each particle, but of the water or other liquid 
as a whole, the results sought for being obtained by a 
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cortibination of experimental facts with theoretical 
reasoning. The science which treats the subject in 
this way we term Hydratilios. We shall, with one 
exception, confine ourselves exclusively to one liquid, viz. 
water, though the methods will be applicable to all. 

EfiFeot of Gravity — Head. — We commence by 
considering the effect of gravity on water, since a large 

part of the flow of water 
takes place under gravity 
alone. In Fig. 346 ABCD 
is a reservoir, AB being 
the water Ifevel. 

Take now any point 
E in the reservoir h feet 
below the water level, then 
we know from hydrostatics 



Fig. 346. 


that, due to the weight of the water above E, there is at E a 
pressure the magnitude of which on every square foot is 
equal to the weight of a column of water i sq. ft. in 
section h ft. high. If, then. 


P = pressure per sq. feet at E, 

2c; = weight of I c. ft. of water in lbs., 
Y—wh lbs. 


The fact that E is ^ ft. below AB we express in 
hydraulics by saying there is a Head of h feet at, or 
over, E, and this is, we see in the case of still water, 
equivalent to saying there is a pressure of P or wh lbs. 
per sq. foot at E. The pressure is plainly present on a 
horizontal plane at E, and it can be shown both experi- 
mentally and theoretically that it is also present as a 
direct normal pressure on a plane passing through E in 
any direction ; if the plane be not horizontal the intensity 
of the pressure varies from point to point, but at E is 
wh lbs. per sq. foot. 

[Notice that we use now lbs. per sq. ft., not per sq. inch.] 
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We have taken E in the body of the reservoir, but 
this was not necessary. For let there be a long pipe as 
shown (Fig. 346), then at F there is a head and a 
pressure produced by it wh ^ ; and similarly for any other 
point so long as there is a continuous fluid connection, 
and the water is at rest. The latter qualification is, as 
we shall see, of the first importance. 

The pressure produced by a given head depends on 
the density of the liquid ; in the case of water we take 

I c. ft. of fresh water weighs 62.5 lbs. 

I c. ft. of sea water weighs 64 lbs. 

Tl{us a head of 


I ft. of fresh water = 62.5 lbs. per sq. ft., 

= lbs. per sq. inch. 

I ft. of sea water =^-~ lbs. per sq. inch. 


In some cases mercury is used to balance or measure 
a pressure, the head being then generally measured in 
inches, and then 


I inch of mercury = .49 lbs. per sq. inch. 

We have in speaking of the pressure at E omitted the 
atmospheric pressure, so that the real pressure at E is 
wh plus that of the atmosphere. 

The mean value of the atmospheric pressure may be 
taken as 14.7 lbs. per sq. inch, or 2136 lbs. per sq. ft, 
and it is thus equivalent to a head of 34 feet of fresh 
water, or 33 feet of salt water. 

We do not, however, include the atmospheric pressure 
when we speak of the head at E ; by that term we shall 
always be understood to mean the depth below the water 
surface. 

Unresisted Flow under a given Head. — ABCD 
is now a reservoir, from which water is flowing through 
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the open end of the pipe DE (Fig. 347), and we sup- 
pose either that the re- 
servoir is so large that 
the water level remains 
practically constant, or 
that it is maintained 
constant by water enter- 
ing from some other 
source. Let 
h — depth of E below AB in feet, 

then the head over E is ^ feet. 

The question we wish to answer is: Suppo^ there 
be no resistance offered to the motion, with what velocity 
will the water flow out at E ? 

[We see now why it was necessary on page 463 to insist on the 
water being still, for there is now no pressure produced by the 
head, since the stream leaving at E is exposed to the atmosphere 
(see page 465), the head being now a source of velocity.] 

Let us consider the time during which i lb. of water, 
which was all originally at the water level, falls to E and 
out at E. Then, there being no source of effort but 
gravity. 

Energy exerted = ft. -lbs., 

I lb. having been exerted through h ft. 

No work has been done, and consequently if v be the 
velocity at E, 

h=o^ — , 
v‘^ = 2 gh, 01 v= 

Velocity of Flow. — The question now arises — 
What velocity does v really represent ? To understand 
the point of this question, let us proceed to consider how 
mudh water flows out at E per second, or to find the 
discharge. Let 

A = sectional area at E in sq. ft. 

Q = discharge in c. ft. per second. 
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We should then naturally put 


Q = Az/=A ^J 2 gh. 


It is here the question arises. For it does not 
necessarily follow that, because all the particles of water 
leaving E have the velocity s/ 2gh^ therefore the dis- 
charge is A 2 gh. The quantity of water flowing out 
depends on the velocity of the particles square across the 
end section ; if the water is all flowing square across, 
as {a) Fig. 348, then Q = A2/, but if some are flowing 

in. one directioj^ and some in 

anotheflf^ as {b\ then the mean ^ 
velocity of the whole stream 
across the section is not 7/, but 
some less velocity V. (See 

note on page 494). This velocity V we call the Velocity 
of Flow, and we have always 

Q=AV. 





The determination of the relation between V and v is 
one of those questions which can only be answered by 
direct experiment ; before dealing with this, however, we 
have one other point to consider. 

Head due to Difference of Pressure. — We see 
now why in speaking of head it is not generally neces- 
sary to consider the atmospheric pressure, because in the 
case we have just considered the atmospheric pressure 
acts equally as an effort and a resistance, producing, on the 
whole, no effect. And our previous work will hold good 
quite irrespective of the magnitude of the pressure of the 
surrounding atmosphere ; thus the vessel ABCD and the 
pipe might be in a closed chamber exposed to a pressure 
above the atmosphere or to a partial vacuum, the dis- 
charge taking place into the same chamber. In some 
cases, however, the pressure at exit is different from that 
on the water surface, and we will now see what effect this 
will produce. 


2 H 
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Fig. 349 (a) shows a reservoir in which the pressure 
on AB is Pj lbs. more than that at E, either due to 
excess of air pressure or to a loaded piston pressing on 
the surface AB. In (d) we have the reservoir shown 
filled up to a height Vjw feet above AB. Now, compar- 
ing these two it is quite impossible to conceive that 
there can be any difference in the motion of the water 
under the plane AB in the two cases. In each case 
there is on AB a pressure plus the general pressure 
around the whole system. The movement of the water 
depends on the pressures applied, not on what applies 


N, 



F»g- 349 * 


them, and will thus be exactly the same when the excess 
pressure is applied by water, as in (^), as when it is 
applied by air or metal, as in (a). 

It appears then that a difference of pressure Pj lbs. per 
sq. ft. is equivalent to an increase of ’PJ'w feet of head ; 
and hence Fjw is called the head equivalent to the differ- 
ence of pressure at E and AB. For the flow we have 

(from d). 

Discharge from Simple Orifice.— We now pro- 
ceed to inquire in what way our preceding result requires 
modification in actual practice. 

Fig. 350 represents a vessel discharging watqj* through 
a circular hole, the inner edge of which is chamfered to 
a sharp edge. 



CHAP. XXIII 


HYDRAULICS 


467 


First, we notice that the jet issuing contracts after 
passing the hole, the contraction continuing until a dis- 
tance, which is roughly ///2, d being 
the diameter of the hole. The 
section CC, at which the contrac- 
tion is complete, is called the Con- 
tracted Section, and if this be 
measured, which can be done by 
means of measuring screws fitted 
on each side of the orifice, its dia- 
meter will be found to be ^ of d. 

If th^Ao be liie area of the orifice, and A that of the 
contracted section, 

A=^0\„=.64A„, 

This is for a circular orifice, for other shapes the ratio of 
A to ho will have different values ; we express the fact 
of contraction by the equation 

A=CcAo, 

being called the Coefficient of Contraction, its 
value depending, as we have stated, on the shape of the 
orifice. 

Now, for the velocity of issue, let 

h — depth of centre of hole, 

then if d be small compared to the water flows under 
the head and hence 

7p‘ — 2gh, 

What we wish to determine, however, is V, the 
velocity of flow ; we express the fact that V differs from 
V by writing 

being the Coefficient of Velocity, and we require 
the value of C^, 

There are two ways in which this may be done. 
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the more simple being an indirect method. We will 
explain this way first. If the jet were equal in section 
to the orifice, and there were no cross flow, we should 
have the discharge given by 

Qo = Ao\/2^-i^. 

This we call the theoretical discharge. 

Let now Q, the actual discharge, be measured, then 
Q win be found to be less than Qo in a certain ratio ; we 
shall have^ 

Q = CdQo, 

Co being the Coefficient of Discharge, and ijs value 
for a circular orifice being .62. But ^ 

Q=AV, 

= CcAoXCi,V^^, 

= CcCa,Qo. 

And therefore, 

CcCp=Cd, 


and having already determined C^ and Co we obtain Cy. 
F or the circular hole 

.64C»=.62, 

C„=. 97 , 

and 

V= ^*]\l2gh. 


The second method of obtaining C,, is by allowing 



0 

Fig- 351 - 


the jet to strike a plane, and mark- 
ing the position of its centre. If 
then (Fig. 351) CD be the jet, 
we have CE = Vt and ED —gt'^j2. 

Whence, eliminating /, we obtain 
V in terms of CE and ED ; these 
distances being measured, V is 
then known. 

Head Wasted — Coefficient 
of Resistance. — We have ex- 


pressed the loss of what we may term useful velocity 
by a coefficient of velocity, but there is another method 
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of expressing it which is of more general importance. 
To simply produce the velocity V we should, in the 
absence of waste, require only a head actually, 

however, the greater head h is required, hence we say 
the head h - 2g is wasted, and we write 

k' = h-V^l2g, 

h being the Head Wasted. 

This head is wasted because the water passes an 
orifice, the edges of which offer a Hydraulic Resist- 
ance, i.e. a resistance to the passage of the water, and 
we express this^ fact by saying that the ratio h! : V‘^l2g is 
the Ooefflcient of Resistance of the orifice. There 
is a peculiarity here which is of great importance. If 
we denote the coefficient of resistance by F we have 


thus we have expressed the loss, not as a fraction of the 
original head, but as a fraction of the kinetic energy 
in one pound of the water. There is a reason for this 
which we will now give. 

Law of Hydraulic Resistances. — Whenever 
water flows over a rough surface, or suddenly changes 
its velocity either in magnitude or direction, there is a 
hydraulic resistance to the flow, and each of these resist- 
ances causes a waste of head which bears a fixed ratio to 
V2y'2<^, where V is the velocity of flow past the obstacle. 
For every kind of obstacle there is then a fixed value of 
F depending chiefly on the nature of the obstacle, and 
this is why we have expressed h' in the preceding way. 
As we examine other cases we shall see that this law is 
approximately fulfilled. 

[We can see that the preceding is what we should naturally 
expect. For all the waste of head takes place in giving the water 
cross motions, and if we double V we probably increase these 
cross motions in nearly the same proportion, and hence quadruple 
the head which must be used up in producing them, ] 
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Conneotion of CoefBoients. — Since F and 
both express one fact, they must be in some way con- 
nected, and the connection is easily determined. For 


and 


V = C^\j2gk, 


V2 V2 
h! or F.— > 

2g 


{l+¥)V^=r2gk = 
F=^- 


y2 

c/ 


and thus for a circular orifice 


so there is very little waste of head. 

Discharge from a Short Pipe. — We have said that 
the values of the coefficients depend on the nature of the 
obstacles to flow ; let us examine what takes place when a 
shon pipe of length about 3^/2 is fitted outside the hole. 

In the first place, the water issues in a full stream 
of area A^, and therefore is unity. 

In spite, however, of the gain in sectional area the 
discharge is found to be much less than for the simple 
orifice, being now only .815. It follows that C^, is 
also .815, so there is a great falling-off in velocity. 

For the resistance we have 


F = 


(.815? 


•505, 


so that or ^ of the head is now wasted. The reason of 
this increased resistance is shown at page 486. 

Surface Friction. — We have in the preceding 
case given a certain value to the head wasted, but we 
do not know exactly how it is wasted, whether from one 
cause only, or from more than one. We shall now pro- 
ceed to consider certain causes which waste head 
separately, commencing with the most important. 



CHAP. XXIII 


HYDRAULICS 


471 


Fig. 352 shows a thin plate with sharp edges com- 
pletely immersed in water or 
other fluid, through which it is 
moving edgeways at V f.s. In 
order to keep the plate moving 
*at V f.s. it is found that an 
effort R is required, this effort 
balancing the friction of the 
water on the surface of the plate. 

The value of R is determined by experiment, and it is 
found that 



Fig. 352. 


K^/wS 


where 


,V2 

— i 
2 ^ 


weight of i c. ft. of the fluid 
(including gaseous fluids), 

S = surface of the plate, 


and / is a constant depending only on the nature of the 
surface of the plate, and independent of the units em- 
ployed. If we compare with the ordinary laws of friction, 
we find they are exactly opposite. For in the friction of 
dry surfaces R is— ist, independent of V ; 2d, dependent 
on the pressure ; 3d, independent of the surface ; and 
each of these is exactly opposite in fluid friction. 

The fact that R is independent of the pressure should 
be noticed, as it is a very common thing to meet state- 
ments to the effect that there is more loss by friction of 
a square foot of surface at the keel of a ship than there 
is at the water line. Experiment has .conclusively shown 
that this is not so. The values of / determined by 
Froude for a board 20 feet long, 19 inches deep, are 


Nature of Surface. 

Varnish. 

iFine ■ 
Sand. 

Medium 

Sand. 

Coarse 

Sand. 

Coefficient . 

I 

.00278 

.0048 

•00534 

.00588 
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S is to be taken for the two sides, i.e. in the present case 
S = 20x I2X 19x2 sq. ins. The value of /is found to 
be affected by the length of the board, f being greater 
for short boards than for long, thus in the above table 
the first value for a board 2 ft. long is .0041, and for one 
50 ft. long .0025. The effect is due to the fact that* 
the first portion of the board drags the water along, and 
thus lessens the velocity of rubbing oyer the succeeding 
portion. These laws are of the first importance in the 
determinatibn of the resistance of ships, but into this 
we cannot enter. 

Surface Friction of Pipes. — The chief use we 
shall make of the preceding will be to deterniisje the 
waste of head caused by surface friction of a pipe. 

In Fig. 353 we show a horizontal pipe of uniform 
diameter, through which fluid is 
flowing with velocity V, 

Take two sections, AB, A'B', 
a distance x apart, and consider 
the motion of the water between 
them. For clearness we may imagine two pistons at AB, 
A'B', which actually isolate this portion of the fluid. This 
portion of fluid being in uniform motion is balanced, 
and therefore 


A A' 



8 B' 


Fig. 353 - 


Let 


Then 


Effort = total resistance. 


/ be the pressure in the pipe at AB, 
/ „ „ „ „ A'B', 

A = sectional area of pipe, 
i" = perimeter of pipe. 


Effort = /A, 

Resistance = /'A + frictional resistance, 


=J>'A+/zv{sx) 


V2 

2/ 


. • . /A = /'A + fw {sx) 


V2 

2/ 
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P-P' r S V® 

W A 2g 

There is then a loss of pressure due to the friction ; 
but we have seen pressure is equivalent to head, and a 
loss of pressure p-p' is equivalent to a waste of head 
{^p — p)jw \ hence if Ji! be the head wasted we have 

e 

A 2g 

The quantity Ajs is called the Hydraulic Mean Deptk^ 
and denotingjt by 

m 2g 

is the head wasted in a length x. 

In the case of a cylindrical pipe 


in 



d 

4 


and denoting the length of the pipe now by /, we obtain 


h =4/. — » 

d 2 g 


as the total loss in the whole length of pipe. 

The value of f is, as before stated, independent of 
the units, but looking at what we found as to the effect 
of length, we should be doubtful about what value to 
take for it. This difficulty we get over by taking the 
value of not from Froude’s results, but directly from 
experiments on pipes ; we then are sure of having the 
correct value. It is found that 4/ varies from .04 for 
I inch diameter to .02 for 4 inches and upward, vary- 
ing, however, considerably according to the condition of 
the pipe. The values above are for a clean cast-iron 
pipe, and as an average value we use .03. hi particular 
cases these values may be much exceeded. 
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JPresBure in a Pipe. — In the preceding we have used 
the term “pressure in the pipe,” and have determined 
the loss of pressure. This being a question on which 
erroneous ideas are often expressed, it will be useful to 
see exactly what we mean by “the pressure in the pipe.” 

If a board be held in front of a jet of water issuing 
from a hose, a great pressure is felt on the board ; or if 
the hand be held in a running stream a pressure is felt 
on it. Is it this pressure which we mean, and is it right 
to say, as it commonly is said, that the jet from the hose 
issues at high pressure ? 

To these questions we answer No ! Py the press- 
ure in a pipe we mean the pressure of the portions of 
water on one another, not on a body which is held still 
so as to stop their flow. For example, in Fig. 353, the 
pressure of the water to the left of AB on that to the 
right is exerted on water which is moving away as fast 
as the pressing water follows it, and to feel this pressure 
we should, in the second example above, move the hand 
along with the stream. If we did this we know we 
should feel no pressure at all, there being no resultant 
pressure, but simply an equal pressure on back and front 
due to the depth below the surface, which would not be 
detected. In the case of the hose then the pressure in 
the jet is atmospheric simply, neither high nor low. We 
can also see this in another way ; for, the pressure being 
equal in all directions, if the pressure in the jet were 
above the atmosphere, the outer portions would be 
thrown off radially, since the atmospheric pressure could 
not keep them together against the greater internal 
pressure. 

Having now seen exactly what we mean by the press- 
ure the question arises. How shall we measure it if 
required? Fig. 354 shows a pipe containing water. 
In the first case, suppose the water were still, the 
pressure could be measured by putting in a pipe of any 
shape as AB or CD with an open end ; and the water 
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would rise to a height, say whence we should know 
that the pressure was 

But now suppose the water is 
flowing with velocity V, then we 
find that in AB the water rises to 
A, while in CD it rises to C, and 
the difference of level of C and A 
will prove to be just Y^l 2 g ft. The 
real pressure in the pipe is that 
shown by the tube AB, and the 
extra height of the column in CD 
is due to the feet of the still water 
in at its open end stopping the flow of the water 
which meets it, just as the hand held still in a running 
stream stops some water, and hence a pressure is felt. 
If there were no loss of head C would be then on the 
same level as the water surface in the reservoir. 

The pipe AB is called a Piezometer, and we must 
always be careful to see that its end is quite parallel to 
the direction of flow. 

Pipe of Varying Section. — We now consider what 
changes of velocity and pressure will take place in a 
pipe of which the sectional area is not constant. Fig. 
355 shows a pipe, the sectional area of which varies 
very gradually (the reason for this we shall see a little 
later). In the pipe we place tubes AB, CD, A'B', C'D'. 
Let 

V = velocity at BD, V'= velocity at B'D'. 

A = sectional area at BD, A' = sectional area at B'D'. 

Then the most plainly evident thing perhaps that 
we know about the flow is that exactly as much water 
must flow past B in one second as flows past D in the 
same time, and hence 

VA = V'A', 

so that, if we know the velocity at any one point of a 
given pipe, we can at once determine it for any point 
whatever. Next, C and C', being both on the level of 
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the water surface in the reservoir, are both on the same 
level. But A is V^l 2 g feet below C, while A' is only 
V'2/2^ feet below C' ; whence it follows that A' is 
(V2-V'2)/2^ feet above A, and the pressure at B', 
which would in still water be greater than at B by an , 
amount ws — supposing B' be 2 feet below B*, t,e the 
head over B' 2 ft. more than that over B — is now still 
further increased by the pressure due to (y^ — Y'^)j 2 g 
feet of head^ 

If the pipe be level then 2 vanishes, and we see that 
in a level pipe the pressure increases as the velocity 



Fig. 355- 


diminishes, i.e. as the sectional area increases. This 
result appears at first sight strange, and is often disputed 
by persons not properly acquainted with the elements of 
the subject. The objection is of course based on a mis- 
apprehension, being usually put something in this form : 
In the small part of the pipe the water must be more 
crowded together, and hence the pressure must be 
greater. The idea present here is plainly that of a 
crowd of people moving through a narrow passage 
between broader spaces, and where the analogy fails is 
in the fact that the velocity does not increase through 
the narrow part ; those behind actively push, which we 
must remember a particle of water cannot do, and thus 
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prevent those in the narrow part from moving at a rapid 
rate; if in moving through such passages the rate of 
movement were made inversely proportional to the size 
of passage, then as each person came to the narrow part 
he would increase his speed, and thus relieve the press- 
ure, and then on meeting those in front whose speed 
was again decreasing, he would press on them until his 
speed decreased again to the slower movement. It is 
the active pressing from behind, which living beings can 
exert, but inanimate matter cannot, that is the cause of 
the terrible results which often follow such movements. 

Another remarkable result which follows from the pre- 



Fig. 356. 


ceding is, that there is a certain limiting speed beyond 
which water cannot be forced in a steady stream through 
a passage into the atmosphere. 

Let Fig. 356 represent a horizontal pipe, with an open 
end at B. Then at B the pressure is atmospheric. If 

z; — velocity at C, 

V = velocity at B. 

Then 

^2_ Y2 

PB = Pc+w — 

Now water cannot exert tension, or, in other words, P 
cannot be negative. If then we put Pc = o, we have 

Z^ = V= + 2^— . 

w 

But if 

a = sectional area at C, 

A = sectional area at B. 
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Whence 



and if this velocity be exceeded, the pressure must be 
negative. In this case what happens is that the water 
breaks away at C, and we get the kind of flow which we 
see when trying to pour water too quickly out of a bottle. 

Dischargre of Pipes. — One of the most important 
questions in* hydraulics is to determine the necessary 
diameter of a pipe, such as a water main, to deliver a 
given quantity of water at a given point ; or, which is the 
same thing, to find the discharge of a given*pipe. AgCD 



represents a reservoir, and EF a pipe discharging water 
at F (Fig. 357). The pipe is laid in the form shown, and 
it may in many cases be, at some points, below F. Let 

/= length of pipe in ft. 

diameter of pipe in ft. 
h = head available in ft. 


i.e. depth of F below AB. 

V= velocity of delivery in f.s. 

The head h has to give the water velocity and to 
overcome the surface friction. 

The head wasted in the latter is 




/ yl 

d' 2^’ 
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so that to produce the velocity we have left the Lead 




L ^ 

d' 


. V2 

2^ 


= / 5 - 4 /. 


/ V2 
d 2g' 


or 


Y!. 


h 

1+4/.^ 


[We neglect here the small waste of head on entering the 
pipe (see page 486)]. 

We thus have V, and then Q = 7r/4.rtr2V in c. ft. per 
second. 

From the result of this work it appears that if any 
number of pipes of the same length and diameter dis- 
charge water at the same level, the velocity of discharge 
will be the same for all, and is thus independent of the 
part of the reservoir from which the pipe is led, or of the 
shape in which it is laid. Although the final result is 
the same, there are considerable differences in the cir- 
cumstances of the flow at different points, and it is 
instructive to examine these differences. 

We will compare EF with another pipe discharging 
on the same level, and will select for the comparison a 
straight pipe which leaves the reservoir at a depth V^j 2 g 
below the surface. Let E'F' be this pipe. 

First, we have at every point of each pipe the one 
velocity V, since this is the velocity at F and also at F' 
by the preceding work. 

The velocity at E' is then V. But V is the velocity 
with which water would run out at E' against the 
atmospheric pressure, since or the head over E', is 
W^l 2 g{t, It follows that the pressure in the pipe at E' 
must be atmospheric ; so there is atmospheric pressure 
at each end of E'F', Moreover, we shall find that 
the pressure anywhere in E'F' is atmospheric. For 
consider K'. 
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The head over K' is (Fig. 357). 
amount 


-E'K' V2 

d 2^ 


Of this an 


is wasted in surface friction between E and K'. Produce 
AB, and draw E'MN parallel to it. Also draw K'M, 
F'N vertical. Then at F' the head wasted is and 


V2 

2g 


therefore, in Fig. 357, 


/^' = F'N, 


But 


/ V2 

.*. FN = 4/. 

^ d 2 ^ 

i^_e;k'_e^k' 

"F'N“E'F~ ’ 

. E'K' - / V2 

• KM=-^.4/. j.-, 

, E'K' 

=4/- 


So that K'M represents the head wasted between E' and 
K'. Therefore 


Head available to produce velocity at K' = <^k' -K'M=~. 

But this actually produces a velocity V, whence the 
pressure at K' can only be atmospheric. K' being any 
point, we have proved that at all points of E'F' the 
pressure is atmospheric^ and hence if a slit were cut in 
the top of the pipe, the water would not leak out, nor 
would air leak in. 

More generally the pipe ihight be replaced by an 
open channel, having the sanfe hydraulic mean depth as 
the pipe, so that K was unaltered, and the water would 
flow steadily in this channel a;t the velocity V. 

Such a channel or pipe is called the Hydraulic 




Q-radiejit, for all pipes of the given dimensions dis- 
charging on the same level. 

For the slope of this channel we have, if it make an 
angle i with the horizontal, 


. . F'N 


^ V- 

y' d' 2g ^ 


4 / Y! 

d * 2 ^’ 


and / is called the Virtual Slope of the pipes. 

Pressure^ in a Water Main. — By means of the 
hy<irauiic gradient it is easy to determine the pressure 
at any point of a main such as EF (Fig. 357). Take a 
point K in EF corresponding to K' in E'F', i.e. at the 
same distance from E measured along the pipe as K' is 
from E'. Then the head wasted before getting to K 
is the same as that wasted before reaching K'. But the 
head oVer K is more than that over K' by y, where y is 
the vertical distance apart of K and K' ; so there is at 
K a head available. But this excess of head 

does not produce any increased velocity, since the 
velocity is V both at K and K', whence it follows that 
the pressure resisting the flow at K must be greater than 
that at K' by an amount equivalent to the excess y 
of head. 

We have now a simple me^od of obtaining the 
pressure at any point. If K he me given point ; take 
K', the corresponding point as desmhed above, and then 
if K be ft. below K', the pre^^ at K is wy lbs. per 
sq. ft. above the atmosphei'ic prdiwtt^ 

This is important in practice, * especially in cases 
where K is above K'. long K is below K', then 
if there be a leak at if n^er will leak out but air will 
not leak in. But if If above K', the pressure is less 
than that of th^atmosphere, y being negative, and thus 
at a leak air would enter ; also if there be no leak, still, 
2 I 
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the air which is always present in water would be re- 
leased and collect at those points at whicii the pressure 
is least, and it^ would be no good, simply fitting aa air- 
cock, because when this was opened air would -enter 
instead of that inside being driven out. In then 

that air should not collect at such pQtnts and stop the 
flow, special means have to be used. 

' Siphons. — There is still another case to consider, viz. 
when is not only negative but is morq fhan 34 feet, t\f. 
the head due to atmospheric pressure. InThis case. the 
pressure at K would be negative, whidh we have seen is. 
impossible, so that the flow would cease. This refers to 
tl)e case of a siphon. 

Taking (Fig. 358) K and K', corTesponctog’ points, 



34 ft., above K'. The usual statement in elementary 
hydrostatics is that K must not be. more than 34 ft. 
above AB j this we see is not correct. ^ ^ 

If K be more than 34 ft. above K\ but less than 34 
ft. above AB, We get an kiterp|ittent flow; the Water 
continually breaking away at K, then the leg Alls again 
owing to the vacuum left at K, flow coimnences 
again, then stops again, and so on. ^ 

' Formula for pischarge. — ^When the length of a 
pipe is considerable compared With ils length, the ratio 
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of head wasted to that usefully employed in giving 
velocity i# largje. 

For examptCj in the formula 


put h! 1 2g^ then 


and if 4/= .03, . 


h = 4 /. -j - —f 


4/.^= I, 


/ 1 


so that in tach length of 33^^ we waste head equal 
to^that usefully employed. If then a i ft. diameter 
pipe he one mile long, the head wasted is 5280/33, or 
1 60 thpes that usefully employed ; and we may say 
practfeally the whole head is wasted, and we could find 
V frotn tte equation 


/ Y2 # 

^ or 4/^ total head avalablfe, ^ , 

if this head were^y i4i ft, then the error "would con- 
sist in uskg 1 61 instead of 160, sin^e l ft. 6(Sly would be 
used in producing V. ^ F^^this reason the discharge of 
a pipe is usually expresse<f ia terms of h\ thh waste of 
head in it. We have 

^ . /V2 ,, 


and 




is the dischaige in *13^ ft. per second, all dimensions being 
in feet 

Generally discharge is expressed in gallons*^ per 
minute \ lor this we have 
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1 c. ft. per second=6ox 62.5 lbs. per minute, 

60x62.5 „ 

= — — — ^ = 375 gallons per minute. 

Also, if {i' be the diameter in inches, d in the preced- 
ing is d'j 1 2, whence substituting, the discharge in 
gallons pel* minute is given by 


G=375Q, 



We now drop the accent, recollecting d is to b6> in 
inches, and write 


G=C 



where € = 4.736/^ and we take it as 30 for clean 
pipes 4 ins. diameter and above, to 24 for pipes i inch 
diameter. 

Waste of Head — Other Causes. — In addition to 
surface friction, any sudden or partly sudden change of 
velocity either in magnitude or direction causes a 
waste of head. Some of these cases we will now 
consider. 

Sudden Enlargement. — Fig. 359 shows a pipe, 
the diameter of which is suddenly 
enlarged. Let 

7/= velocity in small part, 

V= ,, large ,, 

^ «= sectional area of small part, 
A= „ „ large „ 

Fig* 359* Then we have first 



If the pipe were enlarged very gradually (page 475) 
the water would change its velocity quietly without ahy 
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eddying motions being set up in it. Actually, however, 
what happens is, that on opening into the large pipe the 
water breaks away in all directions ; there is a sort of 
main stream flowing on, but the corners are full of 
broken water which is continually joining the main 
stream, and its place being supplied from the small 
stream entering. The water then flowing across the 
section BB has all kinds of cross motions^ and head is 
wasted in producing these motions. 

The effect is due to a stream moving with velocity v 
impinging on a larger stream moving at velocity V, the 
relay ve velocify or velocity of striking, ..being v — V. 

We will then first examine a somewhat simpler case. 

Fig. 360 represents a bucket held stationary, the 
sectional area of the bucket being A ; 
a stream of sectional area a enters the 
bucket at a velocity v -V and strikes 
the bottom, being thus entirely stopped, 
and dropping down vertically when it 
pours out as more water enters. The 
head originally used to produce the 
velocity 7/ — V is thus "wholly wasted, 
so the waste of head is {v - V)2/2^, 
nothing but confused motions being finally produced 
by it. 

Next, let the whole system move on with velocity V, 
the bucket has now the velocity V and the stream a 
velocity v ; the velocity of striking is not altered, and 
hence we infer that the amount of confused motion pro- 
duced is the same, the water moving on also as a whole at 
the velocity V of the bucket. But the waste of head is 
due to the production of the confused motion, and we 
conclude that it will, therefore, as before, be {v — Vyi2g, 

The next step is obvious ; we have only to replace 
the wooden bottom of the bucket by the water surface at 
BB, and we haye the present case. We reason that 
this cannot affect the loss of head, it being immaterial 



Fig. 360. 
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wheth^j* thc' surface struck be of water or of wood, and 
we say then filially 

^ Waste of head=^ — — . 

We have here a verifica;tion of the statement on page 
469 regarding hydraulic resistances^ for we will now 
express the lo^s by means of n coefficient of resistance. 

We havg two distiiict T^elocities of flow, v and V, 
either of which may be selected, so that F, the coefficient, 
will have two v^ues. We write then 

zg ' zg zg ’ zg' 

K?-)’ "'(-I)' 

=e -)’ “(-j)’ 

or if we put A = tna, 

¥={m-if, or(i-iy. 

In either case F is a constant, dependihg only on the 
nature of the source of the resistance, as stated in the 
general law. We must be careful to connect together the 
proper coefficient and velocity, to remember which take 
note that the larger coefficient goes with the smaller 
velocity, and vice versd, 

. Sudden Contraction. — In Fig. 361 we have the 
reverse case to that just considered. 
The stream now contracts to CC and 
then expands again to BB, so that 
there are two distinct actions to con- 
sider. 

In the first of these little waste 
takes place, because little broken 
water is caused, the water moving 
quietly round the corners AA and being kept together 
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by the surface of the jsipe. There will be. ^ little Iqss, 
such as we have seen^to occur in the case of a simplp 
orifice. 

But in the second action thejre wi^l be considerable 
waste, this being a sudden eiipansion snnilar to that just 
considered, and consequentl^rthe waste^ 'being expressed 
in the manner just discussed. We neglect then the 
first part because the loss is sq small, and we have 

where m is tl\p ratio of a to the .contracted section at C, 
andrthe coefficient refers to 

The value of m will vary with different ratios of A to 
ciy and is believed to be approximately given by the 
empirical formula 

m- ^y/2.618- 1.618 — . 

We see here the explanation of the increased waste 
of head caused by fitting a short pipe to an orifice (page 
470), that being simply a case of the preceding, in which 
A is indefinitely large compared with a. We can 
calculate the amount thus. Let 

A = oo, ..-=0. 

w = V2.6i8=i.62, 
and 

F = ( W - I )2 = (. 62)2 = . 3844. 

The remaining part of the .505 is due to the friction 
of the corners of the orifice and of the pipe. 

The preceding results and others which we cannot 
examine into are collected in the following table, the 
values of F being determined by experiment. 
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Coefficients of Hv^raulic Resistance. 

Nature of Obstacle. 

Value of F. 

Remarks. 

'Orifice (sharp-edged) 

.06 


Square edge^ . 1 

Entrance to a pipe j 

•5 


Sudden enlargement 
in ratio : i 

(m-if 

Referred * to smaller 
velocity. 

Ordinary right -angled 
bend . 

.14 

Radius of bend = 3 x 
diameter of pipe. 

Quick right - angled 
bend . 

•3 

Radius of bend = dia- 
meter of pipe. 

Common cock par- 
tially closed . 

• 75 . S-5. 3' 

Handle turned, 15®, 30°, 
45° from fully open. 

Surface friction of 
a pipe . 


For a clean iron pipe, 
diameter 

4 /=- 02 (i+i) 

(Darcy’s formula). 

Right-angled knee . 

I 



When water flows through a channel of varying 
section, containing several causes of resistance, the 
waste of head at each will be given as a multiple of 
v^l 2 g, where v is the velocity past that particular 
obstacle. It is usual, for convenience, to express the 




CHAP- XXIII 


HYDRAULICS 


489 


whole waste in terms of one selected velocity ; suppose 
the velocity selected be V, then we have 


Waste at the obstacle (F from the table), 

t. 

• V 2 ' 2^ 2^* 


where F' is a new coefficient derived from F by multi- 
plication by v^lV\ or if a and A be the sectional areas 
at the parts considered, by multiplication equally by 
jT' is called the coefficient of resistance referred 
to the velocity V. In this way values F', F", etc., are 
obtained for ay the obstacles, and then we have 


V2 V2 

Total waste of head = F' H F" f- . . - , 

2g 2g 

V2 

= (F'-fF"+. . .+)L 
V2 

= SF. — , 


2)F being called the total coefficient referred to the 
velocity V. 

Flow of 0^.668 under Small Differences of 
Pressure. — When a gas flows, the density — i.e. w — 
varies as the pressure varies, and also varies with altera- 
tions of temperature. The flow then generally becomes 
a question of Thermodynamics. 

If, however, the differences of pressure be small — that 
is, as is often the case in practice, such as are measured 
by a few inches of water — and no heat be supplied, the 
gas flows practically as a liquid having the same mean 
density, and we will examine this case. Let 
T = absolute temperature of gas, 

then T = 46 i -f-/, where t is the Fahrenheit temperature, 
V= volume of i lb. in c. ft., 
w= weight of I c. ft. in lbs. = ^j 

AP = the small difference of pressure producing 
the flow in lbs. per sq. ft. 
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Then the head equivalent to AP is AP/w or VAP feet, 
and the velocity of discharge u will be given by 

?/2=2^^V.AP. 


AP is measured by a siphon gauge in inches of water, i 
Let 

z = the difference of pressure in inches of water, 

then 

62. t* 

l^nch of water = —^=5.2 lbs. per sq. ft. 

AP = 5 . 2f. 


The mean pressure will be known, say 
given by the formula 


Whence 


PV=^T. 


•P: 


u 



cY 


5 • 2». 


then y is 


Taking now the definite case of air, and taking P to 
be the ordinary atmospheric pressure, the values are 

fs»53.2, P=2 ii6. 

Whence 



and 

«=2.89\/t7. 

The volume of gas discharged per second per sq. ft. of 
effective, i.e. contracted, area of orifice is u c. ft, and its 
weight is therefore given by 


W 


u _ 2 . 89 VTf 

y- ^ , 

40 


so that for a given value of / the weight discharged de- 
creases as the temperature rises. 



CHAP. XXIII 


HYDRAULICS 


491 


The head producing flow is VAP, or substituting 
becomes 



which increases with the temperature ; this head, it must 
be remembered, is feet of the gas, not feet of water. 

Thus, as T increases, the head due to a given differ- 
ence of pressure increases, so that the velocity and 
volume of discharge increase ; but the density decreases 
faster, so that the weight discharged is less. 

If the flo\^ take place through an orifice, coefficients 
of fesistance and contraction must be allowed, and they 
may be taken as having the same values as for water. 
It is of course evident that they are much more liable to 
variation from small causes. In flow through a pipe, 
the head wasted in overcoming surface friction is given 
by 




/ 1^ 
T 2g 


the work on page 472 applying to all cases, and, by the 
law of resistance on page 471, /has the same value. 

The discharge in c. ft. per second of a given pipe will 
accordingly be the same as on page 483, viz. 


= (^/inft.), 

taking a mean value for /. The weight discharge must 
contain T, so cannot be expressed as for water. 


Examples. 

I. A circular tank, 20 ft. diameter, is constructed of ^ inch 
iron plates. Find the greatest depth of water in it, the stress 
not being more than 4000 lbs. per sq. inch of the solid metal. 
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Ans, If h be the depth, the tank at the bottom is exposed 
to an internal bursting pressure wh lbs. per sq. ft. 
Whence ^=38.4 ft. 

2. The tank above is 120 ft. above the ground. Find the 

necessary thickness for a i inch copper service pipe on the ground 
level. Allowing 2000 lbs. per sq. inch. Ans, inch. 

3. The discharge from a 2 inch circular orifice in the side of 
a tank 8 feet below the water level just clears the edge of a 100 
gallon tank, distant ii feet horizontally and 4 feet vertically; 
also the tank J5 half filled in 26 seconds. Find the velocity of 
discharge and the coefficients of velocity and contraction. 

Ans. 22 f.s. ; .97 ; .623. 

4. Calculate the time required to sink an irg>n tank 30 feet 
long, 20 feet broad, and 9 feet deep, the water entering through 
an orifice 3 ins. diameter in the thin bottom, supposing the tank 
when empty to float with 5 feet out of water. 

Ans. 1 1 hr. nearly. 

5. Find the result of the preceding when a pipe 4^ ins. long 
is fitted square to the orifice inside the tank. 

Ans. I hr. 18 min. 

6. The barometer stands at 30 ins. , and the vacuum gauge 

on a condenser shows 26 ins. of vacuum. The injection orifice 
is 10 ins. diameter, 8 feet below the sea-level, and the pipe con- 
necting it to the condenser is 5 feet long. Find the quantity of 
water entering per second. 4y=.02i. Ans. 6.55 c. ft. 

7. A cylindrical boiler is 12 feet diameter, and the water level 
is at I the diameter from the bottom ; the steam pressure is 120 
lbs. by gauge. Find the velocity with which water would flow 
out — 1st, through a hole in the bottom into the stokehold ; 2d, 
through a 6 inch pipe 8 feet long into the sea, the bottom of the 
boiler being 15 feet below the sea-level. Atts. 130 f.s. ; 92.3 f.s. 

8. A 4 inch pipe, running full, delivers 120 gallons of water 
per minute. Find the hydraulic gradient or virtual slope. 

Ans. 

9. Water issues from the nozzle of a fire hydrant i inch diameter 
with a velocity sufficient to project the jet to a height of 100 feet. 
Determine the pressure in the hose near the nozzle, the internal 
diameter being 3 inches. Neglect the effect of friction. 

Ans. 43 lbs. per sq. inch above atmospheric. 

10. Find the velocity of flow of water in a rectangular canal 
30 feet wide by 5 deep, sloping 18 inches per mile. Coefficient 
of friction .012. 
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Jns. The head wasted in friction per mile i^ ft., and the 
hydraulic mean depth is 3J ft., whence ¥ = 2.4 f.s. 

11. A pipe 5 ins. diameter delivers a certain quantity of water 
per minute with a loss of head of 4 ft. Determine the loss of 
head if the same quantity were delivered through a pipe 4 ins. 

. diameter, assuming the same coefficient of friction. 

Ans. 12.2 ft. 

12. The diameter of a screw propeller is 15 feet, pitch 18 

feet ; neglecting slip, find the horse power wasted in overcoming 
the friction of i sq. ft. of blade at the tip, at 100 revolutions. 
Coefficient .005. A/ts. 10.8. 

13. A I inch circular hole in the side of a tank is fitted with 
an expanding nozzle 2 ins. diameter at its open end. Find the 
greatest depth of water over the hole for which steady flow is 
possible, neglecting all friction or contraction. 

Am. 2 ft. 4 ins. 

14. A siphon 4 ins. diameter, with its end i foot below the 
water level in the source, discharges water on a level 6 feet lower. 
The total length is 80 feet, and its highest point is 36 feet from 
the entrance end. Find the discharge, and the greatest height 
possible for continuous flow. 

Afts. 240 galls, per min. ; 30,8 ft. above water level. 

15. A 4 inch pipe delivers 100 gallons per minute into a 6 
inch pipe, the axis of the two lying in one horizontal line. The 
pressure in the 4 inch pipe is atmospheric. Find the waste of 
head at the entrance, and the pressure in the larger pipe. 

Am. Waste of head 3 ft. 6 ins. Had no head been wasted 
the pressure would be 18.6 lbs. per sq. inch ; the waste 
of head is equivalent to a loss of pressure lbs., 
hence the pressure is 17.1 lbs. per sq. inch. 

16. Obtain the second result of question 7, when a cock in 
the pipe is half closed, and allowing for two ordinary bends. 

Am, 23 f s. 

17. 1000 c. ft. of water per minute are pumped through the 
surface condenser of a marine engine, and discharged into the 
sea through an orifice 27 ins. diameter. The I.H.P. of the 
pumping engine is 25. Assuming the mechanical efficiency of 
the engine and pump combined to be . 5, estimate the coefficient 
of resistance referred to the velocity of discharge. 

Ans. Work done on water per minute equals 412,500 foot-lbs., 
which would lift the 1000 c. ft. through 6.6 ft. The 
total head then to produce V and overcome friction is 
6.6 ft., whence F=2i.5. 
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18. The difierence of pressure between the two ends of a pipe 

6 ft. long, 6 ins. diameter, is 3 ins. of water. Find the speed 
with which air at atmospheric pressure would flow through — ist, 
at 6o F.; 2d, at 6oo° F. Jm. loy f.s. ; 140 f.s. 

19. The air pressure in a stokehold is 2 ins. of water, find 
the quantity of air which would be discharged per minute through ^ 
a hole 2 ins. diameter in the casing. Temperature 90° F. 

A ns, 53 lbs. 

NoTsE. — T o avoid misapprehension, it may be added that cross 
motions, such as are shown in Fig. 348, page 465, and referred to 
on page 469 and elsewhere, would not be possible in the absence 
of friction and discontinuity. For an explanation of the way in 
which energy is dissipated in fluids by the formation of eddies 
which are subsequently extinguished by fluid friction, advanced 
students are referred to chapter xx. of the larger treatise. ^ 



CHAPTER XXIV 


HYDRAULIC MACHINES 

A HEAD of water may be utilised by employing a 
machine drived by the water, and in the present chapter 
we ^nall consider some of the simpler types of these 
machines. 

Weight Machines. — The most simple class of 



Fig. 362. 

machine which can be driven by water from an elevated 
reservoir is that in which the water during its descent 
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rests on the buckets or vanes of a wheel, so that its 
weight becomes the effort driving the wheel. 

Overshot Wheel. — In Fig. 362 we have one ex- 
ample of this class, the common overshot wheel. The 
water from the reservoir A pours into the buckets of the 
wheel, and by its weight turns the wheel, the bucket? 
emptying into the tail race B. 

The total head available is and in descending this 
distance the energy exerted by gravity on a weight W 
of water is Let 

G = delivery of stream in gallons per minute. 

Then «= 

Energy exerted per minute by gravity = lo Qh ft. -lbs. 

The whole of this energy cannot be utilised. For, in 
the first place, the water runs on to the wheel with a 
velocity v\ on striking the wheel vanes a pressure is 
created by the sudden change of velocity to V, the speed 
of the vanes or buckets (compare page 486), so that 
some of the head originally used in producing v 

is usefully employed in creating a pressure helping to 
drive the wheel, but we know there is a waste of head 
(y — V) 2 / 2 ^ at least. The value of V is limited, because 
if it become large the water will be thrown out of the 
buckets by centrifugal action, hence V does not exceed 
about 5 f.s. 

For reasons which we cannot in the present book 
enter into v should be about twice V, so that v is 10 f.s. 
HeQce 

Head wasted = ( 10 - 5 Yl 2 gf 
64.4 

Again, the water being in the buckets has the velocity 
V, an 4 thus a portion of the head is wasted in this way, 
sintt velocity is of no use to us. For this loss we 
ha#. 


Head wasted =V2/55^, 
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We may add this to the preceding, and we then obtain 

Head wasted in shock and in {v - V)^ _ 
giving velocity V 

which if V = v /2 becomes 

2g 64.4 

if 7; be 10 fs. 

There is still another loss caused by the buckets 


emptying before reaching the bottom of the fall, and by 
spilling of water. This loss depends on practical con- 



siderations as to shape of buckets, and hence we cannot 
express it by a formula. 

We see that the losses or wastes contain some of 
constant value, and hence their relative effect is greater 
in small falls. For this reason these wheels are not used 
for values of k less than 10 feet. There is a limit on 
the other side, because for a v^ry high fall the wheel 
becomes of very great diameter and too cumbrous. The 
limit lies probably between 60 and 70 feet. The effi- 
ciency obtained in practice varies between and 7 5 
per cent. 

Breast Wheel. — In order to avoid the loss by 
2 K 
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Spilling of water from the buckets, a wheel is used which 
moves in a masonry channel ; the buckets are replaced 
by vanes which fit this channel, but not so closely as 
to touch the sides ; so there is a leakage past the vanes, 
but this does not cause so much loss as the buckets do. / 

Fig. 363 shows the construction, CD showing the 
breast or channel. It will be seen that the diameter of 
the wheel is necessarily greater than the fall, so that these 
wheels caflnot be used for falls exceeding about 50 ft. 
The average efficiency is about .75. The water enters 
the wheel through guide blades at A, which are arranged 
so as to prevent as much as possible any shock as the 
water enters the buckets, and the waste of head Wliich 
accompanies such shocks. 

Pressure Machines. — In the preceding machines 
the water has been open to the atmosphere, and each 
portion contained in a bucket or between two successive 
vanes has acted simply by its weight. In the class of 
machine we are now about to consider the water is con- 
fined within a pipe which is led from the source to the 
working cylinder of the machine, and the pressure due 
to the head moves the piston ; the water is then dis- 
charged just as steam is exhausted from a steam engine. 

Hydraulic or Bramah Press. — The simplest 



machine of this class is one 
in which there is practi- 
cally no motion, but the 
effort is very much magni- 
fied. The head is in this 
case produced not by an 
elevated reservoir, but by 
loading a piston CD with 


Fig. 364. p lbs. (Fig. 364). CD fits a 

cylinder, area which is connected by a pipe with the 
larger cylinder, area A^b, in which fits the working piston 
AB. AB presses against the body which is to be pressed, 
and exerts on it a total pressure R, the reaction R of 
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the body being the resistance to the motion of AB, as 
in former examples. 

Assuming for simplicity that AB and CD are on the 
same level, we have, since there is no motion — the 
^body pressed being supposed now to be compressed to 
the full amount — equal intensity of pressure at AB and 
CD. Hence 


Total pressure on AB ; Total pressure on CD = Aab : Acdj 


or 


R : P=Aab : Acd, 


so that by m^ing the ratio of areas very large, a small 

$ 



load or effort applied to CD can exert a great pressure 
at AB, 

In the actual press a plunger takes the place of the 
piston CD, as in Fig. 365, and the effort P is applied 
to the top of the plunger by a hand lever GHK, to the 
end K of which a force Q is applied. Acd is now the 
sectional area of the plunger. 

Accumulators. — In some cases natural sources of 
head are available to work pressure machines, but in the 
majority of cases the head is produced artificially, as in 
the case we have been considering, or as in the hydraulic 
engines used on board ship, in which a head is first 
created by means of a steam engine. In one or two 
cases the engine which creates the head has actually 
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pumped water up to a tank on an elevation, but this is 
unnecessary, since the same effect can be produced by 
the use of an accumulator. This apparatus consists 
simply of a cylinder in which a piston or plunger works, 
this piston being loaded with heavy weights. 

Fig. 366 shows the arrangement, the weights being 
shown resting on the piston rod head ; 

' 1/1/ actually they are not applied in this 
way, but the principle is unaffected. 
Let 

_;/= greatest height of piston in feet, 

W = load in lbs. 

t 

We can always neglect the pres toe 
due to the actual head this being sg=« 
small compared with the effect of W, 
which ranges up to 1500 lbs. per sq. 
inch or even more. Then the accumu- 
lator contains a store of energy W/ 
foot-lbs., which can be given out by 
allowing the loaded piston to descend. 

The store of energy in the accumu- 
lator would not drive the machines for 
any great time, but during the work- 
ing it is being continually supplied by the steam 
engine. For example, in riveting, the engine supplying 
the accumulator continues working until the piston is 
right up, this shuts off steam ; now a rivet is compressed, 
the piston falls, opening the steam valve, and the engine 
starts working again, and so on. 

Taking a pressure of 1 500 lbs. per sq. inch, which is 
used for riveting, this would require a head of 



Fig. 366 


1500 X 144 
62.5 


= 345^ ft., 


which it would be practically impossible to obtain. 

Generally, we have the head equivalent to W 
given by 
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A being the piston area, and w the weight of a c. ft. of 
water. 

Pressure Machine in Steady Motion. — When a 
pressure machine is moving steadily at a constant speed, 
the pressure in the accumulator has to overcome the 
useful resistance to the moving piston, the friction of the 
moving parts, and the hydraulic resistances to the motion 
of the water. These last are of great importance, and 
we must see what effect they produce. 

Fig- 367 shows a cylinder C with a piston B. The 
cylftider is supplied by a pipe A from 
ithe accumulator. Let 

Po= pressure in accumulator, 

P = pressure resisting motion of piston, 

= useful resistance + solid friction, 

V = velocity of piston, 

= velocity of water in pipe. 

There is now between the accumu- 
lator and the working piston a fall of pressure P^ — P, 
so that head equivalent to this fall of pressure must 
have been wasted in overcoming hydraulic resistances. 
Hence 



Po-P 


= head wasted in resistances, 


= F - 




where all the separate wastes are referred to the one 
velocity v (page 489). We choose vm the first instance 
as the most natural velocity to^ refer to, but it is more 
convenient to use V, that being the most easily deter- 
mined in most practical cases. Let ^ 


D= diameter of cylinder, 
f/= diameter of pipe. 
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Then 


and 


Hence the relation between P^, and v becomes now 
' = = F — 

W ~~ 2g °2g 

where is the coefficient of hydraulic resistances re- 
ferred to the velocity V. * ^ 

From the formula last obtained we see that for a given 
value of P, V has a certain definite value, i.e. that there is 
only one particular speed at which the machine can work 
steadily, and this is called the speed of steady motion. 
When first started the speed will increase up to this, but 
will not go beyond so long as P and F remain unaltered. 
Now this property is not shared by ordinary machines ; 
in all ordinary cases, if the effort be more than sufficient 
to balance the resistance, the speed will go on increasing 
indefinitely, e.g. the racing of an engine, and appliances 
as governors or brakes must be fitted to prevent this. 
But a hydraulic machine cannot exceed the speed just 
found, and so contains automatic brakes within itself. 
Moreover the speed can be adjusted to any extent we 
please by altering F, which can be easily effected by 
means of a cock placed in the supply pipe (see table, 
page 488). 

Examples of Pressure Maohinfes. — The working 
of these machines cannot be fully studied without con- 
sidering the forces necessary to produce the accelerations 
of the moving water which necessarily accompany those 
of the piston, but this is beyond our limits ; and so we 
can only briefly mention a few examples of this type of 
machine. 


V : v=.d^ : D 2 , 


M = 


D2’ 


d^ 

2g~ 2g' 
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1. Direct acting lifts. Here a platform rests on the 
end of a plunger or ram which is forced out of cylinder by . 
water supplied from a tank. The tank may be used in " 
this instance instead of an accumulator, as the head 
required is not very great ; and besides, since the head, 
decreases as the plunger rises, the velocity is not 
increased so much as the lift rises, and it can be more 
easily stopped than it could be were the head constant. 

The simple figure (Fig. 368) shows all that is necessary 
for our purposes. A is the platform moving between 
guides, B is the ram, C the 
hydraulic cylinder, supplied 
by^the pipe f) from the tank 
at a height h. The ram does 
not fit the cylinder, so that 
the water pressure P is not 
exerted on an area 7r/4 . 
where D is the diameter of 
cylinder, but 7r/4 . D' 2 , D' be- 
ing the diameter of the ram ; 
the diameter of. the cylinder 
is of no consequence. 

We have now an actual 
head h, so that for Fq we 
write wh in the preceding 
formulae, and hence determine 
Vo, the speed of steady motion. 

The calculation of the effect 
of the variation of h as the 
ram rises is beyond our pre- 
sent powers. 

2. In a direct acting lift, the length of ram and work- 
ing cylinder must be more than equal to the total lift, so 
much space is occupied. To avoid this the platform is 
in many cases lifted by blocks and tackle, used in 
the reverse way to that in which we originally con- 
sidered them. In that case we wished to magnify 
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the effort, but in the present case we can easily obtain 
any required effort simply by increasing the area of the 
ram, and we then apply the tackle to magnify the 
velocity. The working cylinder can be placed in any 
position, as is most convenient for space; thus for working 
a derrick on board ship, the cylinder has at various times 
been bolted to the deck, then to the mast, and in some 
cases to the jib of the derrick. 



Fig. 369 shows the application of hydraulic cylinders 
to a crane. A is the cylinder placed for convenience in 
a sloping position, B is the ram, the blocks a, b are 
fastened to the cylinder framing and the end of the ram 
respectively, and they may contain one, two, or more 
sheaves as required ; the chain, which in the direct 
manner of using blocks would be acted on by the effort, 
is now led up through the hollow crane post and over 
fixed pulleys to the weight to be lifted. If now there 
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were only one sheave in the movable block on B, the 
thrust of the ram would be 2W when lifting a weight W, 
and the motion of the ram would be only half that of the 
weight. For two sheaves at B the motion would be 
magnified four times, and so on exactly as on page 114, 
The crane is slewed by hydraulic cylinders, arranged 
as shown in plan by Fig. 369, and in elevation in Fig. 
370. C and C' are equal cylinders, D and D' the rams. 
A chain is fastened below C, passes over a pulley on the 
end of D, then round the sheave E on the crane post, 
over the pulley on the end of D', and is then fastened 
to a similar ^oint below C'. Evidently if D be thrust 
outgthe crane is rotated clockwise, and D' is pulled in, 
^nd vice versd if D' be thrust out. There is no energy 
expended other than that required to overcome the friction. 



Fig* 370. 


if the pressure on the water forced out of D' be utilised, 
but if not then there is just as much energy used as if the 
ram C had been thrust out against the full load it could 
overcome. 

Differential Hams. — The last point we have men- 
tioned is of great importance, and requires examination. 

In all cases we have a constant head, h say, pro- 
ducing the pressure Pq. If then A be the area of the 
ram, a load PqA can be lifted at a very slow speed ; if 
the load be less than PqA, the speed must be controlled 
by means of the frictional resistance, but in all cases the 
effort is PqA, and during a lift y energy PqA/ must be 
exerted. If the load be small the greater part of this 
energy is necessarily wasted in overcoming the increased 
friction which must be applied to keep the motion steady. 
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and it becomes of importance if possible to avoid this 
waste. 

We cannot prevent the waste, as in a steam engine, 
by cutting off the supply, since the water would not ex- 
pand as steam does, but it can be decreased by the use 

of the differential ram. ^ 
In Fig. 371 A the ram 
has a piston end B which 
fits the hydraulic cylinder 
C. The spaces C and D can 
be put into communica- 
tion with either the supply 

pipe or the exhaust pipe. Let 



Fig. 371. 


Ac =area of cylinder, 
Aa =area of ram, 

5 “= stroke. 

Then 


Ac - Aa =area of piston exposed to the water pressure in D. 

When a heavy weight is lifted, C is open to supply 
and D to exhaust, and energy PqAc^ is used per stroke. 
But when a smaller weight is lifted both C and D are 
connected to the supply, so that the ram moves out 
under a pressure. 

Bo Ac -Po(Ac -Aa) = PoAa, 


and less energy is used per stroke ; or, looking at it 
another way, a less quantity of water is used from the 
supply pipe, the quantity Ac^ enters C, but a quantity 
(Ac - A^)j is forced from D into the pipe, so the quantity 
used is only A^j instead of Ac^. This latter considera- 
tion shows also the gain of energy, for to force the water 
to the elevation h, or into the accumulator against the 
pressure or wh, requires^ the doing by the engine of 
an amount of work wh ft. -lbs. for e^^ery lb. of water 
supplied. 

This device is also used in*^e Differential Accumu- 
#Sfe^372. 
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The central spindle is in two lengths of different 
diameters, and the cylinder slides 
on it, the water entering through 
the dotted channel through the 
centre of the spindle. The 
effective area is the difference 
of the areas of the two parts of 
the spindle, and thus the latter 
can be made stout, without 
requiring the weights W to 
be very large to produce the re- 
quired pressure. 

#3. In the third type of press- 
^ure machine, the water drives 
an engine almost identical in 
its arrangement with a steam 
engine ; no fresh principle is 
involved, and want of space 
forbids our entering into details. 

Hydraulic Brake. — The 
hydraulic cylinder is often used 
simply as a brake. 

Fig. 373 shows a common 
form ; the rod A is connected 
to the body whose motion is 
to be controlled, and as the 
rod moves the water is driven 
by the piston B through the pipe C from one end of 




373- 

the cylinder to the other. In C is a cock 
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of which the value of F is made anything we please ; 
there is now no useful resistance. 

If the body is always to be brought up in about the 
same space, and is subject to the same forces, as a gun 
fired with its ordinary charges, then F will not require 
to be varied, and the pipe and cock may be dispensed 
. with, their place being taken by a hole or holes in the 
piston itself, the resistance to flow through the orifices 
supplying .the necessary retarding force. 

Pumps. — If a pressure machine be worked back- 
ward, the water passes from the exhaust pipe into the 
cylinder, and is then forced back into the accumulator 
or reservoir through the supply pipe. But a machine 
which does this we call a Pump, so that a pump i^ 
simply a reversed pressure 
engine or motor, and the 
theory of its action is similar 
to that of the engine. 

This kind of pump can be 
divided into two classes, viz. 
Lift or Bucket Piston Pumps, 
and Force, Plunger, or solid 
Piston Pumps. 

Lift Pump. 

Fig. 374 shows the con- 
struction of a lift pump. A 
is the suction pipe dipping in 
the water, its top can be closed 
by the valve a, B is the cylinder, 
C the piston or bucket, per- 
forated to admit of the pass- 
age of fluid, but the holes can 
be closed by the indiarubber 
or leather valve d. The first 
few strokes remove the air 
from and thus lessen the press- 
ure in A, so that the water rises in it to a height given 






Fig- 374- 
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by (Pq - P)/"^? where P,^ is the atmospheric pressure on 
the water surface, and P is the pressure of the air under C ; 
this height will not exceed 2 5 feet, since a perfect vacuum 
cannot be obtained Now as C descends the water 
passes through it, but cannot re-enter A since the valve 
a will shut (in Fig. 374 they are both shown open for 
clearness, but this cannot be during the working), then 
as C rises b closes and the water above C is lifted to the 
spout whence it flows, while the reduction of pressure 
under C allows the valve a to open and water to enter 
the lower part of B, following C up, so long as C does 
not rise more than about 
2 5* ft. above the surface, as 
stated above. 

If a somewhat higher lift 
be required it can be ob- 
tained by fitting a valve or 
valves to the top of the 
pump, as shown at ^ in 
Pig- 375- The bucket is 
rising, b is shut and a open, 
and c c are also open to 
allow the water to pass 
through them and by the 
pipe D to the required place. 

When the bucket descends 
the valves c c close, so the , 
water cannot follow the 
plunger down, and prevent ■ 
the valve b lifting, as it would Fig. 375. 

do if c c were not fitted, c c 
are called the Head Valves, and b the Foot Valve. 

Force Pump. — When a great lift is desired then the 
bucket valves do not work well, and it is better to have 
a solid piston or plunger. 

Fig. 376 shows the arrangement. The delivery pipe 
D now leads from the same end as the suction pipe, and 




‘PLIED MECHANICS 


PART III 



a valve d is fitted to its entrance, known as the heading ” 



f’ig- 376. 


or “ delivery ” valve. During the 
up-stroke a opens, and d, which 
opens towards the pipe, shuts, so 
the water rises under C ; then 
during the down -stroke a shuts 
and the water is forced through 
b into the delivery pipe. There 
is no limit except the strength of 
the parts to the height of delivery 
in this case. 

The lift pump i,s necessarily 
single acting, but the force pump is 
often double acting, as in Fig. 37741 

The cylinder is shown hori- 
zontal, a branch from the suction 
leading to each end, and the 
same for the delivery. There are 
two sets of foot valves and also 
of delivery valves, so - that while 


one end is in connection with the suction the other is dis- 


delivery 



Fig- 377. 

charging and vice versd, and we thus get the discharge of 
two pumps while occupying little more space than one. 
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In all these cases the quantity of water actually delivered 
is less than As c. ft. per stroke, — A = area of piston, 
s = stroke, — ^because of the leakage back past the valves, 
the loss or slip varies from 8 pr lo per cent up to 25 or 
<^^even more ; it is least in vertical pumps, in which the 
bucket is used, and greatest, so far as the types we have 
considered are concerned, in horizontal plunger, or solid 
piston, pumps. 


Examples. 

1 . A breast wheel 50 feet diameter receives 5000 gallons per 
minute, total Ml 48 feet. Find the revolutions in order that the 
velocity of periphery may be 5 f.s., and if the H.P. be 52, find 

^he efficiency. A ns. 1.91 ; .715. 

2. If the preceding were replaced by an overshot wheel in 
which the buckets commenced to empty themselves at 5 ft. from 
the bottom, what H.P. would be lost from this cause? 

Ans. 7.6. 

3. The ram of an accumulator is 8 ins. diameter, and is loaded 

with 20 tons. To what head is the pressure equivalent ? If the 
stroke be 8 feet, how much energy is accumulated when the ram 
is right up? Ans. 2050 ft., 160 ft. -tons. 

4. The diameter of the large part of the spindle of a differ- 

ential accumulator is 8 ins. Find the diameter of the small part 
so that a load of 12 tons may be equivalent to a head of 1800 
feet. Ans. lof ins. 

5. The accumulator in the last question is connected to a 

hydraulic cylinder 8 ins. diameter by a 2-inch pipe 50 feet long. 
Find the speed of steady motion when the total resistance of load 
and solid friction is ton. Ans. 6.9 f.s. 

6. A load of 5 tons is to be lifted 20 feet by a hydraulic crane. 
The water pressure is 700 lbs. per square inch, and the total 
efficiency one-halfi Find the necessary volume of the ram. 

Ans. 4f c. ft. 

7. If the ram in (6) be differential, with area of rod half 
that of piston, find the saving of energy when lifting 2J tons, 
assuming the same efficiency. By how much would the co- 
efficient of resistance referred to the velocity of lifting require 
to be increased if the ram were not differential ? 

Ans. 100 ft. -tops per lift ; trebled. 
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8. A lift is required to raise 2 tons at 5 f.s. ; the diameter of 

the supply pipe is 4 ins., length 200 feet. Find the head re- 
quired, the ram being 18 ins. diameter, and its stroke half the 
rise of the lift. A ns. 680 ft. 

9. A pump piston is 6 ins. diameter, 9 ins. stroke ; it pumps 
into a boiler against 135 lbs. pressure, through a 4-inch pipe, 30, 
feet long, with three bends. Find the necessary steam pressure 
on a lo-inch piston to run at 40 revolutions per minute. 

A ns. 52 lbs. per square inch. 

10. Prove that the tension of the rod in a common pump is 
Awh, where A is the area of piston, w the weight of a c. ft. of 
water, and h the height of the water-level in the pumps, whether 
above or below the bucket, above the surface of the water outside. 

11. The length of the cylinder of a hydraulicf brake is 3 ft., 
diameter 12 ins., diameter of pipe connecting the ends 2 ims., 
length 3 ft. 8 ins. Find the force necessary to move the pistor^ 
at 4 f.s. when the cock is wide open, and half shut, respectively. 

Ans. 15.3 tons ; 54.3 tons. 

12. In (10) find the delivery, allowing 20 per cent slip. 

Ans. 59 galls, per min. 


THE END 
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